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ON  THE  FOUNDATIONS  OF  PLANE  ANALYSIS  SITUS* 


ROBERT  L.   MOORE 

1.  Introduction 

The  present  paper  contains  three  systems  of  axioms,  Si ,  S2 ,  and  Sj .  Each 
of  these  systems  is  a  sufficient  basis  for  a  considerable  body  of  theorems  in  the 
domain  of  plane  analysis  situs  or  what  may  be  roughly  termed  the  non- 
metrical  part  of  plane  point-set  theory,  including  the  theory  of  plane  curves. 
The  axioms  of  each  system  are  stated  in  terms  of  a  class  of  elements  called 
■points  and  a  class  of  point-sets  called  regions. 

On  the  basis  of  2i  tlie  existence  of  simple  continuous  curves  is  proved  as  a 
theorem  and  it  is  shown  that  every  region  is  the  interior  of  a  simple  closed  curve. 

2)2  is  equivalentf  to  2i  as  far  as  statements  in  terms  of  point  and  limit  point 
are  concerned.  But  S2  is  satisfied  if  in  an  ordinary  euclidean  space  of  two 
dimensions  the  term  region  is  interpreted  so  as  to  apply  to  every  bounded, 
connected  set  of  points  R  of  connected  exterior  such  that  every  point  of  R 
lies  in  the  interior  of  some  triangle  that  is  contained  in  R. 

Both  2i  and  ^2  contain  an  axiom  (Axiom  1)  which  postulates  the  existence 
of  a  countable  sequence  of  regions  containing  a  set  of  subsequences  that  close 
down  in  a  specified  way  on  the  points  of  space.  Among  other  things  this 
axiom  implies  that  the  set  of  all  points  is  separable.! 

The  set  ^3  is  obtained  from  ^2  by  replacing  Axioms  1  and  2  by  two  other 
axioms,  Axioms  1'  and  2'.  Here  Axiom  1'  postulates  the  existence  for  each 
point  P  of  a  countable  sequence  of  regions  that  closes  down  on  P ,  while 
Axiom  2'  postulates  that  every  two  pouits  of  a  region  are  the  extremities  of 
at  least  one  arc  lying  in  that  region.     ^2  implies  Ss  but  not  conversely. 

Though  Theorems  1-52  of  the  present  paper  are  all  consequences  of  Ss 
nevertheless  there  exists  a  space  that  satisfies  Z3  but  is  neither  metrical, 
descriptive!  nor  separable.     It  is  interesting  that  no  space  that  satisfies  S3 

*  A  part  of  this  pajjer  was  presented  to  the  Society  under  a  different  title  April  24,  1915. 

t  See  §  9. 

X  For  a  definition  of  the  term  separable  see  M.  Fr6chet,  Hur  quelques  points  du  calculfonc- 
Honnel,  Rendiconti  del  Circolo  Matematieo  di  Palermo,  vol.  22  (1906), 
p.  23. 

§  A  space  S  is  said  to  be  descriplive  or  polentialtt/  dcscriptirc  if  it  contains  a  system  of  open 
curves  (as  defined  in  §  8)  such  that  through  every  two  points  of  <S'  tlierc  is  one  and  only  one 
curve  of  this  system.  I  have  not  determined  whether  every  space  satisfying  2i  is  potentially 
descriptive. 
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can  be  potentially  descriptive  without  being  separable  and,  indeed,  metrical 
in  the  sense  that  it  is  in  a  one  to  one  continuous  correspondence  with  an  or- 
dinary euclidean  space  of  two  dimensions. 

2.  Axioms  and  definitions 

I  consider  a  class,  S ,  of  elements  called  points  and  a  class  of  sub-classes  of  S 
called  regions,  subject  to  a  set  of  postulates  (axioms)  as  described  below. 
Before  stating  these  axioms  I  will  define  certain  terms  that  will  be  used. 

Definitions.  A  point  P  is  said  to  be  a  limit  point  of  a  point-set  M  if,  and 
only  if,  every  region  that  contains  P  contains  at  least  one  point  of  M  distinct 
from  P .  The  boundary  of  a  point-set  M  is  the  set  of  all  points  [  A'  ]  such  that 
every  region  that  contains  A'^  contains  at  least  one  point  of  M  and  at  least  one 
point  that  does  not  belong  to  M .  If  M  is  a  point-set,  M'  denotes  the  set  of 
points  composed  of  M  plus  its  boundary.  If  R  is  a  region,  the  point-set 
S  —  R'  is  called  the  exterior  oi  R.  A  point  in  the  exterior  of  R  is  said  to  be 
without  R . 

A  set  of  points  is  said  to  be  connected  if,  however  it  be  divided  into  two 
mutually  exclusive  subsets,  one  of  them  contains  a  limit  point  of  the  other 
one. 

A  set  of  regions  A'  is  said  to  cover  a  point-set  M  if  e-very  point  of  M  belongs 
to  at  least  one  i-egion  of  the  set  K .  If  for  every  infinite  set  of  regions  K  cover- 
ing the  point-set  M  there  exists  a  finite  subset  of  7v  that  also  covers  M  then  M 
is  said  to  possess  the  Ileine-Borel  property. 

Axiom  1.*  There  exists  an  infinite  sequence  of  regions,  K\,  A'j ,  A'a,  ••■ 
such  that  (1)  if  m  is  an  integer  and  P  is  a  point,  there  exists  an  integer  n,  greater 
than  m ,  such  that  7v„  contains  P ,  (2)  if  P  and  P  are  distinct  points  of  a  region  R 
then  there  exists  an  integer  5  such  that  if  n  >  5  and  K„  contains  P  then  K'„  is  a 
subset  of  R  —  P . 

Axiom  2.     Every  region  is  a  connected  set  of  points. 

Axiom  3.     If  R  is  a  region,  S  —  R'  is  a  connected  set  of  points. 

Axiom  4.     If  R  is  a  region,  R'  possesses  the  Heine-Borel  property. 

Axiom  5.     There  crisis  an  infinite  set  of  points  that  has  no  limit  point. 

Axiom  6.  If  R  and  R  are  regions  and  P  is  a  point  in  R  and  on  the  boundary 
of  R ,  then  there  exist  in  R  two  regions  K  and  K  such  that  K  contains  P ,  K  lies 
in  R  and  all  those  points  of  the  boundary  of  R  that  lie  in  K  are  points,  also  of  the 
boundary  of  K . 

Axiom  7.  If  R  and  R  are  regions  and  P  is  a  point  in  R  and  on  the  boundary 
of  R ,  then  there  exist  in  R  two  regions  L  and  L  such  that  L  contains  P ,  L  lies 

*  There  is  a  certain  amount  of  resemblance  between  Axiom  1  and  Veblen's  Postulate  of 
Uniformity.  Cf.  O.  Veblcn,  Definilion  in  terms  of  order  alone  in  the  linear  continuum  and  in 
well-ordered  sets,  these  Transactions,   vol.  6  (190.5),  p.  169. 
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in  S  —  R'  and  all  those  points  of  the  boundary  of  R  that  lie  in  L  are  points  also 
of  the  boundari/  of  L. 

Axiom  8.     Every  simple  closed  curve*  is  the  boundary  of  at  least  one  region. 

3.  Consequences  of  Axioms  1-3,  5it 

Theorem  1.     No  point  of  a  region  is  a  boundary  point  of  that  region. 

Theorem  2.  If  P  is  a  limit  point  of  the  point-set  M  then  every  region  that 
contains  P  contains  infinitely  many  points  of  M . 

Proof.  Suppose  the  region  R  contains  P.  By  hypothesis  R  contains  at 
least  one  point  Pi  wliich  belongs  to  M  and  is  distinct  from  P .  By  Axiom  1 
there  exists  in  R  a  region  Ri  containing  P  but  not  containing  Pi .  The  region 
Ri  contains  at  least  one  point  Po  belonging  to  .1/  and  distinct  from  P .  This 
process  may  be  continued.  It  follows  that  R  and  M  have  in  common  an 
infinite  sequence  of  distinct  points,  Pi ,  P2 ,  P3 ,  •  •  •  . 

Theorem  3.  If  P  is  a  point  and  M  is  a  finite  set  of  points  not  containing 
P  then  there  crisis  a  region  containing  P  but  containing  no  point  of  M . 

Theorem  4.     Every  region  contains  infinitely  many  points. 

Proof.  Suppose  R  is  a  region.  There  exists  in  R  at  least  one  point  0. 
By  Axiom  .Ji  there  exist  two  jjoints  Pi  and  P2  distinct  from  each  other  and 
from  0  .  By  Theorem  3  there  exists,  about*  Pi ,  a  region  Pi  containing  neither 
0  nor  P2 .  Suppose  Pi  contains  0  or  Po .  Then  either  0  or  P2  is  a  limit 
point  of  Pi  and  therefore,  by  Axiom  1  and  Theorem  2,  Pi  contains  a  point  Y 
distinct  from  Pi.  Hence,  by  Axiom  1,  there  exists,  about  Pi,  a  region  7ii 
such  that  P'l  is  a  subset  of  Pi .     It  follows  that  PI  contains  neither  0  nor  Po . 

Let  K  denote  Pi  or  Pi  according  as  Pi  does  or  does  not  contain  one  of  the 
points  0  and  Po .  Then  S  —  K'  =  0  -\-  M  where  M  is  a  jjoint-set  which 
does  not  contain  0 .  Hence,  by  Axiom  3  and  Theorem  3,  0  is  a  limit  point 
of  M .     Hence  P  contains  infinitely  many  points  of  M . 

Theorem  5.  //  P  is  a  point  then  there  exists  an  infinite  sequence  of  regions 
Pi,  P2,  P3,  •  •  •  such  that  (1)  P  is  the  only  point  they  have  in  common,  (2)  for 
every  n,  Rn+i  is  a  proper  subset  of  Rn,  (3)  if  R  is  a  region  about  P  then  there 
exists  n  such  that  R'„  is  a  subset  of  R . 

Proof.  Let  Pi  denote  the  first  fundamental  region§  that  contains  P. 
Let  P2  denote  the  first  fundamental  region  that  follows  Pi  in  the  fundamental 

*  For  dofinition  of  simple  closed  curve  see  §  4. 

t  Here  .5i  denotes  the  axiom  that  there  exist  at  least  three  points.  Of  course  this  proposi- 
tion is  a  part  of  Axiom  .5. 

X  In  this  connection  "about"  is  synonymous  with  "containing." 

§  Select  once  for  all  a  definite  sequence  /vi,  K2,  Ks,  •••  satisfying  the  conditions  stated  in 
Axiom  1.  This  definite  sequence  will  be  called  Ihe  fundamental  sequence  and  its  regions  will 
be  termed  fundamental  regions.  Hereafter  in  this  paper  A"„  denotes  the  jith  region  in  the 
fundamental  sequence. 
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sequence,  contains  P  and  is  a  proper  subset  of  Ri .  In  general  let  l\„j^^  denote 
the  first  fundamental  region  that  follows  /?„ ,  contains  P  and  is  a  proper  sub- 
set of  7?„ .  It  is  clear  that  the  sequence  Ri,  R2,  R3,  •  ■•  ,  thus  defined,  satisfies 
conditions  (1),  (2),  and  (3). 

Theorem  6.  If  tico  region.^  have  a  point  in  common,  then  they  hare  in 
common  at  least  one  region  coiUaining  that  point. 

Proof.  Suppose  the  regions  A'  and  L  have  in  common  the  point  P .  Let 
7?i ,  i?2 ,  i?3 ,  •  •  •  denote  a  sequence  of  regions  satisfying,  with  respect  to  the 
point  P,  conditions  (1),  (2),  and  (3)  of  Theorem  5.  There  exist  positive  in- 
tegers m  and  ?i  such  that  7?,„  is  a  subset  of  7v  and  i?„  is  a  subset  of  L .  The 
region  Rm+n  is  a  common  subset  of  A'  and  L . 

Theorem  7.  //  P  ?'«  a  limit  point  of  M  +  X  then  if  is  a  limit  point  either 
of  M  or  of  N . 

Defixition.  The  point  P  is  said  to  be  a  sequential  limit  point  of  the  se- 
quence of  points  Pi,  Pi,  Pi,  •  •  ■  if  and  only  if  for  every  region  R  containing 
P  there  exists  an  integer  5  such  that  if  n  >  8  then  P„  lies  in  R . 

Theorem  8.  If  P  is  a  sequential  limit  point  of  a  sequence  of  points,  P\ , 
P2,  P3,  ■  ■  ■ ,  then  no  other  point  is  a  limit  point  of  the  point-set 

Pi  +  P.  +  P.,  +  •  •  •  . 

Proof.  Suppose  Pi  +  Po  +  P3  +  •  •  •  has  a  hmit  point  A'  distinct  from  P . 
By  Theorem  3  tliere  exists  a  region  R  containing  P  but  not  containing  A'. 
By  Theorem  5  there  exists  a  region  A ,  containing  P ,  such  that  A'  is  a  subset 
of  R .  There  exists  5  such  that  if  n  >  5  then  P„  lies  in  A.  But  X  does  not 
belong  to  A' .  Hence  it  is  not  a  limit  point  of  P5+1  +  P^+i  +  P1+3  +  •  ■  •  • 
By  Theorem  3  it  is  not  a  limit  point  of  Pi  +  P2  +  P3  +  •  •  •  +  P„ .  Hence, 
by  Theorem  7,  it  is  not  a  limit  point  of  Pi  +  Pi  +  P3  +  •  ■  •  . 

Theorem  9.  If  P  is  a  limit  point  of  M  then  there  e.rists  an  infinite  sequence 
of  points  belonging  to  M  and  all  distinct  from  P  such  that  P  is  the  sequential 
limit  point  of  this  sequence. 

Proof.  Let  Ri,  R2,  R3,  ■  ■  ■  denote  an  infinite  sequence  of  regions  satis- 
fying, with  respect  to  P,  conditions  (1),  (2),  and  (3)  of  Theorem  5.  For 
every  n,  P„  contains  at  least  one  point  of  M  distinct  from  P.  With  the 
help  of  Zermelo's  postulate  it  follows  that  there  exists  an  infinite  sequence  ot 
points  Pi,  Pi,  Pi,  ■  ■  •  such  that  P„  belongs  to  P„  and  to  M  and  is  distinct 
from  P.     It  is  clear  that  P  is  the  sequential  limit  point  of  this  sequence. 

Definition.  If  A  and  B  are  distinct  points,  then  a  simple  chain  from  A  to  B 
is  a  finite  sequence  ot  regions  Ri,  Ro,  Ri,  ■  ■  ■  P„  such  that  (1)  Ri  contains  .4 
if  and  only  if  i  =  1 ,  (2)  P,  contains  B  if  and  only  if  i  =  n,  (3)  U  1  ^i  ^n, 
1  =  j  ^  n,  i  <  j  then  P,  has  a  pomt  in  common  with  Rj  if  and  only  if 

j=i+l. 
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Tlie  region  Rk  (1  =  A-  S  ?i )  is  said  to  be  the  Ath  link  of  the  chain 

Rl  R2  R3    ■  ■  •    Rn  • 

Theorem  10.  If  M  is  a  connected  set  of  points,  A  and  B  are  two  distinct 
points  of  M  and  G  is  a  set  of  regions  covering  M  then  there  exists  a  simple  chain 
from  A  to  B  every  link  of  which  is  a  region  of  the  set  G . 

Proof.  If  there  is  no  such  chain  from  A  to  B  then  the  points  of  M  can  be 
divided  into  two  classes  S^  and  <S^,  where  S^  is  the  set  of  all  points  [P]  such 
that  P  can  be  joined  to  A  by  a  simple  chain  every  link  of  which  is  a  region  of 
the  set  G ,  and  S^  is  the  set  of  ail  other  points  of  M .  Since  M  is  connected, 
one  of  the  sets  S^  and  S^  must  contain  a  point  A'  which  is  a  limit  point  of 
the  other  one.  The  point  X  lies  in  at  least  one  region  R  of  the  set  G .  The 
region  R  contains  a  point  .li  belonging  to  S^i  and  a  point  Bi  belonging  to 
Sji,  where  Ai  is  A'  or  Bi  is  A'  according  as  A'  belongs  to  S,,  or  to  S^.  The 
I)oint  A  can  be  joined  to  Ai  by  a  simple  chain  Ri  R2  R3  ■  ■  ■  Rn  every  link  of 
which  is  a  region  of  the  set  G .  Let  /("t  be  the  first  link  of  this  chain  that 
intersects*  R .  Then  Ri  Ri  R3  ■  ■  ■  Rk  R  is  a,  simple  chain  from  A  to  Bi ,  every 
link  of  which  belongs  to  G .  Thus  the  supposition  that  Theorem  10  is  false 
leads  to  a  contradiction. 

Definition.  A  set  of  points  is  said  to  be  closed  if  it  contains  all  its  limit 
points.  A  set  of  points  M  is  said  to  be  bounded  if  there  exists  a  finite  set  of 
regions,  Ri,  R2,  R3,  ■  ■  ■  Rn  such  that  M  is  a  subset  of 

It  is  clear  that  if  M  is  a  set  of  points  then  .1/'  is  closed. 

4.  C0N.SEQUENCES  OF  Axioms  1-4,  5 

Theorem  11.  If  Ri,  R>,  Ih,  ■  •  ■  Rn  is  a  finite  set  of  regions,  the  point-set 
(Rl  +  R2  +  R3  +  •  ■  ■  -\-  Rn)'  possesses  the  Heine-Borel  property. 

Theorem  12.  Eeery  closed,  hounded  set  of  points  possesses  the  Ileine-Borel 
property. 

Proof.  Suppose  that  Ri,  R2,  Rj,  •  ■  •  Rn  is  a  finite  set  of  regions  and  that 
M  is  a  closed  point-set  lying  in  {Ri  +  R2  +  R3  +  ■  ■  ■  +  R-n)'  and  covered 
by  a  set  of  regions  G .  Let  //  denote  the  point-set  Ri  +  R2  +  R3  +  •  •  •  +  Rn  ■ 
If  every  point  of  //'  belongs  to  M  then,  by  Theorem  11,  M  has  the  Heiiie- 
Borcl  property.  Suppose  that  not  every  point  of  //'  belongs  to  M .  Since 
J/  is  closed  therefore  about  each  j)oint  of  //'  —  M  there  is  a  region  containing 
no  point  of  M .  Thus  there  exists  a  set  of  regions  G  covering  //'  —  M  but 
such  that  no  point  of  M  belongs  to  any  region  of  G .     By  Theorem  1 1  there 

*  Two  point-sets  arc  said  lo  iutorscet  cacli  other  if  thoy  have  at  least  one  point  in  common. 
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exists  a  finite  set  of  regions  G'l  covering  //  and  such  that  each  region  of  d 
belongs  either  to  G  or  to  G .  Let  G-i  denote  the  set  of  all  those  regions  of  Gi 
that  intersect  ^1/.  No  region  of  6*2  can  belong  to  G.  Hence  every  region 
of  G2  belongs  to  G .     Moreover  G^  covers  M . 

Theorem  13.  Every  infinite,  hounded  set  of  points  has  at  least  one  limit 
jmint. 

For  a  proof  of  Theorem  13  see  F.  Hausdorff,  Grundzilge  der  Mengenlehre,* 
page  231. 

Theoreji  14.  //  Ml ,  Ml ,  M3 ,  ■  •  ■  is  an  infinite  sequence  of  bounded 
point-sets  such  that,  for  every  n ,  il/„  contains  M'„^\ ,  then  the  point-sets  Mi ,  Mi , 
Mz,  •  ■  •  have  at  least  one  point  in  common  and  the  set,  G ,  of  all  such  covimon 
j)oints  is  closed. 

Proof.  For  each  n,  Mn  contains  at  least  one  point.  Hence,  by  Zermelo's 
postulate,  there  exists  a  sequence  of  points  Pi,  P2,  Pz,  •  ■  ■  such  that,  for 
each  n,  Pn  lies  in  il/„ .  If  there  exists  a  positive  integer  71  such  tliat,  for  every 
h  greater  than  n,  Pn  —  P7,,  then  P^  is  common  to  all  the  point-sets  Mi,  M2, 
M3,  •  •  •  .  If  no  such  n  exists  then  the  sequence  Pi,  P2,  P3,  •  •  •  contains 
infinitely  many  distinct  points  and  therefore,  by  Theorem  13,  there  exists  a 
point  P  which  is  a  limit  point  of  Pi  +  P2  +  P3  +  •  •  •  •  Since  P  is  a  limit 
point  of  (Pi  +  P2  +  P3  +  •  ■  •  +  P«)  +  (P„+i  +••■),  therefore,  by  The- 
orems 7  and  3,  it  is  a  limit  point  of  P„+i  +  •  •  •  .  But  P„+i  +  •  •  •  is  a  sub- 
set of  Mn+i,  and  il/,'  +  i  is  a  subset  of  J/„ .  Therefore  ever>  Mn  contains  P. 
Hence  the  set  G  exists. 

Suppose  that  0  is  a  limit  point  of  G.  Then,  for  every  n,  0  belongs  to 
il/,',+  1  and  therefore  to  Mn.     Hence  0  belongs  to  G.     Thus  G  is  closed. 

Definition.  A  domain  is  a  connected  set  of  points  M  such  that  if  P  is  a 
point  of  M  then  there  exists  a  region  that  contains  P  and  lies  in  M . 

Definition.!  If  A  and  B  are  two  distinct  points,  a  simple  continuous  arc 
from  A  to  J5  is  a  bounded,  closed,  connected  set  of  points  containing^!  and  B 
but  containing  no  connected  proper  subset  that  contains  both  A  and  B . 

Theorem  15.  If  A  and  B  arc  di.siinct  points  of  a  domain  M ,  there  crisis  a 
simple  continuous  arc  from-  .1  to  B  that  lies  wholly  in  M . 

Proof.     If  P  is  a  innnt  of  .1/,  P  lies  in  a  region  R  which  is  contained  in  M . 

*  Veit  &  Co.,  Leipzig,  1914.  See  also  E.  W.  Chittenden,  The  coiwcrnc  of  the  Heine- 
Borel  theorem  in  a  Riesz  domain,  Bulletin  of  the  American  Mathematical 
Society,  vol.  21  (1915),  pp.  179-183,  and  vol.  20  (1914),  p.  461.  For  a  proof  that  in 
the  presence  of  certain  linear  order  postulates  the  Heine-Borel  Theorem  is  equivalent  to  the 
Dedol<ind-cut  Postulate  see  O.  Veblcn,  The  Heine-Borel  Theorem,  Bulletin  of  the 
American  Mathematical  Society,  vol.  10  (1903-04)  pp.  436-439. 

t  See  N.  J.  Lennes,  Curves  in  non-meirical  analysis  situs  itith  an  application  in  the  calculus 
of  rarialions,  American  Journal  of  Mathematics,  vol.  33  (191 1),  page  308, 
and  Bulletin  of  the  American  Mathematical  Society,  vol.  12  (1906), 
p.  284. 
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There  exists  7!.,/.  greater  than  or  equal  to  1  such  that  Kn^p  contains  P  and 
such  that  if  n  S  n,p  and  Kn  contains  P  then  K'„  is  contained  in  R  and  there- 
fore in  .1/ .  Let  G\  be  the  set  of  all  such  Kn^^Ja  for  all  P's  in  M .  By  Theorem 
10  there  exists  a  simple  chain  Ru  Rii  ■  ■  ■  ^im, ,  from  A  to  B ,  every  link  of 
which  belongs  to  Gi.  Call  this  chain  Ci.  For  each  t'(l  Si  <  ??h)  select  a 
point  Pi;  common  to  Ru  and  i?i,+i .  Let  Pw  =  A  and  Pi„„  =  B .  If 
0  ^  i  <  ?«i  then  Pi,  can  be  joined  to  Pi,+i  by  a  simple  chain  f'i,+i  each  link 
of  which  is  a  region  of  the  sequence  A'2 ,  Kz,  •  •  •  and  lies,  with  all  its  limit 
points,  in  Pi,+i.  If  for  any  i(l  =  i  =  wii)  any  link  except  the  last  one  of 
the  chain  Cu  intersects  any  link  ot  Ci,+i  then  omit  from  Cu  every  link  that 
follows  Rii  where  Pi,  is  the  first  link  of  Cu  that  intersects  a  link  of  Ci,+i; 
also  omit  from  ri,+i  every  link  (if  there  be  any  such)  that  precedes  the  last 
link  that  intersects  Pi,.  These  omissions  having  been  made  for  eacli  ?'  con- 
cerned, the  remaining  links  of  the  chains  Cu ,  C12 ,  •  •  ■  f'lm,  form  a  simple 
chain  d  from  A  to  B .  The  chain  Co  has  the  important  property  that  each 
one  of  its  links  lies  wholly  in  some  single  link  of  the  chain  Ci  and  if  a  link  x  of 
C2  lies  in  a  link  y  of  Ci  then  every  link  that  follows  x  in  C2  lies  either  in  y  or 
in  some  link  that  follows  y  in  Ci .  Similarly  there  exists  a  chain  C3  having  a 
relation  to  Co  analogous  to  the  above  indicated  relation  of  Co  to  C'l  and  such 
that  every  link  of  C3  is  a  region  of  the  sequence  Kz,  Ki,  •  •  ■  .  This  process 
may  be  continued.  Thus  there  exists  an  infinite  sequence  of  chains  Ci ,  C2 , 
Cz  ■  ■  •  such  that  (1)  each  link  of  the  chain  C+i  lies,  together  with  all  its  limit 
points,  wholly  in  some  single  link  of  f'„;  (2)  if  a  link  x  of  Cn+\  lies  in  a  link  y 
of  C„  then  each  link  that  follows  x  in  C„+i  lies  either  in  y  or  in  some  link  that 
follows  y  in  f',,;  (3)  every  link  of  ('„  is  a  region  of  the  sequence  A'„,  K„+i, 

Kn+2,  ^-  •  ■ 

Let  Cn  denote  the  point-.set  which  is  the  sum  of  all  the  links  of  the  chain  Cn  ■ 
Let  C  denote  the  set  of  all  those  points  that  the  sets  Ci ,  C2 ,  f '3 ,  •  •  •  have  in 
common.  It  will  be  proved  that  C  satisfies  Lennes'  definition  of  a  Jordan  arc 
from  A  to  B . 

I.  To  prove  that  C  is  closed.  Every  limit  point  of  a  single  link  of  C„+i 
lies  in  some  link  of  C„.  Hence,  by  Theorem  7,  C',,t  is  a  subset  of  C'„.  It 
follows  by  Theorem  14  that  C  is  closed. 

II.  To  prove  that  C  is  connected.  Suppose  that  C  can  be  divided  into  two 
mutually  exclusive  subsets  Si  and  S2  neither  of  which  contains  a  limit  point 
of  the  other  one.  Since  C  is  closed  every  limit  point  of  Si  belongs  to  Si  +  S2 
and  therefore  must  belong  to  Si.  Hence  S'l  is  closed.  Likewise  S2  is  closed. 
About  each  point  P  of  Si  there  is  a  region  P  containing  no  point  of  S2 .  There 
exists  71  such  that  /v„  contains  P  while  /v,7  lies  in  R .  Hence,  by  Theorem  10, 
there  exists  a  finite  set  Gi  of  regions  such  that  every  point  of  Si  belongs  to 
some  region  of  G'l  but  no  point  of  S2  belongs  to,  or  is  a  limit  point  of,  any 
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region  of  6'i .  Since  the  set  G'l  is  finite  it  follows,  by  Theorem  7,  that  no  point 
of  Si  is  a  limit  point  of  Gi  (the  point-set  which  is  the  sum  of  all  the  regions  of 
the  set  Gi ) .  About  each  point  of  So  there  is  a  region  such  that  no  point  of 
6'1  is  a  point  or  a  limit  point  of  that  region.  Hence  there  exists  a  finite  set  G2 
of  regions,  covering  S2  and  such  that  no  point  of  G[  is  a  point  or  a  limit  point 
of  any  region  of  Go .  Let  G'2  denote  the  point-set  which  is  the  sum  of  all  the 
regions  of  the  set  G'2  •  Then  the  two  closed  point-sets  G'l  and  G',  have  no 
point  in  common.  But  C„  contains  at  least  one  point  of  GJ  and  at  least  one 
point  of  G'z .  Hence,  since  C„  is  connected  it  must  contain  at  least  one  point 
that  does  not  belong  to  G'l  +  G'2 .  Let  Tn  denote  the  set  of  all  such  points. 
For  every  n,  T'„+\  is  a  subset  of  Tn-  Hence,  by  Theorem  14,  the  point-sets 
T\,  To,  •  •  •  have  in  common  at  least  one  point  0 .  The  point  0  belongs  to 
C  and  therefore  to  G'l  -\-  Go  as  well  as  to  T\ .  Thus  the  supposition  that  C 
is  not  connected  leads  to  a  contradiction. 

\\\.  To  prove  that  no  connected  proper  subset  of  C  contains  both  A  and  B . 
Let  us  first  order  the  points  of  G.  If  A'l  and  A'2  are  two  distinct  points  ot  C 
then  there  exists  n  such  that  A'l  and  A'2  do  not  both  lie  in  the  same  region  of 
the  set  A'„ ,  A',1+1 ,  /i„+2 ,  •  •  ■  •  But  every  link  of  C„  is  a  region  of  this  set. 
Thus  for  every  two  distinct  points  A'l  and  A'o  belonging  to  C  there  exists  n 
such  that  A'l  and  A'2  do  not  belong  to  the  same  link  of  G„ .  Furthermore  it 
is  clear  that  if  A'l  and  A'2  do  not  lie  in  the  same  link  of  G„  but  A'l  lies  in  a  link 
of  G„  that  precedes  one  in  which  A'2  lies,  then  if  m  >  n  every  link  of  Cm  that 
contains  A'l  precedes  every  link  of  Cm  that  contains  A'o .  The  point  A'l  is 
said  to  precede  the  point  A'2  ( A'l  <  A'o )  if  there  exists  n  such  that  every  link 
of  C„  that  contains  A'l  precedes  every  link  of  Cn  that  contains  A'2 .  From 
facts  observed  above  it  follows  that  if  A^i  and  A'o  are  distinct  points  of  C 
then  either  A''i  <  A'o  or  A'o  <  A'l ,  while  if  A'l  <  A'o  then  it  is  not  true  that 
A''2  <  A'l .  Furthermore  if  A'l  <  A'2  and  A'2  <  A'3  then  A'l  <  A'3 .  For 
there  exist  fix  and  nj  such  that  A'l  and  A'2  do  not  lie  in  the  same  link  of  C„, 
and  A''2  and  X3  do  not  lie  in  the  same  link  of  G„, .  Hence  every  link  of  C„,+„j 
that  contains  A'l  precedes  every  link  of  C„,+„„  that  contains  X2  and  every 
link  of  C„,4-„,  that  contains  A'^2  precedes  every  one  that  contains  A'3 .  Hence 
every  one  that  contains  A'l  precedes  everv  one  that  contains  A'3.     Hence 

Xl<Z3. 

Suppose  now  that  //  is  a  proper  subset  of  C  that  contains  both  A  and  B . 
Then  there  exists  a  point  P  belonging  to  C  but  difi'erent  from  A  and  from  B 
such  that  //  is  a  subset  of  C  -  P.  Xow  C  -  P  =  S^  +  S^  where  S^  is  the 
set  of  all  points  of  C  that  precede  P  and  Sg  is  the  set  of  all  points  of  C  that 
follow  P.  It  is  clear  that  .S'^  contains  A  and  S^  contains  B.  Suppose  that 
P^is  a  point  of  S^ .  Then  there  exists  n  such  tluit  every  link  of  G„  that  con- 
tains P^  precedes  e^■e^y  one  that  contains  P.     Suppose  that  some  hnk  y  of 
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the  chain  f„  contains  P^  and  also  a  point  Pg  of  the  set  S^ .  Since  y  precedes 
every  link  of  C„  that  contains  P  it  follows  that  Pg  precedes  P ,  which  is  con- 
trary to  hypothesis.  Hence  no  region  of  Cn  that  contains  P^  contains  any 
point  of  Ss  ■  But  some  region  of  C„  does  contain  P^ .  Hence  P^  is  not  a 
limit  point  of  Sg.  Similarly  no  point  of  Sg  is  a  limit  Doint  of  S^.  But  H 
contains  a  point  A  that  belongs  to  S,4  and  a  point  B  that  belongs  to  S^^ 
Moreover  //  is  a  subset  of  S^  +  S^ .     It  follows  that  //  is  not  connected. 

It  is  thus  established  that  C  is  a  simple  continuous  arc  from  .1  to  B . 

Theorem  16.  Every  two  points  of  a  region  R  can  be  joined  by  an  arc*  lying 
entirely  in  R  while  every  two  points  without  R  can  he  joined  by  an  arc  lying  entirely 
ivithout  R . 

5.  Consequences  of  Axioms  2-5  and  Theorem  5 

On  the  basis  of  Axioms  2-5  and  Theorem  5  it  is  possible  to  prove  Theorems 
2-9  of  §  4  of  Lennes'  paper.f  In  particular  if  A'  is  any  point  of  the  arc  AB 
then  AB  is  the  sum  of  two  arcs  AX  and  XB  that  have  no  common  point 
other  than  A'.  If  A'  and  Y  are  points  of  the  arc  AB  distinct  from  A  and 
from  B  then  AB  contains  as  a  subset  only  one  arc  that  has  A'  and  Y  as  its  end- 
points.  This  arc  A']'  is  called  the  interval  XY  of  the  arc  AB .  If  Z  is  a  point 
(distinct  from  A'  and  from  F)  of  the  interval  A'l'  ot  the  arc  AB  then  Z  is 
said  to  be  between  A'  and  }'  on  the  arc  AB  .  If  A'  is  between  A  and  Y  on  the 
arc  AB  then  A'  is  said  to  precede  Y  on  AB  and  Y  is  said  to  follow  X  on  AB . 
If  X  precedes  1'  on  AB  then  Y  precedes  A'  on  BA  . 

If  the  arc  AB  has  at  least  one  point  in  common  with  the  closed  set  of  points 
K  then  there  exists  (1)  a  point  Pi  common  to  AB  and  K  such  that  if  A''i  is 
common  to  AB  and  A'  and  A'l  #=  Pi  then  A^i  is  between  Pi  and  B  on  the  arc 
AB ,  (2)  a  point  P^  common  to  AB  and  A'  sucli  that  if  A'o  is  common  to  AB 
and  K  and  X2  4=  P2  then  A'2  is  between  Po  and  A  on  the  arc  AB .  The  point 
Pi  is  said  to  be  the  first  point  that  AB  has  in  common  loith  K  while  Pa  is  said 
to  be  the  last  point  that  AB  has  in  common  with  K .  It  is  to  be  observed  that 
the  first  point  that  AB  has  in  common  with  K  is  the  last  point  that  BA  has 
in  common  with  A' . 

If  P  is  a  point  on  an  arc  AB  and  M  is  a  point-set  on  AB  then  P  is  a  limit 
point  of  M  if  and  only  if  every  interval  of  AB  that  contains  P  (but  does  not 
have  P  as  an  cndpoint)  contains  also  a  point  of  M  distinct  from  P. 

Definition. J  A  simple  closed  curve  is  a  set  of  points  composed  ol  two 
arcs  AXB  and  AYB  that  have  no  point  in  common  except  A  and  B. 

'Hereafter  in  this  paper,  "arc"  and  "simple  continuous  arc"  will  be  considered  synony- 
mous terms. 

t  Loc.  cit.  • 

X  See  N.  J.  Lennes,  loc.  cit.,  p.  314. 
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If  A  and  B  are  two  distinct  points  of  the  simple  closed  curve  J  then  there 
are  two  and  only  two  distinct  arcs  of  J  from  .-1  to  5 .  These  two  arcs,  AXB 
and  A  YB ,  have  no  point  in  common  except  their  endpoints,  A  and  B .  Every 
point  of  J  belongs  either  to  AXB  or  to  A  YB  and  J  and  B  are  said  to  separate  J 
into  the  two  arcs  AXB  and  .1  YB .  If  A,  B  ,C ,  and  D  are  four  distinct  points 
of  /  such  that  C  lies  on  one  and  D  lies  on  the  other  of  the  two  arcs  into  which 
A  and  B  separate  J  then  A  and  B  are  said  to  separate  C  and  D  on  J .  If 
A  and  B  separate  C  and  D  on  J  then  C  and  D  separate  A  and  B  on  J . 

Theorem  17.  If  R  is  a  region,  the  exterior  of  R  contains  an  infinite  set  of 
■points  that  has  no  limit  point. 

Theorem  17  is  a  consequence  of  Axiom  5  and  Theorem  13. 

Theorem  18.     The  exterior  of  a  region  is  not  a  hounded  point-set. 

Theorem  19.     Every  region  has  at  least  one  boundari/  point. 

Proof.  Suppose  R  is  &  region.  By  Theorems  4  and  5  there  exist  in  R  two 
points  P  and  A'  and  a  region  i?„  such  that  i?„  contains  P  but  R'„  is  a  subset 
of  E  -  A'.  It  follows  by  Theorem  17  that  S  -  R'„  =  Mi  +  Mo  where  Mi 
is  a  subset  of  R  and  J/2  is  a  subset  of  S  —  R .  Xo  point  of  J/i  is  a  limit 
point  of  M-2  ■  Hence,  by  Axiom  .3,  M-2  contains  a  limit  point  of  J/i .  Every 
such  point  is  a  boundary  point  of  R . 

6.  Consequences  of  Axioms  2-S  and  Theorems  5  and  15 

It  is  clear  that  Theorems  1-19  are  consequences  of  Axioms  2-5  and  The- 
rems  5  and  15. 

Theorem  20.  Every  point  of  the  boundary  of  a  region  is  a  limit  point  of  the 
exterior  of  that  region. 

Theorem  20  can  easily  be  proved  with  the  help  of  Axiom  7. 

Theorem  21.  If  K  and  R  are  regions  and  the  boundary  of  R  is  a  subset  of 
K'  then  R  is  a  subset  of  K . 

Proof.  By  Theorem  18,  S  —  K'  contains  at  least  one  point  that  does  not 
belong  to  R .  If  it  contains  also  a  point  of  R  then  S  —  K'  =  S\  -\-  S2  where 
Si  is  a  subset  of  R  but  no  point  of  <S2  belongs  to  R .  The  point-set  Si  cannot 
contain  a  limit  point  of  S^.  Hence,  by  Axiom  3,  So  must  contain  a  limit 
point  of  Si.  Hence  S2  contains  a  point  of  the  boundary  of  R.  But  this  is 
contrary  to  hj-pothesis.  It  follows  that  i?  is  a  subset  of  A" .  If  R  contained  a 
point  on  the  boundary  of  A'  then,  by  Theorem  20,  it  would  contain  a  point 
of  S  —  A" .     It  follows  that  R  is  a  subset  of  A . 

Theorem  22.     The  set  of  all  points  is  connected. 

Theorem  22  can  be  easily  proved  with  the  help  of  Theorem  19,  Axioms  2 
and  3  and  Theorem  20. 

Theorem  23.     No  region  is  a  subset  of  an  arc. 

Proof.     Suppose  that  the  region  R  is  a  subset  of  the  arc  AB .    Then  R 
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must  contain  at  least  one  point  0  belonging  to  AB  but  distinct  from  .1  and 
from  B .  By  Theorems  3  and  5  there  exists  about  0  a  region  A'  such  that 
A  and  B  are  both  without  A'.  By  Theorem  16  there  exists  an  arc  AXB  lying 
without  A'.  There  exist  on  AB  two  points  ^i  and  Bi  such  that  A\  is  the  last 
point  that  AXB  has  in  common  with  the  interval  AO  of  the  arc  AB  and  Bi 
is  the  first  point  following  Ai  on  AXB  that  AXB  has  in  common  with  the 
interval  OB  of  the  arc  AB .  The  arc  Ai  OBx  on  AB  and  the  arc  from  B\  to  .-li 
on  AXB  constitute  together  a  closed  curve  J .  There  exists  about  0  a  region 
Ri  containing  no  point  of  the  closed  point-set  AAi  -\-  BiB ,  where  AAi  and 
BBi  are  intervals  of  AB .  By  Theorem  6  the  regions  R  and  R\  contain  in 
common  a  region  7?2  that  contains  0 .  Since  Ri  is  a  subset  of  7?  that  contains 
no  point  of  ^Lli  -\-  BiB  it  must  be  a  subset  of  Ai  OBi  and  therefore  of  /. 
But  0  is  on  the  boundary  of  R ,  the  interior  of ./ .  Therefore,  since  Ri  contains 
0 ,  R-i  must  contain  a  point  of  R.  Thus  the  supposition  that  R  is  a  subset 
of  AB  leads  to  a  contradiction. 

Theorem  24.  //  the  jmints  A  and  B  separate  the  2'oints  C  and  D  on  the 
closed  curve*  J  and  AXB  is  an  arc  such  that  AXB^  is  a  subset  of  R,  the  interior 
of  J ,  then  (1)  Ri,  the  interior  of  the  closed  curve  AXBCA ,  is  a  subset  of  R, 
(2)  ADB  is  entirely  ivithout  Ri,  (3)  Ri  has  no  point  in  common  with  R^,  the 
interior  of  AXBDA . 

Proof.  That  Ri  is  a  subset  of  i?  is  a  consequence  of  Theorem  21.  Hence, 
by  Theorem  1,  Ri  contains  no  point  of  ADB . 

Suppose  that  /?i  and  /?2  have  a  point  in  common.  Since  the  boundary 
of  R-2  contains  points  that  are  neither  in  i?i  nor  on  the  boundary  of  /?i ,  Ro 
is  not  a  subset  of  7?i .  Hence  R-i  =  Si  +  So  where  Si  is  a  subset  of  Ri  but 
no  point  of  S2  belongs  to  Ri .  The  point-set  Si  cannot  contain  a  limit  point  of 
So .  Hence,  by  Axiom  2,  S2  must  contain  a  point  P  which  is  a  limit  point  of 
jSi  .  Clearly  P  must  be  on  the  boundary  of  /?i .  Thus  R2  would  contain  a 
point  ot  AXB  or  of  ACB .  But  this  is  contrary  to  hypothesis  and  (2).  It 
follows  that  Ri  and  i^>  have  no  point  in  common. 

Theorem  25.     Ujider  the  same  hypothesis  as  in  Theorem  24, 

R  =  AXB  +  Ri  +  Ro . 

Proof.  Suppose  it  is  not  true  that  /?  =  AXB  +  Ri  +  Ro.  Then,  by 
hypothesis  and  Theorem  24,  R  =  AXB  +  Ri  +  Ro  +  }'  where  the  point- 
sets  AXB ,  Ri,  Ro,  and  Y  are  mutually  exclusive.  It  is  clear  that  no  one 
of  the  three  sets  /?i ,  R2 ,  and  Y  contains  a  limit  i)()int  of  either  of  the  other 

*  Hereafter  in  this  paper,  "clo.sed  curve"  will  be  fonsidcrcd  synonymous  with  "simple 
closed  curve." 

t  If  AxB  is  an  arc,  AXB  denotes  the  point-set  AXB  —  A  —  B .  Likewise  if  AB  is  an  arc, 
AB  denotes  the  point-set  AB  —  A  —  B . 

Trnsa.  Am.  Math.  Soc.    10 
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two.  Let  E  denote  a  point  of  Y .  By  Theorem  16  there  exists  an  arc  EX 
lying  entirely  in  7?.  There  exists  a  point  0  (Fig.  1)  which  is  the  first  point 
that  EX  has  in  common  with  AXB .  Let  OE  denote  the  interval  of  EX 
whose  endpoints  are  0  and  E .  Now,  (1)  OE  —  0  is  connected,  (2)  every  point 
of  OE  —  0  belongs  to  Ri  or  to  i?2  or  to  Y ,  (3)  no  one  of  the  sets  Ri,  Ro,  and  Y 
contains  a  limit  point  of  either  of  the  other  two.     It  follows  that  since  E  be- 


longs to  Y  therefore  OE  —  0  is  a  subset  of  }' .  Let  F  denote  a  point  of  Ri . 
The  point  0  divides  the  arc  AXB  into  two  arcs  AAO  and  BBO .  There 
exists  about  .1  a  region  T  which  contains  no  point  of  the  closed  point-set 
F  +  OBB  +  J .  The  region  T  contains  at  least  one  point  G  in  common  with 
Ri .  By  Theorem  16  there  is  an  arc  FG  lying  entirely  in  i?i  and  an  arc  GA 
lying  entirely  in  T.  It  can  easily  be  shown  that  the  point-set  FG  +  GA 
contains  as  a  subset  an  arc  FH  such  that  H  is  in  T  and  on  the  boundary  of  i?i 
(and  therefore  on  AAO)  while  FII  —  II  is  a  subset  of  i?i.  Similarly  there 
exists  an  arc  FK  such  that  A'  is  a  point  of  OBB  and  FK  —  A'  is  a  subset  of  i?i . 
The  point-set  FII  +  FK  contains  as  a  subset  an  arc  IIPi  K .  Clearly  HPi  K 
is  a  subset  of  Ri .  Likewise  there  exist  a  point  H  between  A  and  H ,  a  point  K 
between  B  and  K  and  an  arc  HPo  K  such  that  HPiK^  is  a  subset  of  R2 .  Let 
J_  denote  the  closed  curve  IIP2  K  +  KK  +  A'Pi  H  +_HH .  By  Theorem  21, 
R  (the  interior  of  J)  is  a  subset  of  R.  But  Pi  is  on  J  and  is  therefore  a  limit 
point  of  R .  Moreover  Pi  belongs  to  Pi  and  no  point  of  Pi  is  a  limit  point 
of  AXB  or  of  Po  or  of  Y .     It  follows  that  P  must  contain  at  least  one  point 


1916] 


PLANE    ANALYSIS    SITUS 


143 


of  Ri .  Similarly  P-2  is  a  limit  point  of  R  and  R  must  contain  at  least  one 
point  of  /?2  ■  Since  D  and  E  are  without  the  region  Ri  therefore  there  exists 
an  arc  DE  lying  entirely  without  Ri .  There  exists  on  ADB  a  point  L  which 
is  the  first  point  that  ED  has  in  common  with  ADB .  The  point-set  EL  —  L 
lies  in  R  and  contains  no  point  of  AXB .  It  easily  follows  that  EL  ~  L  is  a, 
subset  of  Y .  But  EO  —  0  is  a  subset  of  Y .  It  follows  that  there  exists  an 
arc  OL  such  that  OL  is  a  subset  of  }' .  Hence  OL  contains  no  point  of  J . 
But  Z/ is  without  J.  Therefore  0,  and  consequently  HOK ,  is  without  J. 
Hence  every  point  of  R  belongs  to  R\ ,  Ri ,  or  1' .  But  no  one  of  these  three 
point-sets  contains  a  limit  point  of  either  of  the  other  two  and  it  has  been 
shown  that  R  contains  at  least  one  point  of  Ri  and  at  least  one  point  of  7?2  • 
Hence  R  is  not  connected.  But  this  is  contrary  to  Axiom  2.  Thus  the 
supposition  that  }'  exists  leads  to  a  contradiction.     It  follows  that 

R  =  Ri  +  R2  +  .4XB . 

Theorem  26.  //  A  and  B  are  distinct  points  and  ACB ,  ADB,  and  AFB 
are  three  arcs  no  two  of  which  have  any  point  in  common  except  A  and  B ,  then  the 
regioyis  which  are  bounded  by  the  closed  curves  ACRFA  ,  ACBDA  ,  and  ADBFA 
respectively  are  not  mutually  exclusive. 

Proof.  Denote  the  curves  ACBFA  ,  ACBDA  ,  and  ADBFA  by  J ,JuJi, 
their  interiors  by  R,  Ri,  R2  and  their  exteriors  by  E,  Ei,  E2  respectively. 


Fig.  2 


Suppose  that  7? ,  Ri,  Rn  are  mutually  exclusive.  Then  E  contains  ADB ,  Ri , 
and  R-2 .  It  may  be  easily  proved  with  the  assistance  of  Theorems  17  and  13 
that  E  contains  at  least  one  point  which  does  not  belong  to  7?i,  R2,  or  ADB . 
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Let  Y  denote  the  set  of  all  such  points.  It  is  clear  that  1'  is  composed  of  all 
points  that  are  common  to  E ,  Ei,  and  Eo .  Let  P  (Fig.  2)  be  a  point  of  Y . 
There  exists  an  arc  PD  which  lies  entirely  in  E.  Let  0  be  the  first  point 
that  PD  has  in  common  with  ABB .  Then  PO  —  0  is  clearly  a  subset  of  Y . 
Similarly  there  exists  an  arc  POi  such  that  Oi  is  a  point  on  ACB  and  such 
that  POi  —  Oi  is  a  subset  of  Y .  It  can  easily  be  shown*  that  there  exist 
points  Gx,  Go,  Hi,  H2  lying  on  ADB  in  the  order  AGi  G2  OH2  Hi  B  and  arcs 
6'i  Pi  Hi ,  Go  Po  H_2  such  Jhat  Gi  Pi  Hi  and  Gj  fa  H-,  lie  in  Ri  and  i?,  re- 
spectively. Let  J ,  Ji,  J -2  denote  the  closed  curves  6'i  Pi  Hi  Ho  Po  Gi  Gi , 
GiPiHiOGi,  Go_PoHoOGo  respectively.  Let  R,  Ri^R2  denote  their  re- 
spective interiors.  It  follows  from  Theorem  21  that  i?i  and  Ro  are  subsets 
of  Ri  and  Ro  i-espectively. 

There  are  three  cases  to  be  considered. 

Case  I.     Suppose  that  0  lies  in  R .     Then,  by  Theorem  25, 

R  =  Ri  +  Ro  +  G2OH2 . 

It  follows  that  if  0  is  a  limit  point  of  a  point  set  M  then  M  must  contain  a 
point  of  Ri  or  of  Ro  or  of  Go  OH2  ■  But  0  is  a  limit  point  of  PO  —  0  and 
PO  —  0  contains  no  point  of  Tii  +  Ro  +  Go  OHo .  Thus  the  supposition  that 
0  is  in  R  leads  to  a  contradiction. 

Case  II.  Suppose  that  A  is  in  R .  Then  J  lies  in  R .  But  Oi  is  a  point 
of  J  and  POi  contains  no  point  of  J .  Hence  P  is  in  7? .  Similarly  every 
other  point  of  Y  is  in  R.  Bat  Y  contains  an  infinite  set  of  points  that  has 
no  limit  point.  Hence,  by  Theorem  13,  Y  is  not  a  subset  of  R.  Thus  the 
supposition  that  ^1  is  in  R  leads  to  a  contradiction. 

Case  III.  Suppose  that  neither  0  nor  A  is  in  R.  Then  no  point  of  J , 
or  of  ADB  is  in  R.  Hence  R  is  a  subset  of  R  +  Ri  +  Ih  +  Y.  But  R  is 
connected  and  no  one  of  the  point-sets  Ri,  R2,  R ,  and  Y  contains  a  limit  point 
of  one  of  the  others.  Hence  R  cannot  contain  a  jxiint  of  one  of  these  point- 
sets  and  also  a  point  of  one  of  the  others.  Therefore  R  must  be  a  subset  of 
either  R ,  Ri,  Ro ,  or  }'.  But  Pi  and  Po  are  both  limit  points  of  R  and  more- 
over Pi  is  a  point  of  Ri  and  Po  is  a  point  of  Po .  Hence  either  (1)  Vi'i  contains 
a  limit  point  of  R ,  Ro ,  or  Y  or  (2)  R2  contains  a  limit  point  of  Pi .  Thus 
the  supposition  that  R  contains  neither  0  nor  A  leads  to  a  contradiction. 

It  follows  that  R ,  Ri,  and  Ro  are  not  mutually  exclusive. 

Theorem  27.  If  the  points  A  and  B  separate  the  points  C  and  D  on  the 
closed  curve  J  and  AXB  is  an  arc  snch  that  AXB  is  without  J  then  (1)  either 
D  is  without  AXBCA  or  C  is  without  AXBDA ,  (2)  //  D  is  without  AXBCA 
then  C  is  within  AXBDA  and  the  interior  of  AXBDA  =  ACB  +  the  interior 
of  ACBDA  +  the  interior  of  AXBCA  . 

*  Cf.  proof  of  Theorem  25. 
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Proof.  (1)  Suppose  D  is  not  without  AXBCA  .  Then  ADB  is  within 
AXBCA  .     Plence,  by  Theorem  24,  C  is  without  AX  EDA  . 

(2)  Suppose  that  D  is  without  AXBCA  .  Then  ADB  is  without  JA'Br.4  . 
Let  R  and  y?i  denote  the  interiors  of  ACBDA  and  AXBCA  respectively. 
Suppose  that  /»  and  R\  have  a  point  in  common.  Then  /?i  =  M  +  Mi 
where  M  is  a  subset  of  R  but  no  point  of  Mi  belongs  to  R' .  Neither  of  the 
point-sets  M  and  Mi  can  contain  a  limit  point  of  the  other  one.  Thus  Axiom  2 
is  contradicted.  It  follows  that  if  D  is  without  AXBCA  then  the  interiors 
of  AXBCA  and  ACBDA  can  contain  no  point  in  common.  If  at  the  same 
time  C  were  without  AXBDA  it  would  follow  that  the  interiors  of  ACBDA, 
AXBDA ,  and  AXBCA  are  mutually  exclusive.  But  this  would  be  contrary 
to  Theorem  26.  It  is  thus  established  that  if  D  is  without  AXBCA  then  C  is 
within  AXBDA  .  It  follows  by  Theorem  25  that  in  this  case  the  interior  of 
AXBDA  =  ACB  +  the  interior  of  AXBCA  +  the  interioj;  of  ACBDA  . 

Theoeem  28.  //  0  is  a  point  on.  the  closed  curve  J  and  R  is  a  region  about  0 
then  if  M  denotes  either  the  interior  or  the  exterior  of  J ,  there  e.rists  a  simple 
continuous  arc  AXB  such  that  (1)  A  and  B  are  on  J ,  (2)  AXB  is  common  to 
M  and  R ,  (3)  of  the  two  arcs  into  which  A  and  B  divide  J  thai  one  which  contains 
0  lies  in  R . 

Proof.  By  Axioms  6  and  7  there  exist  in  R  regions  L  and  L  such  that  L 
contains  0 ,  L  lies  in  M  and  all  those  points  of  J  which  lie  in  L  belong  to  the 
boundary  of  L.  There  exist  on  J  two  points  Ai  and  Bi  such  that  the  arc 
Ai  OBi  (on  J)  lies  in  L.  Since  .li  OBi  is  in  L  and  on  J  it  must  be  a  part 
of  the  boundary  of  L.  There  exist  on  Ai  OBi  points  A2  and  B2  in  the  order 
Ai  An  OB2  Bi .  There  exist  regions  R^  and  Rn  about  A2  and  B2  respectively 
such  that  7^,1  contains  no  point  of  Ai  BiO  and  7?^  contains  no  point  of  Bi  Ai  0 , 
where  AiBiO  and  Bi  Ai  0  are  intervals  of  / .  There  exist  in  L  three  distinct 
points  P ,  C ,  and  D  such  that  C  is  in  R^  and  D  is  in  7?^ .  There  exist  in  L 
arcs  PC  and  PD .  In  7?^  and  R„  respectively  there  exist  arcs  CA2  and  DB2 . 
The  point-set  A2C  +  CP  +  PD  +  DB2  contains  as  a  subset  an  arc  AXB 
satisfying  conditions  (1),  (2),  and  (3). 

Theorem  29.  If  on  the  closed  Jordan  curve  J  the  points  A  and  B  separate 
the  points  C  and  D  and  AXB  and  CYD  are  arcs  such  that  AXB  and  CYD  are 
either  both  wit  hi  u.  or  both  icithout  J  then.  AXB  and  CYD  have  at  least  one  point 
in  common. 

Proof.  Case  I.  Suppose  that  .lA'T^  and  CYD  are  both  within  J .  By 
Theorem  25,  R  =  Ri -\-  R2 -\-  AXB ,  where  7?,  Ri,  and  R2  are  the  interiors 
of  .7,  AXBCA,  and  AXBDA  respectively.  There  exists  about  C  a  region  K 
containing  no  point  of  7?^.  Since  C  is  a  limit  point  of  CYD,  K  contains  a 
point  P  belonging  to  CYD.  The  point  P  is  in  Ri  while  D  is  witiu)ut  7?i . 
Hence  the  interval  PD  of  the  arc  CYD  contains  a  point  on  the  boundary 
of  R\ .     Every  such  point  must  be  on  AXB , 
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Case  II.  Suppose  that  AXB  and  CYD  are  both  without  J .  Then,  by 
Theorem  27,  either  C  is  without  AXBDA  or  D  is  without  AXBCA  .  Suppose 
that  C  is  without  AXBDA .  Then  Ri  =  R  +  ADB  +  7?2  where  R,  Ri, 
and  i?2  are  the  interiors  of  J ,  AXBCA,  and  AXBDA  respectively.  The 
point  Z)  is  a  Hmit  point  of  CYD .  Hence  /?i  contains  a  point  P  belonging  to 
CYD .  But  CYD  contains  no  point  of  R' .  Hence  P  belongs  to  R^ .  But  C 
is  without  Ri-  Therefore  the  interval  CP  of  the  arc  CYD  contains  a  point 
in  common  with  the  boundary  of  Ri .     Every  such  point  must  be  on  AXB . 

Theoreii  30.  Under  the  same  hypothesis  as  in  Theorem  29,  the  interiors  of 
AXBDA  and  CYDBC  hate  at  least  one  point  in  common. 

Theorem  31.  If  CD  is  an  arc,  B  is  a  point  of  CD ,  and  BX  is  an  arc  which 
has  no  point  except  B  in  common  with  CD  and  R  is  a  region  containing  B  then 
there  e.rists  iti  the  region  R  an  arc  EFG  such  that  (1)  the  points  E  and  G  are  on  CD 
in  the  order  CEBGD ,  (2)  the  segment  EBG  of  CD  lies  in  R ,  (3)  EFG  has  no 
point  in  common  inth  CD ,  (4)  there  exists  on  BX  a  point  H  such  that  the  seg- 
ment BH  of  BX  is  (except  for  the  point  B)  entirely  icithin  the  closed  curve 
EFGBE. 

Proof.  About  B  (Fig.  3)  there  exists  a  region  R  which  contains  neither 
C  nor  J).  There  exists  an  arc  CYD  which  lies  entirely  without  R.  There 
exist  points  Ci  and  Di  such  that  Ci  is  the  last  point  that  CYD  has  in  common 
with  CB  and  Di  is  the  first  point  following  t'l  that  CYD  has  in  common 
with  BD .    The  arc  Ci  A'l  Di  (on  CYD)  has  no  point  except  Ci  in  common 


Fig.  3 

with  CD .  About  B  there  is  a  region  A'  which  contains  no  point  of  the  closed 
point-set  CCi  +  Ci  A'l  Di  +  DiD.  The  regions  A'  and  R  contain  in  com- 
mon a  region  Ri  which  contains  B.  By  Theorem  28  there  exists  an  arc 
El  Fi  Gi  such  that  (1)  the  points  ^i  and  d  are  on  CD  in  the  order  Ci  Ai  BGi  Di 
(2)  the  closed  curve  Ai  Ai  6'i  BEi  is  a  subset  of  Ri ,  (3)  Ai  Ai  Gi  is  a  subset 
of  the  interior  of  the  closed  curve  Ci  Zi  Di  BCi .  About  A  there  is  a  region  H 
containing  no  point  of  the  closed  point-set  CEi  +  Ai  Ai  6'i  +  Gi  D .     The 
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regions  //  and  R  contain  in  common  a  region  7?2  that  contains  B .  By  The- 
orem 28  there  exists  an  arc  E2  Fi  G'2  such  that  (1)  the  points  £2  and  Gi  are 
on  CD  in  the  order  Ci  £1  E-i  BGi  d  Di,  (2)  the  closed  curve  E^  F^  G2  BE2 
is  a  subset  of  i?2 .  (3)  -E2  F2  G2  is  a  subset  of  the  exterior  of  the  closed  curve 
El  Fi  6'i  BEi .  The  curve  Ei  E2  F2  G2  Gi  F\  Ei  encloses  a  Jordan  region  R^ . 
By  Theorem  25,  i?3  =  i?i  +  i?2  +  En  BG2  where  R\  and  7?2  are  the  interiors 
of  El  Fi  Gi  BEi  and  E2  F2  G2  BE2  respectively.  Since  the  connected  point- 
set  BXA  contains  no  point  of  E2  BG2  therefore  it  cannot  contain  a  point  in  Ri 
and  also  a  point  in  R2 .  But  since  fi  is  a  limit  point  of  BX  the  latter  must 
contain  points  in  either  Ri  or  i?2 .  It  follows  that  there  exists  on  BX  a 
point  H  such  that  the  point-set  BH  —  5  is  a  subset  of  Ri  or  a  subset  of  R2 . 

Theorem  32.  //,  in  a  domain  H ,  AB  is  an  arc,  Ai,  Bi,  and  D  are  three 
points  on  AB  in  the  order  AAi  DBi  B  and  Ai  Xi  Bi  is  an  arc  which  has  no 
point  in  common  with  AB  except  Ai  and  Bi ,  and  finally  C  is  a  point  in  R ,  the 
interior  of  the  closed  curve  Ai  Xi  Bi  DAi,  then  there  exists,  in  //,  an  arc  CB 
which  has  no  point  except  B  in  common  with  AB . 

Proof.  There  exists  an  infinite  sequence  of  regions,  Ri,  R2,  R3,  ■  ■  ■  satis- 
fying cond'tions  (1),  (2),  and  (3)  of  Theorem  5  except  that  P  is  replaced  by  B . 
A  point  P  belonging  to  AB  is  said  to  be  in  Class  I  it  there  exists,  in  //,  a 
system  of  points  ^2,^43,  ■  ■■  ,  An,  B2,  B3,  •  •  •  ,  iS„  on  AB  and  arcs  A2  X2  B2 , 
■  ■  ■  ,  An  Xn  B„  such  that 

(1)  Ai  and  Bi  separate  Ai+i  from  B,+i  ( 1  ^  i  <  «) ; 

(2)  P  lies  between  A„  and  B„; 

(3)  Ai  Xi  B,  has  no  point  in  common  with  .IB  (1  <i^n) ; 

(4)  the  interior  of  the  closed  curve  Ai  Xi  B;  B,_i  At  (1  <  i  ^  n)  does  not 
contain  either  of  the  points  C  and  B; 

(5)  there  exists  on  fi,  A',  Ai  a  point  Hi  such  that  Bt  Hi  —  Bi  lies  in  Ri+i, 
the  interior  of  Ai+i  Bi  fi,+i  Xi+i  Ai+i  (I  ^  i  <  n) . 

Under  these  conditions  the  arc  DP  is  said  to  be  covered  by  the  set  of  arcs 

^4l  A'l  fil  ,    A2  X2  Bo,     ■  ■  ■   ,    An  Xn  Bn  ■ 

Suppose  there  exist  on  AB  points  that  do  not  belong  to  Class  I.  Let 
Class  II  denote  the  set  of  all  such  points.  Then  there  exists  on  AB  a  point  0 
which,  in  the  order  from  A  to  B  on  AB ,  is  either  the  last  point  in  Class  I  or 
the  first  point  in  Class  II.  About  0  there  is  a  region  R  that  lies  in  H  and  con- 
taining neither  C  nor  B  nor  any  point  of  the  interval  ^Ifii  of  the  arc  AB. 
There^exist^poijits_.>4i^  A2,  fii,  fi2  on  AB  in  the  order  AAi  Ju  OB2  fii  B  and 
arcs  yli  A'l  Bi,  Ao  A'2  fi2 ,  having  no  point  in  common  with  AB  except  their 
endpoints,  such  that  the  closed  curves  Ai  A'l  fii  OAi  and  .-I2  A'2  fi2  OA2  lie  in 
R  and  such  that  the  interiors  of  these  closed  curves  have  no  point  in  com- 
mon.    The  arc  DA2  can  be  covered  by  a  finite  set,  G,  of  arcs.     It  followsf 

*  Cf.  proof  of  Theorem  31. 
t  Cf .  proof  of  Theorem  3 1 . 
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that  DO  may  be  covered  by  a  finite  set,  G ,  of  arcs  composed  of  a  subset  of 
G  together  with  either  Ai  A'l  Bi  or  .^2  A'o  B2  and  possibly*  one  additional  arc. 
But  if  G  covers  BO  it  must  also  cover  DP«  where  P-i  is  some  point  that  follows 
0  and  therefore  belongs  to  Class  II.  Thus  the  supposition  that  Class  II  exists 
leads  to  a  contradiction.  Hence  if  P  is  any  point  of  AB ,  DP  can  be  covered 
by  a  finite  set  of  arcs.  It  easily  follows  that  there  exists  an  infinite  set  of 
arcs  AiX^Bi,  AzXzBz,  ■■■  which  satisfy  conditions  (1),  (2),  (3),  (4),  and 
(5)  (  00  being  substituted  for  n)  and  are  such  that,  if  m  is  a  positive  integer, 
there  exists  h  such  that  if  ;(  >  5  then  An  A'„  B„  5„_i  An  is  a  subset  of  i?™. 
Let  Ri  denote  the  interior  of  the  closed  curve  At  A',  Bi  fi,_i  Ai .  For  every 
/,  Ri  has  a  point  in  common  with  Rij^i .  By  Zermelo's  postulate  there  exists 
a  sequence  of  points  Pi,  Pn,  P^  •  •  •  such  that  P,  is  common  to  Rj  and  i?,+i . 
There  exists  in  Ri  an  arc  CPi  and  in  Ri  {i  >  I)  an  arc  P,_i  P, .  There  exists 
a  point  P2  which  is  the  first  point  that  CPi  has  in  common  with  Pi  Pi .  The 
arc  CPn  (on  CPi)  and  the  arc  P2  P2  (on  P1P2)  constitute  together  an  arc 
C'Pa.  Similarly  there  exists  an  arc  CP3  formed  by  the  arc  CP3  (on  CP2) 
together  with  the  arc  P3  P3  (on  Po  P3 )  where  P5  is  the  first  point  that  CPo  has 
in  common  with  Pj  P3 .  In  general  CP,+i  denotes  CP,+i  +  Pi+i  Pi+i  where 
Pi+i  is  the  first  point  that  CPi  has  in  common  with  P,-  Pj+i .  For  a  given 
n  there  exists  n;  such  that  if  n  >  rin  then  CPn  contains  CPn.  It  follows  that 
for  a  given  n  there  exists  an  arc  CXn  which  is  common  to  all  the  arcs  CP„ , 
CPn+\ ,  CPn+2 ,  ■  ■  ■ ,  and  contains  every  other  arc  which  is  common  to  t.  e 
arcs  of  this  sequence  and  has  C  for  one  end  point.  For  every  m ,  CX,„+i 
contains  rA'„,  and  there  exists  r  such  that  CA'^  is  a  proper  subset  of  CX^+r  ■ 
Let  T  denote  the  point-set  B  +  CA'i  +  CX2  +  •  •  •  .  It  will  be  shown  that  t 
satisfies  Lennes'  definition  of  a  Jordan  arc  from  C  to  B . 

First  T  is  closed.  For  suppose  that  P  is  a  limit  point  of  r  that  does  not 
belong  to  r.  Then  clearly  P  is  not  a  limit  point  of  any  single  CA'n .  But 
if  R  is  a  region  about  B  then  there  exist  m  and  8  such  that  (1)  P,^  is  a  subset  of 
R ,  (2)  for  every  n  greater  than  5 ,  r  —  CA'„  is  a  subset  of  R'„, .  But  P  is  a 
limit  point  of  t  —  CA'„ .  Hence  P  is  in  R.  It  follows  that  P  is  identical  with 
B.  Thus  the  supposition  that  P  does  not  belong  to  t  leads  to  a  contradic- 
tion. It  follows  that  T  is  closed.  It  is  easily  seen  that  P  is  a  limit  point  of 
CXi  +  C'A'2  +  •  •  •  and  that  r  is  connected  and  contains  no  proper  connected 
subset  that  contains  B  and  C .  Thus  r  is  a  simple  continuous  arc  from  C  to 
B .     Clearly  it  contains  no  point  of  AB  except  B . 

Theorem  .33.  //  A  is  a  point  on  the  boundary  of  a  region  R,  B  is  a  point  in 
R,  and  AB  is  an  arc  suck  that  AJB  is  in  R,  then  R  —  AB  —  A)  is  connected. 

Proof  (on  the  basis  of  Axioms  2-5,  8  and  Theorems  5,  15,  and  32)  for  the 

•  An  additional  arc  may  be  necessary  in  case  Ai  or  Ai  coincides  with  an  endpoint  of  some 
arc  of  the  set  G . 
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case  where  the  boundary  of  R  is  a  closed  curve  J.  On  ./  (Fig.  4)  there  is  a 
point  0  different  from  A  .  About  0  there  is  a  region  R  which  contains  no 
point  of  AB .  The  region  R  contains  a  point  C  in  common  with  R.  There 
exists  an  arc  BC  such  that  BC  is  in  R  and  an  arc  CO  lying  in  R.  The 
point-set  BC  +  CO  contains  as  a  subset  an  arc  DE  where  Z)  is  a  point  of 
AB ,  E  is  a  point  in  R  and  on  J  and  DE  is  a  subset  oi  R  —  {AB  —  A) . 
The  arc  ADE  divides  R  into  two  regions  of  which  one  contains  DB  —  D 
and  the  other  one  contains  no  point  of  AB .  Let  L  denote  the  latter  region 
and  let  F  denote  a  point  in  L.     By  Theorem  32  there  exists  an  arc  FB 


Fig.  4 


which  has  no  point  in  common  with  AB .  Let  AXE  denote  that  arc 
from  A  to  E  on  J  which  forms  a  part  of  the  boundary  of  L.  About  A'' 
there  is  a  region  A"  which  contains  no  point  of  AD  +  DE.  The  regions 
K  and  L  have  a  point  Y  i;i  common.  There  exists  in  L  an  arc  FY  and  in  K 
an  arc  FA'.  The  point-set  BF  +  FY  +  YX  contains  as  a  subset  an  arc 
BT  where  T  is  a  point  on  J  and  ^  is  a  subset  of  R  -  {AB  -  A ) .  The 
points  A  and  T  divide  J  into  two  arcs  AMT  and  ANT.  By  Theorem  25, 
R  =  Ri  +  R2  +  AB  +  BT,  where  «,  and  Ro  are  the  interiors  of  ABTMA 
and  ABTNA  respectively.  Suppose  now  that  1\  and  P2  are  two  points  in 
R  —  {AB  —  A) .     If  Pi  and  Pa  are  both  in  Pi  or  both  in  R2  there  exists 
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an  arc  Pi  Po  lying  entirely  in  Ri  or  entirely  in  R2  ■  Suppose  Pi  is  in  Pi  and 
Po  is  in  flj.  There  exists  on  BT  a  point  Z.  About  Z  there  is  a  region  P3 
containing  no  point  of  AB .  There  exist  arcs  Pi  Zi  and  Pi  Z2  such  that 
Pi  Zi  is  in  Pi ,  P2  Z2  is  in  Ro  and  the  points  Zi  and  Z2  are  in  P3  and  on  the 
boundaries  of  Pi  and  P2  respectively  and  therefore  on  BT .  If  Zi  Z2  denotes 
that  arc  from  Zi  to  Z2  which  is  a  subset  of  BT  then  Pi  Zi  +  Zi  Z2  +  Z2  P2 
is  an  arc  from  Pi  to  P2  lying  in  P  —  (AB  —  A) .  The  case  where  one  or 
both  of  the  points  Pi  and  P2  is  on  DE  can  be  easily  treated.  It  follows  that 
every  two  points  in  P  —  {AB  —  A)  can  be  joined  by  an  arc  lying  entirely 
in  R  -  {AB  -  A) .     Hence  R  -  {AB  -  A )  is  connected. 

Theorem  34.  //  J  is  a  Jordan  arc  and  AB  is  an  arc  lying  icholly  m  R, 
the  interior  of  J ,  then  R  —  AB  is  connected. 

Proof  (on  the  basis  of  Axioms  2-5,  8  and  Theorems  5,  15,  and  32)  for  the 
case  where  the  boundary  ot  P  is  a  closed  curve  J.  There  exists  an  arc  Ai  A'l  Pi 
such  that  Ai  and  Bi  are  on  AB  in  the  order  .1.1 1  Pi  B  but  Ji  A'l  Pi  has  no 
point  in  common  with  .IP.  There  exists  a  point  .Y  in  the  interior  of  the 
closed  curve  formed  by  the  arc  Ai  .Yi  Pi  and  the  interval  .Ii  OBi  of  the  arc 
AB .  By  Theorem  32  there  exist  arcs  XA  and  .YP  such  that  neither  .Y^l  nor 
XB  has  a  point  in  common  with  AB .  The  point-set  .Y.l  +  .YP  contains  as 
a  subset  an  arc  A  YB .  About  }'  there  is  a  region  P  which  contains  no  point 
of  AB .  On  J  there  is  a  point  P.  There  exists  an  arc  PE  such  that  PE  is 
without  A  YBOA  and  such  that  E  is  on  A  YBOA  and  in  P  (and  therefore  not 
on  AB) .  The  arc  PE ,  the  arc  from  JS  to  yl  on  AYB  and  the  arc  AB  con- 
stitute together  an  arc  PEAB .  By  Theorem  33,  P  -  {PEAB  -  P)  is  con- 
nected.    It  easily  follows  that  R  —  AB  is  connected. 

Proof  of  Theorems  33  and  34  (on  the  basis  of  .Yxioms  2-5,  8  and  Theorems 
5,  15,  32,  and  31)  for  the  case  where  P  is  any  region.*  Suppose  C  and  D  are 
two  distinct  points  in  P  but  not  on  the  arc  AB  .  There  exists,  in  P ,  an  arc 
CA .  Let  A'  denote  the  first  point  that  CA  has  in  common  with  AB .  Sup- 
pose X  is  distinct  from  A  .  By  Theorems  31  and  32,  some  point  F  on  XA 
can  be  joined  to  .1  by  an  arc  AF  such  that  AF  —  ^  is  a  subset  of 
{R  +  B)  —  .IP.  It  follows  that  there  exists,  in  P,  an  arc  CA  that  has  no 
point  except  A  in  common  with  .IP .  Likewise  there  exists  in  P  an  arc  DC 
having  no  point  except  C  in  common  with  the  arc  CAB . 

7.  Consequences  of  Axioms  2-5,  8  and  Theorems  5,  15,  20,  33,  and  34 

Theorem  35.     Every  region  co)itains  at  least  one  simple  closed  curve. 
Proof.     Suppose  P  is  a  region.     By  Theorems  4  and  16,  there  exists  in  P 
a  simple  continuous  arc  AB .     On  AB  there  is  a  point  A'  distinct  from  A  and 

*This  proof  is  a  modification  of  a  proof  due  to  Mr.  J.  R.  Kline,  one  of  my  students. 
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frona  B .  By  Theorem  23,  R  contains  a  point  C  which  is  not  on  AB .  By 
Theorems  34  and  15  there  is,  in  R,  a  simple  continuous  arc  AC  which  has  no 
point  in  common  with  XB .  Let  0  denote  the  last  point  that  AB  has  in 
common  with  AC.  There  exists  an  arc  XOC  consisting  of  XO  (on  BA) 
together  with  OC  (on  AC).  On  OC  there  is  a  point  T.  By  Theorem  34, 
there  is  in  R  an  arc  BC  which  has  no  point  in  common  with  XOT .  There 
exist  E  and  F  such  that  E  is  the  last  point  that  BC  has  in  common  with 
BA  and  F  is  the  first  point  that  OC  has  in  common  with  EC .  Clearly  EO 
(on  BA)  +  OF  (on  OC)  +  FE  (on  CB)  is  a  closed  curve  lying  wholly  in  R. 

Theorem  36.  //  0  is  a  point  in  a  region  R  there  e.vists  a  simple  closed 
curve  ivhich  lies  in  R  and  encloses  0 . 

Proof.  By  Theorem  4  there  exists  in  R  a  point  A'  distinct  from  0.  By 
Axiom  1  there  exists  about  A'  a  region  which  lies  in  R  and  does  not  contain  0 . 
By  Theorem  35  this  region  contains  a  closed  cuiwe  J  (P^ig.  5).  By  Theorem  21, 
0  is  without  J.  OnJthereisapoint.il.  In /{  there  is  an  arc  ^4i  0.  There 
exists  a  point  A  which  is  the  last  point  that  AiO  has  in  common  with  J .    The 


Fig.  5 


arc  AG  has  no  point  except  A  in  common  with  J .  By  Theorem  19  there  exists  a 
point  C  on  the  boundary  of  R .  There  exists  about  C  a  region  R  containing  no 
point  of  the  closed  point-set  OA  -\-  J  +  I ,  where  /  is  the  interior  of  J.  The 
region  R  contains  at  least  one  point  D  of  R .  On  J  there  is  a  point  Bi  distinct 
from  A  .  By  Theorem  34  there  exists,  in  R~AO ,  an  arc  Bi  D .  Let  B  denote 
the  last  point  that  Bi  I)  has  in  common  with  J .  There  exists  in  R  an  arc  DC . 
The  arc  DC  can  contain  no  point  of  OA  +  J  +  I .  Let  E  be  the  last  point 
which  DC  has  in  common  with  BD .     Then  BE  (on  BD)  +  EC  (on  DC)  is 


152  R.   I..   MOORE:  [April 

an  arc  BC  every  point  of  which,  except  C,  is  in  ii  and  no  point  of  which,  except 
B ,  belongs  to  OA  +  J  +  I .  The  points  A  and  B  divide  the  curve  J  into 
two  arcs  AFi  B  and  AHi  B .  There  exists,  about  Fi,  a  region  i?i  which  con- 
tains no  point  of  the  closed  point-set  OA  +  AHi  B  +  BC  +  {S  -  R). 
By  Theorem  20,  /?i  contains  a  point  L  not  in  J  +  7 .  There  exists  in  R  an 
arc  LFi .  There  exists  a  point  F  which  is  the  first  point  that  LFi  has  in  com- 
mon with  J .  By  Theorem  33  tliere  is,  in  R ,  an  arc  LIh  which  has  no  point 
in  common  with  OA  +  AFi  B  +  BC .  There  is  a  point  //  which  is  the 
first  point  that  LIh  has  in  common  with  J .  The  point-set  LF  (on  LFi )  +  LH 
(on  LIh)  contains  as  a  subset  an  arc  FZH  which,  except  for  its  endpoints, 
is  a  subset  of  R  —  (J  +  I).  By  Theorem  21  the  interior  of  the  closed 
curve  ZIIAFZ  is  in  R.  Hence  C  is  without  ZHAFZ .  Therefore  if  B  were 
within  ZIIAFZ ,  BC  would  have  a  point  in  common  with  ZIIAFZ  and  there- 
fore a  point  in  common  with  LFi  or  LIh  or  J .  It  follows  that  B  is  without 
ZIIAFZ.  Hence,  by  Theorem  27,  A  is  within  the  closed  curve  ZIIBFZ . 
But  the  arc  OA  contains  no  point  of  ZIIBFZ .  Hence  0  is  withni  ZHBFZ. 
Theorem  37.  If  J  and  C  are  simple  closed  curves,  0  is  a  point  on  J  but 
not  on  C ,  Ai  and  A^  are  distinct  points  common  to  C  and  J  and  Ai  XA2  w  an 
arc  on  C  suck  that  Ai  XA2  lies  ivithin  .1  then  there  e.rist  two  points  Ox  and  O2 
distinct  from  0  such  that 

(1)  Oi  and  O2  lie  on  the  arcs*  .li  0  and  A2  0  respectively, 

(2)  there  is  on  the  curve  C  an  arc  0\  YO2  such  that  Oi  YO2  is  within  J , 

(3)  (/  Bi  and  B2  are  points  on  the  arcs*  Oi  0  and  O2  0  respectively  such  that 
there  exists  on  C,  from  Bi  to  B2,  an  arc  which,  except  for  its  endpoints,  lies 
entirely  within  J ,  then  Bi  =  Oi  and  B2  =  O2 . 

Proof.  Let  Mi  be  the  set  of  all  points  [Pi]  on  Ai  0  such  that  Pi  can  be 
joined  to  some  point  of  AoO  by  an  arc  of  C  which,  except  for  its  endpoints, 
lies  within  J.  Let  J/2  be  the  set  of  all  points  [P2]  on  ^42  0  such  that  P2 
can  be  joined  to  some  point  A'  of  Mi  by  an  arc  of  C  which,  except  for  its  end- 
points,  lies  within  ./,  but  such  that  no  point  between  P2  and  0  on  .lo  0  can 
be  so  joined  to  the  same  point  A'.  Suppose  that  Zi  and  IFi  are  two  distinct 
points  of  Ml,  Zo  and  If^.  are  points  ot  Mo  and  Zi  Z2  and  If'i  Ifo  are  arcs 
such  that  Z1Z2  and  H'l  W2  are  within  J .  The  arcs  Zi  Zo  and  H'l  11',  can 
have  no  point  in  common. f  Hence,  in  view  of  Theorem  29,  it  is  clear  that 
if  Wi  is  between  Zi  and  0  on  the  arc  .li  0  then  If '2  must  be  between  Z2  and 
0  on  the  arc  A2  0 . 

If  Theorem  37  is  false  there  exists  a  point  Li  on  Ai  0  and  a  point  L2  on 
A2  0  such  that  Li  is  a  limit  point  of  Mi ,  L^  is  a  limit  point  of  Mo,  but  Zi  OL2 


*  Here  A,0,  A2O,  0,0 ,  ami  O2O  denote  intervals  of  the  arc  A,  OA2  on  /. 
t  Two  arcs  of  a  closed  curve  can  have  no  point  in  common  unless  one  of  them  contains  an 
endpoint  of  the  other  one. 
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contains  no  point  eitlier  of  Mi  or  of  M-z  ■  On  the  curve  C  there  exists  a  point 
E  such  that,  on  C ,  Ai  and  Zo  separate  ii  from  E .  On  the  C-arc  Ai  Li  L2  E 
there  exist  points  F  and  G  in  the  order  Li  FGL-, .  Since  Li  and  L^  are  limit 
points  of  Ml  and  J/2  respectively  therefore  il/i  contains  two  distinct  points 
Pi  and  Pi  and  il/2  contains  two  distinct  points  P2  and  P2  such  that  (1)  on  the 
arc  Ai  L1L2  E ,  P\  and  Pi  lie  between  Ai  and  F  while  P2  and  Po  lie  between 
E  and  G ,  (2)  there  exist,  on  C ,  arcs  Pi  P2  and  Pi  Po  such  that  Pi  P2  and 
Pi  P2  lie  entirely  within  J . 

Since  Ai  is  on  J ,  neither  Pi  P2  nor  Pi  P2  can  contain  Ai.  Hence  both  of 
these  arcs  contain  F  and  G.  But  it  has  been  previously  established  that 
Pi  P2  and  Pi  Po  have  no  point  in  common.  Thus  the  supposition  that 
Theorem  37  is  false  leads  to  a  contradiction. 

Theorem  38.  //  J  and  C  are  closed  cirrves,  0  is  a  point  on  J  but  not  on  C , 
Ai  and  Ao  are  distinct  points  common  to  C  and  J ,  and  .-li  A'.lo  is  an  arc  on  C 
suck  that  the  interior  of  the  closed  curve  Ai  XAi  OAi  is  a  subset  of  the  exterior 
of  J  then  there  exist  two  points  Oi  and  On,  distinct  from  0 ,  such  that  (1),  on  the 
interval  Oi  OO-i  of  the  curve  J ,  0  is  between  Oi  and  A^  and  between  0>  and  Ai , 
(2)  there  is  on  the  curve  C  an  arc  Oi  YO2  such  that  0\  YOi  and  the  interior  of  the 
closed  curve  Oi  YOo  OOi  are  subsets  of  the  exterior  of  J ,  (3)  if  the  exterior  of  J 
contains  Bi  ZB>  and  the  interior  of  the  closed  curve  Bi  ZBo  OBi  where  Bi  and  /io 
are  points  on  that  arc  of  J  from  Gi  to  O2  ichich  does  not  contain  0,  and  Bi  ZB2 
is  an  arc  of  C ,  then  B\  =  0\  and  B2  =  O2. 

Theorem  39.  //  0  is  a  point  on  a  closed  curve  J  then  every  point  not  on  J 
can  be  joined  to  0  by  an  arc  having  no  point  except  0  in  common  with  J . 

Proof.  It  may  be  easily  shown  with  the  help  of  Theorems  5  and  36  that 
there  exists  a  sequence  of  closed  Jordan  curves  J\,  J-i,  •  ■  •  ,  such  that  (1)  the 
interior  of  ,1\  does  not  contain  /,  the  interior  of  J ,  (2)  for  each  n,  Jn+\  lies 
in  /„  ,  the  interior  of  ./„  ,  (3)  0  is  the  only  point  that  the  regions  Ii ,  h,  •  •  ■  have 
in  common,  (4)  it  ((>  is  a  region  about  0  there  exists  ?!  such  that  /',  lies  in  Q . 

By  Theorem  20,  /„  contains  at  least  one  point  of  E,  the  exterior  of  ./ . 
Hence,  by  Theorem  IS,  E  =  En  +  E„  where  En  is  a  subset  of  7„  but  no  point 
of  En  belongs  to  /„  .  By  Axiom  3,  En  must  contain  a  point  P  which  is  a  limit 
point  of  En-  Every  such  point  P  must  belong  to  J„ .  With  the  use  of  (1) 
it  may  be  shown  that  /  contains  a  point  of  J„ .  Thus  J„  contains  a  j)oint 
within  ./  as  well  as  a  point  without  J  and  therefore  it  must  contain  at  least 
two  points  in  common  with  ,/ . 

It  follows  that  there  exist,  on  ,/ ,  two  points  A  and  B  (Fig.  (i),  belonging 
to  Jn,  such  that  no  point  of  J„,  except  A  and  B,  is  on  the  arc  AOB .  If 
..VT  is  a  point  of  ./„  that  lies  in  /  then  ./„  and  J  have  in  common  two  points 
Ax  and  Bx  such  that  the  J„-arc  Ax  XBx  lies  (except  for  its  endpoints)  in  /. 
By  Theorem  37  there  exists  a  J,rarc  Ax  Bx  such  that 
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(1)  Ai  is  Ai  or  is  on  J  in  the  order  Bx  A, 

(2)  Bx  is  Bx  or  is  on  ./  in  the  order  Ax  Bj 

(3)  AxBxh'ml, 
(4) 


AxO, 
BxO, 


it  Y  and  Z  are  points  on  J  on  the  arcs*  Ax  0  and  Bx  0  respectively 
such  that  an  arc  of  J„  from  }'  to  Z  lies  (except  for  its  endpoints)  in  / ,  then 
Y  =  Ax  and  Z  =  Bx-  It  is  clear  that,  for  a  given  n ,  the  arc  Ax  Bx  is  com- 
pletely determined  by  the  point  A"^ .  For  every  ,Y  on  J„  that  lies  in  /  construct 
the  corresponding  Ax  Bx  ■     Let  ./„  denote  the  point-set  which  is  composed  of  all 


Fig.  6 

the  AxBx's  so  constructed  together  with  every  point  F  on  ./  wliicli  has  tlie  prop- 
erty that  for  no  A'  is  F  separated  from  0  hy  Ax  and  Br .  It  may  be  easily 
proved  that  /„  is  a  closed  Jordan  curve.  By  Theorem  21,  7„  (the  interior  of 
J„ )  is  a  subset  of  I .     That  /„  is  a  subset  of  /„  may  be  proved  as  follows. 

Let  F  be  a  pouit  of  J„  that  does  not  belong  to  ./„ .  The  curves  J„  and  J 
have  in  common  two  points  C  and  D  such  that  the  J-arc  CFD  contains  no 
])oint  of  ./„ .  About  F  and  0  respectively  there  exist  regions  /?i  and  R2  neither 
ot  which  contains  a  point  ot  the  closed  point-set  Jn  +  (J  —  AOB  —  CFD) . 
Since  F  and  0  arc  on  its  boundary  the  region  7„  contains  a  point  Pi  in  Ri 
and  a  point  Po  in  7^> .  There  exists  an  arc  Pi  P2  lying  entirely  in  /„  and  there- 
fore having  no  point  in  common  with  ./„ .  It  easily  follows!  that  there  exists 
an  arc  Ti  Ti  such  that  (1)  Ti  is  on  J  and  in  Ri  and  therefore^on  CFD,  (2)  T^ 
is  on  J  and  in  Ri  and  therefore  on  AOB,  (3)   Ti  Tj  is  in  7„ .     But  neither 

*  Here  A,  0  and  B,  0  denote  intervals  of  B^  A;,  0  and  A^  B-  0  respectively, 
t  Cf.  proof  of  Theorem  25. 
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AOB  nor  CFD  contains  a  point  of  J„ .  It  follows  that  F  can  he  Joined  to  0 
by  an  arc  FTij  +  Ti  T2  +  T2O*  that  has  no  point  in  common  with  J„ . 
But  0  is  witliin  J„ .  Hence  F  also  is  within  ./„ .  Thus  every  point  of  J„  is 
either  on  or  within  J„ .     Plence  7„  is  a  subset  of  /„ . 

For  every  n ,  /„+i  is  a  proper  subset  of  /„ .  In  /i  there  is  a  point  Pi  not 
belonging  to  h  ■  In  h  there  is  a  point  Po .  There  exists  an  arc  Pi  Po  lying 
in  /i .  Since  the  regions  Ii,  h,  ■  ■  ■  have  no  point  in  common  there  exists  n2 
such  that  Pi  Po  contains  a  point  P,,,,  lying  in  /„„  but  contains  no  point  in 
/„2-t.i .  In  /„,,+i  there  is  a  point  P„„+i .  There  exists  an  arc  P„„  Pn„+i  lying 
in  /„. .  Let  P„,  denote  the  first  point  that  Pi  P2  has  in  common  with  P„^  Pno+i  • 
Similarly  there  exists  n^  such  that  P„.  P„„+i  contains  a  point  P„.^  in  I„^  but 
no  point  in  In^+i  ■  There  exists  in  In^i  a  point  Pn^+i  and  in  In^  an  arc 
Pn,  Pn,+i  •  Let  P„j  denote  the  first  point  that  P„„  P„,+i  has  in  common 
with  P„3  P„3+i .  Continue  this  process.  In  general,  if  k  >  I ,  there  exists 
nk+i  such  that  P„j  Pn^+i  contains  a  point  P„j^,  in  7,,,^,  but  no  point  in  /„,,,+i  • 
There  exists  in  /„^,+i  a  point  P„,^,+i  and  in  /„,^,  an  arc  P„,^,  P„,.^,+i . 
The  first  point  that  P„^  P„,+i  has  in  common  with  P„„,  P„^,,+i  is  denoted 
by  P„j_, .  It  may  be  easily  proved  that  the  point-set  0  +  Pi  P„.,  (on  Pi  P2 ) 
+  P„,  P„3  (on  P„,  P,.,+i )  +  P„3  P,„  (on  P„3  P„3+i )  +  •  •  •  is  an  arc  from  P, 
to  0 .  This  arc  Pi  0  lies  in  /  and  has  no  point  except  0  in  common  with  J . 
If  P  is  any  point  in  /  other  than  Pi  there  exists  an  arc  PPi  lying  in  7  and  the 
point-set  PPi  +  P\0  contains  as  a  subset  an  arc  PO  which  has  no  point 
except  0  in  common  with  .7 . 

That  a  point  without  .7  can  be  so  joined  to  any  point  of  .7  may  be  proved 
in  a  similar  manner. 

Theore.\i  40.  If  A  and  B  are  two  poinis  on  a  Jordan  curve  J ,  A  and  B 
can  he  joined  by  Jordan  arcs  AXB  and  A  YB  such  that  AXB  is  within  J  and 
A  YB  is  without  J . 

Theorem  41.  If  ./i  and  Ji  are  two  closed  Jordan  curves  whose  interiors 
I\  and  I-i  hare  a  point  0  in  common  then  there  e.vists  a  Jordan  curve  J ,  every 
point  of  which  belongs  to  either  .7i  or  Jo,  such  that  7i  +  I1  is  a  subset  of  I ,  the 
interior  of  J . 

Proof.  Case  I.  Suppose  Ji  and  J2  have  not  more  than  one  point  in  com- 
mon. Then,  since  7i  and  h  have  a  point  in  common,  it  easily  follows  that 
either  7i  is  in  lo  or  7)  is  in  7i .  In  the  former  case  J  is  J2  •  In  the  latter  case 
it  is  Ji . 

Case  II.  Suppose  .7i  and  .72  (Fig.  7)  have  at  least  two  points  in  common. 
If  every  point  of  Ji  is  within  or  on  J2  then  J  is  Jo.  Suppose  that  at  least  one 
point  P  of  Ji  is  without  J2  and  at  least  one  point  of  Jo  is  without  Ji .  Then 
there  exist  two  points  A  and  B  common  to  .7i  and  Jo  such  that  the  arc  APB 

*  Here  FTi  and  Ti  O  denote  inlervals  of  CFD  and  AOB  re.si)ectively. 
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of  J\  lies  (except  for  its  endpoints)  entirely  without  Jo  •  The  pomts  A  and  B 
divide  Ji  into  two  arcs.  By  Theorem  27,^ne^ot  these  arcs,  ACB ,  is  such 
that  the  curve  PBCA  contains  h .  Let  ADB  denote  the  other  arc  of  J2 
from  A  to  B.  By  Theorem  38  there  exist,  on  the  arc  BCA  ,  points  Ap  and  Bp 
such  that  .1  and  Ap  do  not  separate  B  from  Bp  and  such  that  (1)  there  exists 


an  interval  Ap  XBp  of  Ji  lying  entirely  without  Jo  except  for  its  endpoints 
and  such  that  if  C  is  a  point  on  J>  that  is  separated  from  D  by  Ap  and  Bp  then 
Ap  XBp  CAp  includes  h  within  it,  (2)  if  Z  and  IF  are  points  on  Ap  C  and  Bp  C 
respectively  and  there  is,  on  ./i ,  an  arc  ZVW  lying  entirely  without  Jo  except 
for  its  endpoints  and  such  that  ZVWCZ  includes  lo  within  it  then  Z  =  Ap 
and  ir  =  Bp.  The  curve  Ap  XBp  CAp  contains  within  it  or  on  it  every 
point  of  the  curve  PAAp  CBp  BP  and  every  point  of  the  curve  Jo .  For 
every  point  P  which  is  on  Jj,  but  without  Jo  construct  the  corresponding  arc 
A,,  XBp.  Call  this  arc  ip  and  let  kp  denote  that  interval  of  Jo  from  Apto  Bp 
wliicii  has  the  property  that  the  interior  of  the  closed  curve  ip  +  A>  is  entirely 
without  J2  •  Let  J  denote  the  point-set  composed  of  all  such  arcs  fp  together 
with  the  set  of  all  points  [  1']  on  Jo  such  that  for  no  P  is  }'  on  the  arc  A>. 
It  may  be  proved  that  J  is  a  closed  curve  satisfying  the  requirements  of 
Theorem  41. 

Theorem  42.  //  the  .s-inii  0/  the  inferiors  of  a  finite  set  G  of  closed  curves 
is  a  connected  point-set  then  there  crisis  a  closed  curve  J  such  that  (1)  ercri/  point 
of  J  helon.(/s  to  some  curve  of  the  set  G ,  (2)  the  interior  of  J  contains  the  interiors 
of  all  the  curves  of  the  set  G . 

TiiEOKEM  4:}.  //  the  point  0  of  the  closed  curve  J  is  within  every  curve  of  the 
finite  set  of  closed  curves  G  and  the  interior  of  J  is  not  a  subset  of  the  interior  of 
any  curve  of  the  set  G  then  there  exist  curves  Ji  and  J^  containing  0  such  that 
(1)  every  point  on  Ji  or  on  Jo  belongs  to  J  or  to  some  curve  of  the  set  G ,  (2)  every 
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point  within  Ji  is  mthoiit  J  while  every  point  within  J 2  is  tcithin  J ,  (3)  every 
point  icithin  Ji  or  xvithin  J2  is  ivithin  every  curve  of  the  set  G . 

Theorem  44.  If  the  point  0  of  the  closed  curve  J  is  without  every  curve  of 
the  finite  set  of  closed  curves  G  and  every  curve  of  G  has  at  least  one  point  in  com- 

ixntertor  I  — 

,    .      \  of  J  then  there  exists  a  closed  curve  J  containinq  0  and 
exterior  !         _ 

such  that  (1)  every  point  of  J  belongs  either  to  J  or  to  some  curve  of  the  set  G , 

/r.x  •     I  ii'ifhout  I  -  .    I  without  It,.,  .   ,  ^ 

(2)  every  point  1    ,  •, 7  •      \  J  is  \      ...      )  J  and  unthout  every  curve  of  the  set  U . 

Theorem  45.  If  0  is  a  point  on  a  closed  curve  J  and  R  is  a  region  con- 
taining 0  then  there  exists  an  arc  AXB  such  that  (1)  A  and  B  are  on  J ,  (2) 
the  segment  AOB  of  the  curve  J  is  in  R,  (.3)  AXB  and  the  interior  of  ^lOBXA 
are  in  R  and  without  J . 

Proof.  On  J  there  is  a  point  P  different  from  0.  There  exists  about  0 
and  within  R  a  region  A'  that  does  not  contain  P .  By  Theorem  36,  there  is 
in  A'  a  closed  curve  J  enclosing  0 .  There  e.xist  on  J  two  points  A  and  B 
such  that  the  segment  AOB  of  the  curve  J  is  within  J .  By  Theorem  40  there 
exists  an  arc  A  YB  such  that  A  YB  is  without  J .  It  easily  follows  with  the 
aid  of  Theorem  27  that  either  the  interior  or  the  exterior  of  AYBOA  is  a 
subset  of  the  exterior  of  J .  Hence  by  Theorems  21  and  43  there  exists  an 
arc  AXB  such  that  AXB  and  the  interior  of  AXBOA  are  in  R  and  without  J . 

Theorem  40.  //  the  closed  curve  J  has  no  jwint  in  common  icith  the  closed 
set  of  points  K  then  there  exist  closed  curves  Ji  and  Ji  such  that  J  lies  between* 
Ji  and  J2  but  no  point  of  K  lies  between  J\  and  J2 . 

Proof.  If  P  is  a  point  of  J  there  exists,  about  P ,  a  region  R  containing  no 
point  of  the  closed  point-set  K.  By  Theorem  45  there  exist  two  points  A 
and  B  and  an  arc  AXB  such  that  (1)  A  and  B  are  on  J ,  (2)  the  segment 
APB  of  the  curve  J  is  in  7?,  (3)  AJCB  and  the  interior  of  APBXA  are  in  R 
but  without  J .  It  easily  follows  with  the  aid  of  the  Heine-Borel  Theorem 
(as  applied  to  a  set  of  segments  covering  a  closed  curve)  that  there  exist  a 
finite  set  of  ./  —  arcs  .-Ii  Bi,  A2B2,  •  ■  •  An  B„,  and  associated  closed  curves 
Ji,  J2,  Jz,  ■  ■  ■  Jn,  such  that 

(1)  Ai  Bi  contains  a  segment  in  common  with  J,_i  i?,_it  and  a  segment  in 
common  with  .l,+ifi,+i,  but  contains  no  point  in  common  with  any  other 
A,Bi, 

(2)  the  curves  Jk  and  J  contain  only  the  arc  Ak  Bk  in  common, 

(3)  the  interior  of  Jk  is  without  J , 

(4)  neither  Jk  nor  its  interior  contains  any  point  of  the  set  K . 

*  A  point-set  M  is  said  to  lie  between  two  closed  curves  if  one  of  these  curves  lies  within 
the  other  one  and  M  Ucs  without  the  first  one  and  within  the  second  one. 

t  It  is  understood  throughout  this  argument  that  the  subscripts  of  the  A'a  and  B's  are  to 
be  reduced  modulo  n  . 

Traus   Am,  Math.  Soc.  1 1 
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Let  G  denote  the  set  of  curves  Ji,  J2,  J3,  ■  •  ■  Jn  and  let  U  denote  the  set 
of  arcs  Ai  Bi,  A2  Bi,  •  ■  •  AnBn.  The  arc  Ak  Bk  contains  a  point  Ok  which 
belongs  to  no  other  arc  of  the  set  U .  By  Theorem  44  there  exists  a  closed 
curve  Ck ,  containing  Ok ,  such  that  every  point  of  Ck  belongs  to  some  curve 
of  the  set  G  and  such  that  every  point  within  Ck  is  within  Jk  but  without 
every  other  curve  of  the  set  G .  The  arcs  Ak  Bk  and  Ak+i  Bk+i  have  in  com- 
mon an  arc  Ak+i  Pk  Bk  ■  By  Theorem  40  there  exists  an  arc  Ak  Pk  Bk 
such  that  AkPkBk  is  a  subset  of  I  (the  interior  of  J).  The  point-set 
{Jk  —  Ak  Ok  Bk)  +  Ak  Pk  Bk  is  a  closed  curve  containing  in  its  interior  the 
point  Pk  of  the  closed  curve  Jk+i  ■  With  the  assistance  first  of  Theorem  43 
and  afterwards  of  Theorem  44  it  may  be  easily  proved  that  there  exists  a 
closed  curve  C'k,  containing  Pk,  such  that  (1)  every  point  of  Ck  belongs  to 
some  curve  of  the  set  G,  (2)  every  point  within  Ck  is  M'ithin  Jk  and  within 
Jk+i  but  without  every  other  curve  of  the  set  G.  It  is  clear  that  the  curves 
Ck  and  J  have  only  the  arc  Bk-i  Ok  Ak+i  in  common  while  the  curves  Ck  and  J 
have  only  the  arc  Ak+i  Pk  Bk  in  common.  It  is  clear  furthermore  that  Ck 
and  Ck  have  in  common  an  arc  Dk  Ak+i  which  has  no  point  except  Ak+i  in 
common  with  J .  The  curves  Ck  and  C't—i  have  in  common  an  arc  Ek  Bk-i 
which  has  no  point  except  Bk~i  in  common  with  J .  By  Theorem  40  there 
exist  ar£S  Ek  Dk  and  Dk  Ek+i  such  that  Ek  Dk  lies  within  Ck  and  Dk  Ek+i  lies 
within  Ck .     Let  Ji  denote  the  point-set 

El  Di  +  Di  E.  +  E2D2  +  D2E3+  ■■■  +  E„  D„  +  Z>„  El . 

It  can  be  proved  with  the  help  of  Theorem  27  that  Ji  is  a  closed  curve  en- 
closing J  and  such  that  no  point  of  A'  is  between  Ji  and  ./ . 

Similarly  there  exists  a  closed  curve  J2  lying  within  J  and  such  that  no 
point  of  K  Is  between  J  and  J2  • 

Theorem  47.  //  the  closed  curve  Ji  encloses  the  closed  curre  J2  then  the  set 
of  all  points  between  Ji  and  J 2  is  connected. 

Proof.  Suppose  A  and  B  are  two  points  between  Ji  and  J2  ■  Let  R2 
denote  the  interior  of  ./o .  By  Theorem  46  there  exists  within  Ji  a  closed 
curve  J  such  that  there  is  no  point  of  the  closed  point-set  A  +  B  +  J2  -{-  Rz 
between  Ji  and  J .  By  Theorem  16  there  exists  an  arc  AXB  in  the  exterior 
of  Jo .  The  point-set  J  +  AXB  contains  as  a  subset  an  arc  A  YB  that  lies 
between  Ji  and  J2  ■  It  follows  that  the  set  of  all  points  between  Ji  and  J2 
is  connected. 

Theorem  48.*  Suppose  that  K  is  a  closed,  bounded  set  of  points  and  that 
S  —  K  =  Si  +  S2  where  Si  and  S2  are  point-sets  such  that  (1)  every  two  points 
of  Si  (i  =  1,2)  can  be  joined  by  an  arc  lying  entirely  in  Si ,  (2)  every  arc  joining 

*  Cf.  A.  Sehoenfiies,  Ueber  einen  grundkgenden  Salz  der  Analy^s  Situs,  Nachrichten 
der  Gottinger  Gesellschaft  der  Wissenschaften,    1902,  p.  185. 
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a  point  of  Si  to  a  point  of  S-2  contains  a  point  of  K ,  (3)  if  0  is  a  point  of  K  and  P 
is  a  point  not  belonging  to  K  then  P  can  be  joined  to  0  by  an  arc  that  has  no  point 
except  0  in  common  with  K .  Every  point-set  K  that  satisfies  these  conditions 
is  a  simple  closed  curve. 

Theorem  48  can  be  proved  on  the  basis  of  the  precedin(;j  theorems  by  an 
argument  in  hirge  part  similar  to  that  employed  by  Lennes.*  He  makes 
use  of  straight  lines  and  polygons  but  an  argument  that  is  in  large  part  similar 
can  be  carried  through  with  the  use  of  arcs  and  closed  curves.  Schoenflies 
uses  metrical  properties. 

Definition.  An  open  curve  is  a  closed,  connected  set  of  points  M  such 
that  if  P  is  a  point  of  M  then  M  —  P  is  the  sum  of  two  mutually  exclusive  con- 
nected point-sets,  neither  of  which  contains  a  limit  point  of  the  other  one.f 

It  is  easy  to  see  that  every  open  curve  I  satisfies  Axioms  1-4,  5',  6,  and  8 
of  my  papers  The  Linear  Continuum  in  Terms  of  Point  and  LimitX  and  On  the 
Linear  Continuum.%  It  follows  that  Theorems  1-11  of  I  and  Theorem  E  of  II 
hold  true  on  /. 

Theorem  49.  //  .4  and  B  are  distinct  points  on  the  open  curve  I,  then  the 
point-set  t  composed  of  A  ,  B ,  and  the  segment  \\  AB  of  lis  a  simple  continuous  arc 
from  A  to  B . 

Proof.  Clearly  t  is  closed  and  connected  and  contains  no  connected  proper 
subset  that  contains  A  and  B .  Suppose  t  is  not  bounded.  Then  /  contains 
two  points  A'  and  1'  such  that  if  Z  is  any  point  on  the  ray  Z  7  then  the  segment 
XZ  is  not  bounded.  There  exists  a  closed  curve  J  enclosing  X.  There  exists 
on  the  ray  A'}'  a  countably  infinite  sequence  of  points  Pi,  Pi,  P3,  •  •  •  that  has 
X  as  a  sequential  limit  point.  The  segment  XP„  contains  a  point  without  J . 
It  follows  that  it  has  a  point  P„  in  common  with  J .  There  exists,  on  J ,  a 
point  0  which  is  a  limit  point  of  Pi  +  P2  +  P3  +  ■  ■  •  ■  But  it  is  easy  to 
see  that  A''  is  the  only  limit  point  of  Pi  +  P2  +  P3  +  ■  ■  ■  ■  Thus  the 
supposition  that  /  is  not  bounded  leads  to  a  contradiction.  Hence  t  satisfies 
all  the  requirements  of  Lennes'  definition  of  a  continuous  simple  arc  from 
AtoB. 

Theorem  50.  Every  ray  of  an  open  curve  contains  a  set  of  points  that  has 
no  limit  point. 

Proof.     Suppose  that  every  infinite  subset  of  the  ray  OA  of  the  open  curve  I 


*  Lop.  cit.,  §  .5. 

t  If  P  is  a  point,  of  Iho  open  curve  M  and  M  —  P  is  the  sum  of  two  connected  point-sets 
Ml  and  M2,  then  il/i  and  .I/2  are  called  rays. 

lAnnals  of  Mathematics,  vol.  10  (191.5),  pp.  123-133.  This  paper  will  be 
referred  to  as  I. 

§Bulletin  of  the  .\merican  Mathematical  Society,  vol.  22  (1915), 
pp.  117-122.     This  paper  will  be  referred  to  as  II. 

II  For  definition  of  segment  see  II,  p.  120. 
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has  a  limit  point.  Then  the  closed  set  of  points  OA  +  0  possesses  the  Heine- 
Borel  property.  There  exists  on  /  a  point  D  in  the  order  AOD .  If  P  is  a 
I)oint  of  the  ray  OA  there  exists  a  point  B  in  the  order  OPB .  There  exists 
about  P  a  region  R  containing  no  point  of  /  that  is  not  on  the  segment  DB . 
It  follows  that  OA  +  0  is  covered  by  a  finite  set  of  regions  Ri,  R2,  R3,  •■•/?„. 
But  for  each  R„  there  is  a  point  /?„  such  that  every  point  that  /?„  has  in  com- 
mon with  /  lies  between  D  and  B„ .  It  follows  that  there  exists  on  OA  a 
point  E  such  that  no  region  of  the  set  Ri,  Ro,  ■  •  •  Rn  contains  any  point  of 
I  that  does  not  lie  between  0  and  E.  But  OA  contains  points  that  do  not 
lie  between  0  and  E.  Thus  the  supposition  that  /  is  compact  leads  to  a 
contradiction. 

Theorem  51.  If  I  is  an  open  curve  then  S  —  I  =  Si  +  S2  where  Si  and  Si 
are  connected  point-sets  such  that  everij  arc  from  a  point  of  Si  to  a  point  of  So 
contains  at  least  one  point  of  I .  _ 

Proof.  There  exists  on  /  an  arc  AOB .  There  exists  about  0  a  region  R 
containing  neither  A  nor  C.  There  exists  an  arc  AXB  that  contains  no 
point  of  R.  There  exist  points  A  and  B  such  that  A  is  the  last  point  that 
AXB  has  in  common  with  the  ray  OA  while  B  is  the  first  point  following  A 
that  AXB  has  in  common  with  the  ray  OB .  The  arc  AXB  contains  a  seg- 
ment AXB.     This  segment  has  no  point  except  A  and  B  in  common  with  /. 

On  /  there  exist  points  C  and  D  in  the  order  CAOBD . 

I  =  AOB  +  ray  BD  +  ray  AC. 

The  ray  AC  is  not  bounded.  Hence  it  contains  at  least  one  jiolnt  without 
the  cur\c  AOBXA.  Hence  if  the  ray  AC  contains  a  point  within  AOBXA 
it  must  contain  a  point  on  AOBXA  .  But  this  is  contrary  to  hypothesis. 
It  follows  that  the  interior  of  .lOBXA  contains  no  point  of  I .  About  0  there 
is  a  region  which  contains  no  point  of  AXB  +  ray  AC  4-  ray  BD .  In  this 
region  there  is  an  arc  CYD  such  that  C  is  on  OA ,  D  is  on  OB,  and  CYD  is 
entirely  without  AOBXA  .  By  Theorem  40  there  exists  an  arc  CZD  such 
that  CZD  is  within  AOBXA  .  The  closed  curve  CYDZC  contains  no  point 
of  /  except  points  of  COD.  The  interior  of  CYDZC  =  COD  +  the  interior 
of  CODZC  +  the  interior  of  CODYC .  Let  d  and  O2  denot^  definite  points 
within  CODZC  and  within  CODYC  respectively.  Let  «Si  denote  the  set  of 
all  points  [  Pi  ]  such  that  Pi  can  be  joined  to  Oi  by  an  arc  containing  no  point 
of  /.  Let  S2  denote  the  set  of  all  points  [Po]  such  that  P2  can  be  so  joined 
to  O2.  Clearly  .Si  and  1S2  are  connected.  It  remains  to  show  (1)  that  every 
arc  joining  a  point  of  Si  to  a  point  of  So  contains  at  least  one  point  of  /,  (2) 
that  every  point  of  S  —  I  belongs  either  to  Si  or  to  So . 

(1)  If  a  point  of  Si  can  be  joined  to  a  point  of  So  by  an  arc  that 
contains   no    point    of  /  then   Oi    can    be   joined  to   O2   by   such   an    arc. 
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Suppose  Oi  WO2  is  an  arc  from  Oi  to  O2 .  Then  there  exist  points  Oi 
and  O2  such  that  Oi  is  the  last  point  that  Oi  ]]'02  has  in  common  with 
CZD  while  O2  is  the  first  point  following  Oi  that  Oi  WO2  has  in  common 
with  CYD .  The  arc  Oi  WO2  contains  a  segment  Oi  WOt  which  lies  entirely 
without  CYDZC .  By  Theorejii  25_the  interior  of  CYDZC  lies  either  within 
Oi  ir02  COi  or  within  OiWOoDOi.  Suppose  it  lies  within  the  former. 
Then  the  ray  OD  contains  a  point  D  within  Oi  WO2  COi .  Hence  it  contains 
a  point  on  Oi  WO2  COi .  But  the  arc  O2  COi  contains  no  point  of  the  ray  OD . 
Hence  0\  WO2  must  contain  a  point  of  this  ray. 

(2)  Suppose  P  is  a  point  not  lying  on  / .  There  exists  an  arc  PO .  Let  G 
denote  the  first  point  that  PO  has  in  common  with  I.  There  exist  (Fig.  8) 
arcs  KLM  and  KNM  having  no  point  in  common  except  K  and  M  and  such 
that  7v  and  M  are  the  only  points  that  the  closed  curve  KLMNK  has  in 
common  witli  /  while  the  interior  of  KLMNK  =  KGM  +  the  interior  of 
KG M LK  -{-  the  interior  of  GKMNK.     It  can*  be  proved  that  there  exist 


arcs  Oi  G  and  O2  G  neither  of  which  contains  any  point  except  G  111  connnon 
with  I.  The  arc  Oi  G  contains  either  a  point  within  KGMLK  or  a  point 
within  KGMNK.  Suppose  it  contains  a  point  d  within  KGMLK.  Then 
O2  G  cannot  contain  a  point  within  KGMLK .  For  if  it  did  then  Oi  and  O2 
could  be  joined  by  an  arc  containing  no  point  of  /.  Hence  O2  G  must  con- 
tain a  point  O2  within  KGMNK.  But  PG  must  contain  a  point  within 
KGMLK  or  a  point  within  KGMNK .  Suppose  it  contains  a  point  P^  within 
KGMLK.  Then  there  exists  an  arc  Pi  Oi  lying  entirely  within  KGMLK 
and  therefore  containing  no  j)oint  of  /.  The  point-set  PG  +  Pi  Oi  +  ^^1  G 
contains  as  a  subset  an  arc  POi  which  contains  no  point  of  /.  Hence  in  this 
case  P  belongs  to  Si .  If  PG  contains  a  point  within  KGMNK  then  P  belongs 
to  S2 .     Thus  every  point  of  »S'  —  /  belongs  either  to  Si  or  to  S2  ■ 

TiiEORKM  52.  If  there  e.rist.'i  in  S  a  .ii/stein  of  open  currcs  suck  that  through 
every  two  imints  of  8  there  i.i  one  and  only  one  curve  of  this  sy.item  then  there  is  a 
one-to-one  continuous  correspondence  between  S  and  an  ordinary  number  -plane. 

*  Cf.  proofs  of  Theorems  46  and  32. 
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Theorem  52  may  be  proved  with  the  assistance  of  Theorem  51  of  the  present 
paper  together  with  results  obtained  in  my  paper  On  a  set  of  jwstulates  ^vJiich 
suffice  to  define  a  number-plane.* 

8.  Independence  examples 

Let  -1  denote  the  set  of  Axioms  1-S.  In  the  following,  Eif  denotes  an 
example  of  a  system  in  which  Axiom  i  is  false  but  all  the  other  axioms  of  the 
set  Si  are  true.  In  each  example  Ei  use  is  made  of  a  well-defined  space  6,. 
In  every  case  the  j^oints  of  Ei  are  the  ordinary  points  of  S,  but  the  regions 
of  the  various  E/s  are  defined  in  various  ways.  For  every  i ,  except  1  and  8, 
Si  is  an  ordinary  euclidean  space  ot  two  dimensions. 

El.  Si  is  the  Si  described  in  example  2?i567  of  my  paper  The  linear  con- 
tinuum in  terms  of  point  and  limit. t  The  point  (.Ti,  t/i;  •i"2,  2/2)  is  a  limit 
point  of  the  point-set  M  il  and  only  if  Condition  I§  is  fulfilled.  Starting  with 
this  definition  of  limit  point,  one  may  define  the  terms  arc  and  closed  curve  as 
in  §  4.  It  can  be  shown  that  every  such  closed  curve  J  divides  Si  into  two 
subsets  /  and  E  such  that  every  infinite  set  of  points  in  /  has  at  least  one 
limit  point.  The  point  set  /  is  called  the  interior  of  J .  Finally  a  region  is 
defined  as  the  interior  of  a  closed  curve. 

E2 .  A  set  ot  points  M  is  a  region  if  and  only  if  M  is  either  an  ordinary 
Jordan  region  or  the  sum  of  two  ordinary  Jordan  regions  A'l  and  /lo  such  that 
T{\  and  R^  have  no  point  in  common. 

Ez .  A  set  of  points  M  is  a  region  it  and  only  if  M  is  either  an  ordinary 
Jordan  region  or  the  set  of  all  points  lying  between  two  Jordan  curves  one 
of  which  encloses  the  other  one. 

E's.  S's  is  the  set  of  all  points  on  an  ordinary  straight  line.  A  region  is 
a  segment. 

Ei.  A  set  of  points  M  is  a  region  if  and  only  it  .1/  is  either  a  half-plane 
or  an  ordinary  Jordan  region. 

Ei.  S5  is  an  ordinary  sphere.  The  point-set  M  is  a  region  if  and  only  if 
M  is  one  of  the  two  parts  into  which  S5  is  divided  by  an  ordinary  closed  curve. 

Eo.  Choose  a  set  of  rectangular  axes  OX  and  01'.  Let  A'l  denote  the 
closed  interval  from  (0,— l)to(0,l)  together  with  the  point  (I/tt.O)  and 
all  points  of  ?/  =  sin  l/x  that  lie  between  a;  =  0  and  x  =  l/ir .  Let  /.•2  denote 
some  definite  arc  that  joins  the  point  (  I/tt,  0)  to  the  point  (0,  1 ) ,  contains 
no  point  of  7/  =  sin  l/x,  except  the  point  (I/tt,  0) ,  and  lies,  except  for  its 
endpoints,  entirely  in  Quadrant  I.     A  point-set  M  is  a  region  if  and  only  if  M 

*  These  Transactions,   vol.  16  (1915),  pp.  27-32. 
t  For  Axiom  3  I  give  two  independence  examples,  E3  and  E3 . 
X  Loc.  eit.,  page  131. 
§  Loc.  cit. 
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is  either  an  ordinary  Jordan  region  or  the  set  of  points  enclosed  by  ki  +  i-2 . 

Et.  This  example  is  the  same  as  E^  except  that  1:2  is  replaced  by  an  arc 
from  (I/tt,  0)  to  (0,1)  that  contains  no  point  ot  y  =  sin  l/.r,  except  the 
point  (I/tt,  0) ,  and  furthermore  contains  no  point  in  Quadrant  I. 

^8  •  Sg  is  an  ordinary  euclidean  space  of  three  dimensions.  A  set  of  points 
is  a  region  it  and  only  if  it  is  the  interior  of  a  cube. 

9.  Concerning  Si,  2)2,  and  ^3 

Let  22  denote  the  set  of  Axioms  1-5,  6',  7',  8,  where  6'  and  7'  are  as 
follows : 

Axiom  6'.*  //  R  is  a  region  and  AB  is  an  arc  such  that  AB  —  A  is  a  subset 
of  R  then  (R  +  A)  —  AB  is  connected. 

Axiom  T.\  Every  boundary  'point  of  a  region  is  a  limit  'point  of  the  exterior 
of  that  region. 

Theorem  .1.  In  a  space  satisfying  2i  every  region  is  the  interior  of  a  closed 
curve. 

Theorem  A  may  be  proved  with  the  assistance,  in  particular,  of  Axioms  6 
and  7  and  Theorem  48. 

Theorems  1-45  are  consequences  of  Z2  as  well  as  of  2i.  It  is  not  true  how- 
ever that  in  every  space  satisfying  22  every  region  is  the  interior  of  a  simple 
closed  curve.  Indeed  22  is  satisfied  if  in  an  ordinary  euclidean  plane  the  term 
region  is  applied  to  every  bounded,  connected  set  of  points  R,  of  connected 
exterior,  such  that  every  point  of  R  is  interior  to  some  triangle  that  lies  in 
R.  It  is  easy  however  to  show  that  though  2i  and  Z2  are  not  absolutely 
equivalent,  they  are  equivalent  tcith  respect  toX  point  and  limit  point  of  a  point- 
set  as  defined  in  §  2. 

Let  23  denote  the  set  of  Axioms  1',  2',  3,  4,  5,  C,  7',  and  8,  where  1'  and  2' 
are  as  follows: 

Axiom  1'.  //  P  is  a  point,  there  exists  an  infinite  sequence  of  regions  Ri, 
Ri,  R3,  ■  ■  ■  such  that  (1)  P  is  the  only  point  they  have  in  common,  (2)  for  every 
n ,  Rn+i  is  a  proper  subset  of  Rn ,  (3)  if  R  is  a  region  about  P  then  there  exists  n 
such  that  Rl  is  a  subset  of  R . 

Axiom  2'.     Every  two  points  of  a  region  are  the  extremities  of  at  least  one 
simple  continuous  arc  that  lies  ivholly  in  that  region. 

*  Cf.  Theorems  31  and  32. 

t  Cf.  Theorem  20. 

t  The  statement  that  2i  and  22  are  equivalent  with  respect  to  point  and  hmit  point  as 
defined  in  §  2  signifies  that  every  statement  in  terms  of  point  and  hniit  point  of  a  point-set 
that  follows  from  2i  (together  with  the  above  mentioned  definition  of  limit  point  of  a  point- 
set)  follows  also  from  Zj  (together  with  that  definition)  and  conversely.  The  statement 
that  Si  and  S2  are  not  absolutely  equivalent  signifies  that  they  are  not  equivalent  with  respect 
to  point  and  region,  the  undefined  symbols  in  terms  of  which  they  are  both  stated. 
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Theorems  1-52  are  all  consequences  of  23.  Nevertheless  there  exist 
spaces  (see  for  instance  Example  Ei  of  §  8)  that  satisfy  S3  but  are  neither 
metrical,  descriptive,  nor  separable.  If  however  there  be  added  to  Sa  the 
axiom  that  there  exists  a  system  of  open  curves  such  that  through  every  two 
points  there  is  one  and  only  one  curve  of  this  system,  the  resulting  set  of 
axioms  is  potentially  metrical  and,  indeed,  is  categorical  with  respect  to  point 
and  limit  point  of  a  point-set.     See  Theorem  52. 

University  of  Penns^xvania 
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My  paper  Ori  the  foundations  of  plane  analysis  situs]  contains  three  sets  of 
postulates,  wi ,  ^2,  and  Ss ,  expressed  in  terms  of  the  undefined  notions  point 
and  region.  In  the  present  paper  I  will  show  that  every  space  S  that  satisfies 
wi  or  wo  is  a  number  plane,  that  is  to  say  there  exists,  between  S  and  a  two- 
dimensional  euclidean  space  S' ,  a  one-to-one  correspondence  that  preserves 
limits. t  This  signifies  that  if  P  is  a  point  and  M  is  a  point-set  in  S ,  and  P' 
and  M'  are  the  corresponding  point  and  point-set  in  S' ,  then  P  is  a  limit  point 
of  M  in  the  sense  defined  on  page  132  of  the  above  mentioned  paper  if,  and 
only  if,  P'  is  a  limit  point  of  M'  in  the  sense  that  every  circle  in  S'  that  en- 
closes P'  encloses  also  a  point  of  M'  distinct  from  P' .  It  follows  that  2i  and 
22  are  both  categorical  with  respect  to§  point  and  limit  point  as  defined  on  page 
132.  Moreover  between  every  space  S ,  satisfying  ^i ,  and  a  two-dimensional 
euclidean  space  S'  there  exists  a  one-to-one  correspondence  preserving  point 
and  region  if  in  S'  the  term  region  is  interpreted  to  mean  Jordan  region.  That 
is  to  say  if  the  set  of  points  M  is  a  region  in  S  then  the  set  M'  of  corresponding 
points  in  S'  is  the  interior  of  a  simple  closed  curve  and  conversely.  Thus  Si 
is  absolutelyW  categorical.  The  system  w2  is  satisfied  if  in  ordinary  euclidean 
space  of  two  dimensions  the  term  region  is  interpreted  as  signifying  Jordan 
region.     It  is  however  also  satisfied  if  in  such  a  space  region  is  so  interpreted 

*  Presented  to  the  Society,  December  27,  1917. 

t  These  Transactions,  vol.  17  (1910),  pp.  131-164.  Hereafter  this  paper  will  be 
referred  to  as  Foundations. 

%  This  is  not  true  of  S3  .  Indeed  there  e.xist  spaces  satisfying  Sj  that  are  neither  metrical, 
descriptive,  nor  separable.  Cf.  Foundations,  pp.  131,  132,  and  162.  In  the  paper  referred  to 
in  the  Annals  of  Mathematics,  vol.  16  (1915),  p.  131,  in  the  statement  of  Con- 
dition I,  "  |!/4  —  2/^  I  <  c"  is  to  be  omitted  in  (1)  and  inserted  (with  the  conjunction  "and" 
prefi.\ed)  immediately  after  "\x'i,  —  xl,'\  =0"  in  (2).  For  certain  results  concerning  the 
relation  between  Frechet's  Calcul  Fonctionnel  and  spaces  that  satisfy  Si  or  S|.  cf.  E.  W.  Chit- 
tenden, Bulletin  of  the  American  Mathematical  Society,  vol.  23 
(1917),  p.  390. 

§  Cf.  my  paper  The  linear  continuum  in  terms  of  point  and  limit,  Annals  of  Mathe- 
matics, loc.  cit.,  p.  127. 

II  Loc.  cit.,  p.  127. 
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as  to  apply  to  e\'ery  bounded,  connected  set  of  points  R  of  connected  exterior 
such  that  (1)  every  point  of  R  lies  in  the  interior  of  some  triangle  that  is  con- 
tained in  R.  (2)  every  point  of  the  boundary  of  i?  is  a  limit  point  of  the 
exterior  of  R.  Thus,  though  categorical  with  respect  to  j^oint  and  limit 
point,  2 2  is  not  absolutely  categorical. 

In  my  proof  that  Zi  is  categorical  I  will  make  use  of  the  following  theorems. 

Theorem  A.  //  L  is  a  simple  closed  curve  and  M  and  N  are  two  closed 
point-sets  tcith  no  point  in  common,  there  does  not  exist  an  infinite  set  of  arcs  G 
such  that  (1)  each  arc  of  the  set  G  is  a  subset  of  L,  (2)  each  arc  of  G  co7itains  a 
point  of  M  and  also  a  point  of  N ,  (3)  no  two  arcs  of  G  hare  a  scf/ment  in  common. 

Proof*  Suppose  there  exists  an  infinite  set  of  such  arcs  AiBi,  A^B^,  •  •  • 
where  Ai,  A2,  •  •  •  are  points  of  31  and  Bi,  B2,  •  •  •  are  points  of  N .  Then 
there  exist  points  A  and  B  and  an  infinite  subsequence  ^„,  B„^,  A„^B„^,  •  ■  ■ 
such  that  vl  is  a  sequential  limit  point  of  A„^,  An,,  ■  •  ■  and  5  is  a  sequential 
limit  point  of  B„, ,  B„.,  ■  ■  ■  .  There  exist  on  L  four  points  C ,  D ,  E ,  and  F 
in  the  order  ECADFB .  There  exists  a  positive  number  6  such  that  if  m  >  8 
then  A„^  and  B„^  are  on  the  segments  CAD  and  EBF  respectively  of  the 
curve  L.  It  follows  that  if  p,  q,  and  r  are  three  distinct  positive  integers 
greater  than  8  then  two  of  the  arcs  A„^  Bn^,  An^  B„^,  A„^  B„^  have  in  common 
either  a  segment  from  C  to  E  or  a  segment  from  D  to  F .  But  this  is  contrary 
to  supposition. 

TnEOREii  B.  //  /  and  L  are  two  simple  closed  curves  and  A  and  B  are  two 
distinct  points  of  J  each  of  which  is  either  not  on  L  at  all  or  on  some  segment* 
that  is  common  to  J  and  L,  then  there  exists  an  arc  from  A  to  B  that  lies,  except 
for  its  endpoints,  entirely  within  J  and  has  not  more  than  a  finite  number  of 
points  in  common  ivith  L .% 

Proof.  By  Theorem  40§  there  exists  an  arc  AB  that  lies,  except  for  its  end- 
points,  entirely  within  J .  If  the  segment  AB  and  the  closed  curve  L  have 
points  in  common  let  M  denote  the  set  of  all  such  common  points.     In  view 

*  Cf.  the  proof  of  Theorem  37  on  pages  152  and  153  of  Foundations. 

t  If  A'  and  Y  are  two  points  of  a  closed  curve  J ,  there  are  just  two  arcs  that  lie  wholly 
on  J  and  have  A  and  B  as  endpoints.  Each  of  these  arcs  is  called  an  interval  of  J  .  An 
interval  minus  its  endpoints  is  a  segment. 

t  The  following  example  shows  that  this  theorem  would  not  be  true  if  no  restriction  were 
imposed  on  the  relative  positions  oi  A  ,  B  ,  J  ,  and  L  other  than  merely  that  A  and  B  should 
lie  somewhere  on  J.  ' 

Example.  Let  J  denote  the  perimeter  of  the  triangle  whose  vertices  are  (  0  ,  0  )  ,  (2,1)  , 
and  ( 2  ,  —  1 )  .  Let  L  be  the  closed  curve  bounded  by  the  arc  from  (  0  ,  0  )  to  ( l/w  ,  0  ) 
on  the  curve  y  =  x  sin  { 1/x  )  ,  and  straight  hne  intervals  from  (  1/x  ,  0  )  to  (  2  ,  —  2  )  , 
from  ( 2  ,  -  2  )  to  ( 0  ,  -  2  )  and  from  (0,-2)  to  (0,0)  respectively.  Let  A  and  B 
be  the  points  (0,0)  and  ( 2  ,  1/2  )  respectively.  Clearly  there  is  no  arc  from  A  to  B  that 
lies,  except  for  its  endpoints,  entirely  within  J  and  has  only  a  finite  number  of  points  in  common 
with  L  . 

§  Numbered  theorems  are  theorems  in  my  paper  On  the  foundations  of  plane  analysis  situs, 
loc.  cit. 
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nf  the  conditions  of  our  liypothesis  it  is  clear  tiiat  there  exists  a  point  Ai  which 
is  the  first*  point  that  the  segment  AB  lias  in  common  with  L .  If  there  exist 
any  points  of  M  that  can  be  joined  to  Ai  by  an  arc  of  L,  that  lies  entirely 
within  J  then  there  must  be  a  last  such  point.  For  otherwise  there  would 
exist  on  AB  a  point  .Y  which  cannot  be  joined  to  Ai  by  an  arc  of  L  lying 
entirely  within  J  but  which  is  a  limit  point  of  a  set  of  points  K  that  lie  on  AB 
and  each  of  which  can  be  so  joined  to  Ai.  But  in  this  case  there  would  exist 
on  L  a  segment  YXZ  containing  A'  and  lying  entirely  within  J .  The  segment 
YXZ  mustf  contain  at  least  one  point  P  of  the  set  7v  .  But  P  could  be  joined 
to  Ax  by  an  arc  Ai  P  oi  L  that  lies  entirely  within  J ,  and  the  point-set 
Ai  P  +  YXZ  would  be  an  arc  of  L  lying  entirely  within  J .  Thus  the  sup- 
]i()sition  that  there  exists  no  last  point  that  can  be  properly |  joined  to  Ai 
leads  to  a  contradiction.  Let  Bi  denote  the  last  point  on  AB  that  can  be 
properly  joined  to  Ai.  By  an  argument  similar  to  the  above  proof  of  the 
non-existence  of  X  it  can  be  shown  that  Bi  cannot  be  a  limit  point  of  a  set 
of  points  of  M  no  one  of  which  can  be  properly  joined  to  ^i .  But  Bi  is  the 
last  point  that  can  be  properly  joined  to  .-li.  It  follows  that  on  AB  there 
must  be  a  point  IF,  following  Bi,  such  that  the  segment  Bi  H'  of  the  arc  AB 
'  is  entirely  free  of  points  of  L .  But  i  is  a  closed  set  of  points.  It  follows  that 
if  there  are  on  the  segment  AB  any  points  of  L  that  follow  Bi  then  there  is  a 
first  such  point,  Ao .  There  exists§  a  point  B2  which. is  the  last  point  on  AB 
that  can  be  properly  joined  to  A2-  If  there  are  any  points  of  M  after  B2 
there  is||  a  point  .'I3  which  is  the  first  such  point.  Continue  this  process. 
There  must  exist  only  a  finite  number  of  the  points  .Ii,  A2,  A3,  •  •  •  .  For 
suppose  there  were  infinitely  many  such  points.  Then  there  must  be  infinitely 
many  points  Bi,  B2,  Bs,  ■  •  •  .  Suppose  n  is  a  positive  integer.  The  points 
Bn  and  A,^i  are  the  extremities  of  two  arcs  of  L.  Let  Bn  An+i  denote  one 
of  these  arcs.  The  arc  -B„  An+i  does  not  lie  wholly  within  J .  Hence  there 
exists  a  point  A'^  which  is  the  first  point  that  it  has  in  common  with  J .  Let 
Bn  X„  denote  the  arc  from  Bn  to  X„  on  the  arc  Bn  An+i  ■  Let  i  and  j  be  two 
positive  integers.  If  the  segments  Bi  A',-  and  /i.+y  A',+;  had  a  point  in  common 
then  Bj+j  could  be  properly  joined  to  Bi.  But  Bi  can  be  properly  joined  to 
Ai.  Hence  Bi+j  could  be  properly  joined  to  Ai.  But  Bi  is  the  last  point 
of  M  that  can  be  properly  joined  to  Ai  and  Bi+j  follows  B,.  It  follows  that 
the  segments  Bi  Xi  and  Bi+j  Xi+j  have  no  point  in  common.     Thus  if  there 

*  Cf.  Foundations,  p.  139.  Hereafter  in  this  paper,  unless  the  contrary  is  indicated,  by 
"first  point"  and  "last  point"  will  be  meant  first  and  last  point  respectively  in  the  order  from 
A  to  B  on  the  arc  AB  . 

t  Loc.  cit.,  p.  139. 

t  The  phrase  "can  be  properly  joined  to  Ai"  is  an  abbreviation  for  "is  identical  with  At 
or  can  be  joined  to  Ai  by  an  arc  of  L  tliat<  lies  entirely  within  ./  ." 

§  Cf.  the  above  proof  of  the  existence  of  Bi  . 

|{  Cf.  the  above  proof  of  the  existence  oi  At . 
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are  infinitely  many  of  the  points  Ai,  Ao,  A3,  •■■  then  there  are  infinitely 
many  arcs,  all  lying  on  L,  such  that  no  two  of  them  have,  in  common,  any 
point  unless  possibly  a  common  endpoint,  and  such  that  each  of  them  has 
one  endpoint  on  J  and  the  other  on  the  interval  Ai  0  of  the  arc  AB  where  0 
is  the  last  point  before  B  that  AB  has  in  common  with  L.  But  by  Theorem 
A  a  simple  closed  curve  cannot  contain  an  infinite  set  of  arcs  of  this  t}^e. 
It  follows  that  there  must  exist  only  a  finite  number  m  of  the  points  Ai,  Ai, 
Az,  ■  •  •  .  It  is  clear  that  0  is  either  Am  or  Bm-  For  every  positive  integer 
n,  less  than  m  ,  if  J„  =f=  i?„,  J„  can  be  joined  to  5„  by  an  arc  An  Zn  Bn  that 
belongs  to  L  and  lies  entirely  within  J .  It  is  easy  to  see,  with  the  aid  of 
Theorems  43  and  40,  that  there  exists  an  arc  An  Zn  Bn  that  lies  entirely  within 
J  and,  except  for  its  endpoints,  is  also  entirely  within  L .  Consider  the  point- 
set  T  composed  of  AAi  +  {AiZ Bi)  +  Bi  A.  +  {A-,  Z2  B2)  +  B2  A3  +  ■  ■  ■ 

+  i?,„_i  Am  +   ( Am  ZmBm)   +  OB     wherC     AAi  ,     B1A2,     B2A3,      ■■■   Bjn-l  Am 

and  OB  are  intervals  of  the  arc  AB  and  for  each  i  ( 1  ^  i  ^  m)  "  {Ai  Zi  Bi)  " 
denotes  the  arc  Ai  Z  Bi  or  the  point  Ai  according  as  5,  is  not  or  is  identical 
with  Ai.  The  point-set  Bn  A^+i  (l^n^m  —  1)  contains  in  common 
with  L  no  points  except  Bn  and  A„+i .  In  view  of  these  considerations  it  is 
clear  that  the  point-set  r  contains,  as  a  subset,  an  arc  from  A  to  B  that  lies, 
except  for  its  endpoints,  entirely  within  J  and  has  not  more  than  2{7n  +  1 ) 
points  in  common  with  L.     The  truth  of  Theorem  B  is  therefore  established. 

Theorem  C.  If  the  closed  curve  g  has  only  a  finite  number  of  points  in 
common  with  the  closed  curve  ABCDA  and  does  not  contain  A  ,  B ,  C ,  or  D  then 
the  interior  of  ABCDA  can  he  divided  by  a  double  ruling*  {such  that  the  arcs  of 
one  of  its  two  single  rulings  are  parallel  to  AB  and  CD  and  those  of  the  other  are 
jxirallel  to  AD  and  BC)  into  subdivisions  such  that  the  interior  of  each  one  of 
them  is  either  wholly  xcithin  or  ivholly  without  g . 

Indication  of  proof.  There  exists  a  finite  set  K  of  arcs  of  g  each  of  which 
lies  entirely  within  ABCDA  except  that  its  endpoints  are  on  ABCDA  and 
uch  that  every  point  of  g  that  is  within  ABCDA  lies  on  an  arc  oi  K.  li  t 
is  an  arc  of  the  set  K ,  either  (1)  t  has  both  endpoints  on  the  same  sidej  of 
^^  *  If,  on  the  closed  curve  ABCDA  ,  A'l ,  X. ,  •  ■  ■  X„_, ,  X„  ,  7, ,  Yi ,  ■■■  r„_,,  ¥„,  X'„, 
•^'.-1 ,  •■■  X',  X[  ,  Y'„  ,  K;,_,  ,  ■■■  Y'^Y\  are  points  in  the  order  AXi  Xi  ■  ■  ■  X„_i  X„  BF,  Fj 
•  •  •  y„_i  F„  CX'„ XLi  ■  •  •  A-;  X[  DY'„  F,',_,  ■  •  •  7^  F,'  A  and  A',  X[  ,  X^X'^,  ■  ■  •  X^  A;_ , 
Fi  F]  ,  Fj  F2  ,  •  •  •  F„  F„  are  arcs  which,  except  for  their  endpoints,  he  entirely  within 
ABCDA  ,  and  finallj',  for  every  i,  j  (i^i^n,  1  ^j  ^n) ,  Xi  A';  has  just  one  point 
in  common  with  F,-  F^  and  no  point  in  common  with  A',  A'^  (unless  i  =  j)  ,  then  these  two 
sets  of  arcs  are  said  to  constitute  a  double  ruling  of  the  interior  of  ABCDA  (or  merely  a  double 
ruling  of  ABCDA  )  .  The  arcs  A,  A'j  ,  A2  A;  ,  •  •  •  A„  A^  are  said  to  be  paraUel  to  BC  and 
to  AD  and  the  arcs  Fi  Y[,YiY'2,---  F„  Y'„  are  said  to  be  parallel  to  AB  and  to  CD .  Each 
of  these  two  sets  of  arcs  is  a  single  ruling  of  the  double  ruling  formed  by  the  two  sets  combined. 
Of  course  the  word  parallel  is  not  used  here  in  the  same  sense  as  in  ordinary  plane  geometry. 

t  The  segments  AB,  BC,  CD,  and  DA  of  the  closed  curve  ABCDA  are  called  the  sides 
of  ABCD.A  .     By  Ihe  interval  AB  of  J  will  be  meant  that  one  which  does  not  contain  C  . 
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ABCDA  ,  (2)  t  has  one  endpoint  on  one  side,  and  the  other  one  on  an  adjacent 
side,  of  ABCDA ,  or  (3)  t  has  one  endpoint  on  one  side,  and  the  other  one  on 
an  opposite  side,  of  ABCDA .  Let  us  suppose,  for  example,  that  there  are 
four  arcs  A^  B,  d  D^  Ei ,  A.  B^  d  D^  E^ ,  Az  Bz  d  Ds  E3 ,  and  A^  B^  d  D^  £4 , 
of  type  1,  two  arcs  As  B^  E^  and  AsB^Ee,  of  type  2,  and  one  arc  At  E^  of 
type  3,  situated  as  indicated  in  Fig.  1.  In  this  figure  a  double  ruHng  t, 
satisfying  the  conditions  of  Theorem  C,  is  represented.  This  indication  of 
how  a  ruHng  may  be  constructed  in  the 
case  of  this  typical  example  is  given  instead  ,y 
of  a  tedious  formal  proof  covering  all  pos-  h^ 
sible  cases.  Here  the  arcs  of  r  that  are 
parallel  to  AB  are  A'l  Di  Ci  Bi  ij.  A',  D. 
C2  B-2  Li ,  Aa  B4  Li ,  Ai  Bi  Li ,  Ei  D3  L^ ,  £4 
Di  Xe,  Et  At,  K3  B^,  A(,,  and  A'4  Bi,  Ar,. 
Those  parallel  to  BC  are  Hi  £3  C3  D3  il/e, 
//o  Bi  Ci  Di  3/5,  £2  D2  Mi,  El  Z»i  31 3,  Ai 
Bi  J/2 ,  A2  Bo  Ml ,  H3  Be  E, ,  and  Ih  B-,  A5  • 

Theorem  D.  //  ABCDA  is  a  closed 
curve  and  G  is  a  set  of  closed  curves  and  each  h^  . 
point  on  or  ivithin  ABCDA  is  tviihin  some 
curve  of  the  set  G  then  the  interior  of  ABCDA 
can  he  divided  by  a  double  ruling  {such  that  the  arcs  of  one  of  its  single  rulings  are 
parallel  to  AB  and  CD  and  those  of  the  other  are  parallel  to  AD  and  BC)  into 
subdivisions  each  of  which  is  within  some  curve  of  the  set  G . 

Proof.  There  exists  a  finite  set  G  of  closed  curves  gi,  g^,  ■  ■  •  gm  such 
that  every  one  of  them  is  a  curve  of  the  set  G  and  such  that  every  point  on 
or  within  J*  is  within  one  of  them.  Every  point  of  the  interval  ^IB  of  J  is 
within  some  curve  of  the  set  G .  It  follows  that  for  each  point  of  AB  there 
is  a  segment  of  J ,  containing  that  point,  lying  wholly  within  some  curve  of  G 
and  not  containing  any  side  of  ABCDA.  There  exists  a  finite  subset,  Q, 
of  these  segments  such  that  every  point  of  AB  is  on  some  segment  of  Q . 
The  set  Q  contains  as  a  subset  a  set  of  segments  Ai  Bi,  Ao  Bo,  ■  ■  •  An  Bn 
with  endpoints  in  the  order  Ai  AAo  Bi  A3  B2  At  B3  Af,  Bi  •  •  ■  ^1„  J3„_i  BBn  ■ 
There  exists  a  set  of  points  Ei,  Eo,  ■  ■  ■  En-i  and  arcs  Ei  E{ ,  E2  E'2 ,  ■  ■  -En-i  A,',_i 
such  that,  for  every  i  and  j  ( 1  S  i  ^  n  —  1 ,  l^j^n  —  l,i=^j),  (1) 
Ei  is  in  the  order  AAt+iEt  B,  B ,  (2)  EiE'i  lies  within -every  region  of  the 
set  G  that  contains  Et,  (3)  every  point  of  EtE'i  except  E,-  is  within  J,  (4) 
Ei  E'i  and  Ej  E)  have  no  point  in  common,  (5)  not  every  point  of  the  segment 
Ei  E'i  is  on  gi .  There  exists  a  set  of  curves  ji ,  ^2 ,  •  •  •  </n ,  belonging  to  the 
set  G,  such  that  Ai  B,  {1  ^  i  ^  n)  is  entirely  within  gi.     Within  ^1  (and 

*  Hereafter  the  letter  J  will  be  used,  at  times,  as  an  abbreviation  for  ABCDA  . 
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within  J  except  for  the  point  Ai)  there  is*  an  arc  Ax  E\  that  has  in  common 
with  El  E\  only  tlie  point  E\ .  Within  Tj-i  and  J  there  is  an  arc  E\  E',  that 
has  in  common  with  Ei  E[  only  the  point  E\  and  has  in  common  with  £2  £2 
only  the  point  E',  and  in  common  with  Ay  E\  only  the  point  E\ .  There  exists 
a  set  of  arcs  AiE'i,  E[  E'2,  E2  E3,  •  •  •  £Li  Bn  such  that  (1)  E'i  E'i+i  is  within 
^,+1  and  J  (l^i^n  —  2),  £Li  B^  is  within  p„  and,  except  for  the  point 
B„,  within  J ,  (2)  no  two  non-consecutive  arcs  of  this  set  have  any  point  in 
common  and  two  consecutive  ones  have  only  one  endpoint  in  common.  It 
easily  follows  that  there  exist  (Fig.  2)  (1)  on  ABCDA,  in  points  in  the  order 
AEi  E2---  En  BFi  F-2  ■■■  Fn  CLi  U  ■  ■  ■  £.  DM^  M.  ■  ■  ■  J/„  A ,     (2)    within 

B  F,      F-  F„-i  F„ 
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Fig.  2 

ABCDA  ,  a  closed  curve  J'  containing  4  ( ?«  —  1 )  points  in  the  order  A'  E'l  E'^ 

■  ■  -K-x  B'  F'^l'i  ■  ■  ■  F:,_x_C'  UU---  L:_x  ly  M^  M'^  ■  ■  ■  J/L,  A',  (3)_arcs 

A'  Ex  Ex,      E1E2E2,      E3E3E3,       •_•  •   ,      E„_xEn-xEn-X,      B'  Fin  En,      B'fjFl, 

F'  Fi  F2 ,_  F3  FzFs,     ■  -J  ,    F„_x  Fjt-x  F„-x ,    C'JFn  Fn ,    C  Lx  Lx ,_  Li  Lo  L2 , 

■  ■  ■  L:_x  Ln-X  Ln-X  ,   D'  Ln  Ln  ,   D'  Mx  Ml  ,    M^  ih  M,  ,    ■■■  M'„_x  i/„_i  J/„_i  , 

A'  Mn  Mn  such  that  every  one  of  these  arcs  lies,  except  for  its  endpoints, 

entirely  between  J'  and  ./  and  no  two  of  them  have  any  point  in  common 

except  that  each  of  the  points  A' ,  B' ,  C ,  and  D'  is  a  common  endpoint  of 

two  of  them  and  such  that  no  one  of  the  points  Ei,  Eo,  E3,  •  •  •  £„_i ,  .£„ , 

Fx,  Fi,  ■  ■  ■  Fn-x ,  F„,  Lx,L2,  L3,  ■  ■  -Ln,  Mx,  M2 ,  M3,  •  •  •  3/„_i ,  Mn  is  on 

the  curve  (71;  the  domain  bounded  by  ,/  and  J'  being  divided  by  these  arcs 

into  subdivisions  each  of  whicli  lies  within  some  curve  of  the  set  G.     By 

Theorem  B  there  exists  a  set,  a ,  of  arcs  Ei  Ej+i  (l^i^n—  1),  E„  Fi, 

Fi  Fi+x  {l^i^n-^l)_,FnLx,LiLi+xil^i^n-l),  Z„  Mx ,  Mi  j7,+i 

(1  =i  ^  71  —  1) ,   Mn  Ex ,  lying  except  for  their  endpoints  wholly  within 

Ei  Ei  E,+i  Ei+x,    EnB'FxB,    Fi  Ft  Ft^x  Fi+x,    FnCLxC,    L,  Li  Li^x  Li+x, 

Ln  D'Mx  D ,  Mi  M'i  M'i^x  3/,+i ,  and  Mn  A'Ex  A  respectiv^elyf  no  one  of  these 

*  Make  use  of  Theorems  43  and  40  and  the  existence  of  the  curve  ABTKA  described  on 
page  149  of  Foundations. 


t  Here  E,  =  M„  =  A' ,  E,  =  F,  =  B' ,  F, 


C  and  L„ 


M[  =  D' . 
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arcs  having  more  than  a  finite  number  of  points  in  common  with  r/i .  There 
exist,  on  the  segments  EnFi,  Fn  L\,  L,,  -l/i ,  and  M„Ei  respectively,  points 
B,  C,  D,  and  A  that  are  not  on  gi.  The  arcs  of  a  form  a  closed  curve 
ABCDA  which  will,  at  times,  be  called  J.  This  curve  does  not  have  iriore 
than  a  finite  number  of  points  in  common  with  (ji .  Furthermore  the  domjiin 
CO  bounded  by  ABCDA  and  ABCDA  is  subdivided  by  the  arcs  EiEi,  FiFt, 
Li  Li ,  Mi  Mi  ( 1  ^  i  S  n )  into  subdivisions  each  of  which  lie^s  whoHy  within 
some  curve  of  the  set  G.  By  Theorem  C  the  interior  of  ABCDA  may  be 
divided  by  a  double  ruling  t  (such  that  the  arcs  of  one  of  its  two  single  rulings 
are  parallel  to  AB  and  CD  and  those  of  its  other  one  are  parallel  to  BC  and 
AD)  into  subdivisions  the  interior  of  each  one  of  which  is  either  entirely 
within  or  entirely  without  gi .  By  the  addition  of  certain  arcs  having  their 
cndpoints  on  J  and  J  and  lying,  except  for  their  endpoints,  entirely  between 
J  and  J ,  it  is  possible  to  continue  the  arcs  of  t  ,  together  with  suitably  chosen 
additional  arcs,  in  such  a  way  that  there  will  result  a  double  ruling  n  of 
ABCDA  such  that  every  arc  of  the  set  a  and  every  arc  of  the  double  ruling  r 
will  be  a  portion  of  some  arc  of  the  double  ruling  ti  .  The  interior  of  each 
subdivision  of  the  ruling  n  is  either  within  one  of  the  subdivisions  into  which 
7*  is  divided  by  the  rulings  of  t  or  within  one  of  the  subdivisions  into  which 
the  domain  to  is  divided  by  the  arcs  of  the  set  a.  It  follows  that  the  interior 
of  each  of  the  subdivisions  into  which  I  is  divided  by  ti  is  either  wholly  within 
some  curve  of  the  set  G  or  wholly  without  gi .  If  any  of  them  are  wholly 
without  gi  then  each  such  subdivision  can  itself  be  divided  by  a  double  ruling 
(the  arcs  of  one  single  ruling  of  which  are  parallel  to  one  side.f  and  the  arcs 
of  the  other  single  ruling  of  whicli  are  parallel  to  an  adjacent  side  of  this 
subdivision)  into  subdivisions  each  of  which  is  either  wholly  within  some 
curve  of  the  set  G  or  wholly  without  .c/- .  The  arcs  of  these  rulings  may  be 
extended  in  such  a  way  that  there  will  result  a  new  double  ruling  n  of  ABCDA 
such  tliat  each  arc  of  ti  is  also  an  arc  of  t2  and  each  subdivision  formed  by  to 
is  within  some  subdivision  formed  by  ti  and  is  either  wholly  without  gi  and 
wholly  without  (/•>  or  wholly  within  some  curve  of  the  set  G .  It  can  be  shown 
in  a  similar  way  that  there  exists  a  double  ruling  T3  of  ABCDA  such  that  the 
interior  of  every  subdivision  formed  by  T3  is  either  wholly  without  each  of  the 
curves  g\,gi,  and  g^  or  wholly  within  some  curve  of  the  set  G .  This  process 
may  be  continued.  It  follows  that  there  exists  a  double  ruling  t„  of  ABCDA 
such  that  every  one  of  the  subdivisions  into  wliich  t,i  divides  ABCDA  is 
either  wholly  without  every  curve  of  the  set  r/i ,  r/o ,  ■  ■  ■  ,  gm  or  wholly  within 
one  of  them.     But  by  hypothesis  every  jjoiiit  of  the  interior  of  ABCDA  is 

*  /  and  /  denote  the  interiors  of  J  and  J  respectively. 

t  A  side  of  one  of  the  subdivisions  into  which  the  double  ruling  n  divides  /  is  a  segment 
of  the  boundary  of  that  subdivision  which  lies  between  two  consecutive  arcs  of  one  of  the 
single  rulings  of  tj  and  has  its  endpoints  on  those  arcs. 
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within  some  curve  of  the  set  gi,g  i,  •  •  •  ,  f/,,, .  It  follows  that  every  subdivision 
of  /  formed  by  the  ruling  t„  is  wholly  within  some  cm-ve  of  this  set. 

Theorem  E.  //  ABC  DA  is  a  closed  curve  there  exist  two  sets  of  arcs  ai 
and  a2  such  that  (1)  each  arc  of  ai  lies  wholly  within  ABCDA  except  that  its 
endpoints  are  on  AB  and  CD,  (2)  each  arc  of  a^  lies  wholly  within  ABCDA 
except  that  its  endpoints  are  on  BC  and  DA ,  (3)  each  point  on  ABCDA ,  ivith 
the  exception  of  A  ,  B ,  C ,  and  D ,  is  an  endpoint  either  of  just  one  arc  of  ai  or  of 
just  one  arc  of  ai,  (4)  through  each  jmint  within  ABCDA  there  is  just  one  arc  of 
ai  and  just  one  arc  of  a-i ,  (5)  each  arc  of  ai  has  just  one  point  in  common  with 
each  arc  of  ai . 

Proof.  For  each  positive  integer  n  there  exists,  about  each  point  P  of 
ABCDA  plus  its  interior,  a  fundamental*  region  of  subscript  greater  than  n. 
For  each  n  let  G„  denote  the  set  of  all  such  fundamental  regions  for  all  such 
points  P .  By  Theorem  D  the  interior  of  ABCDA  can  be  divided  by  a  double 
ruling  jSi  into  subdivisions  each  of  which  is  within  some  region  of  the  set  (?i . 
Each  of  these  subdivisions  can  be  divided  by  a  double  ruling  into  subdivisions 
each  of  which  is  within  some  region  of  the  set  d ,  the  arcs  of  this  ruling  being 
so  chosen  that  they  can  be  extended  in  such  a  way  that  there  will  result  a 
double  ruling  ^i  of  ABCDA  such  that  each  arc  of  /3i  is  an  arc  of  ft  and  such 
that  each  subdivision  of  ft  is  within  some  region  of  the  set  Go, .  This  process 
may  be  continued.  It  follows  that  there  exists  an  infinite  sequence  /3i ,  jSj, 
/Ss,  •  ■  ■  of  rulings  of  ABCDA  such  that  (1)  for  each  n,  every  arc  of  the  ruling 
/3„  belongs  also  to  the  ruling  ^n+i,  (2)  every  subdivision  of  the  ruling  |3„  is 
within  some  fundamental  region  of  subscript  more  than  n.  Let  {|j}  denote 
the  set  of  all  arcs  {';)  such  that  {l\\  has  one  endpoint  on  {Jf!  and  the 
other  on  \ct,\  and  belongs  to  some  i3„.  If  P  is  a  ])oint  within  or  on  ABCD , 
distinct  from  A  ,  B ,  C ,  and  D ,  and  not  on  any  arc  of  the  set  {^j  it  can  be 
proved  that  there  exists  through  P,  and  with  endpoints  on  ABCDA,  just 
one  arc  that  does  not  intersect  any  arc  of  the  set  {|;}  .  Let  (Js)  be  the  set 
of  all  such  arcs  for  all  such  points  P .  Let  {"jj  denote  the  set  of  all  arcs 
of  the  set  \%\  together  with  all  arcs  of  the  set  {":}  .  The  sets  ai  and  ao 
satisfy  the  conditions  of  Theorem  E. 

Theorem  F.  There  exists  a  couniably  infinite  sequence  of  closed  curves 
Ji,  J2,  Jz,  •  ■  •  such  that  every  point  lies  within  one  of  them  and  such  that,  for 
every  n ,  Jn+i  encloses  Jn  ■ 

Proof.  By  Theorem  3G  every  point  is  within  some  closed  curv-e.  It  follows, 
with  the  aid  of  Theorem  12,  that  there  exists,  for  each  n,  a  finite  set  6'„  of 
closed  curves  such  that  every  point  of  the  fundamental  region  Rn  is  within 
some  curve  of  the  set  G„  and  every  curve  of  the  set  G„  encloses  a  point  of  7?„ . 
By  Theorem  42  there  exists  a  closed  curve  J,',  that  encloses  the  interiors  of  all 

*  Cf.  Foundaiions,  p.  133. 


1919] 


A   SET   OF   POSTULATES   FOR   PLANE   ANALYSIS   SITUS 


177 


the  curves  of  the  set  Gn  and  therefore  encloses  Rn  ■  If  ^i'  is  a  point  within  J'l 
and  A2  is  a  point  within  Jo  then  by  Theorem  15  there  exists  an  arc  A{  A2. 
There  exists  a  finite  set  of  curves  enclosing  J'l  +  J'2  +  A[  A'o.  It  follows 
that  there  exists  a  closed  curve  Jo  enclosing  J{ ,  Bi,  and  R2 .  Similarly  there 
exists  a  closed  curve  J3  enclosing  Jo ,  Ri,  R2,  and  R3 .  This  process  may  be 
continued.  It  follows  that  there  exists  a  countably  infinite  sequence  of  closed 
curves  J\,  Ji,  J3,  ■  •  ■  such  that,  for  every  n ,  Jn+\  encloses  J n ,  Ri ,  R-i ,  ■  •  •  , 
Rn ■  But  every  point  lies  in  some  region  of  the  set  Ri,  R-i,  R3,  •  •  ■  ■  Thus 
the  sequence  Ji ,  Jo,  J3,  •  •  •  satisfies  the  conditions  of  Theorem  F. 

Theokem  G.  There  exist  two  sets  G'l  and  Go  of  open  curves  such  that  (1) 
through  each  point  there  is  just  one  curve  of  Gi  and  just  one  curve  of  G2 ,  (2)  lack 
curve  of  Gi  has  just  one  point  in  common  with  each  curve  of  Go  ■ 

Proof.  Let  Ji ,  Ji,  Jz,  •  ■  •  denote  an  infinite  sequence  of  closed  curves 
satisfying  the  conditions  of  Theorem  F.  If  An,  Bn,  C'n,  and  Z>„  are  four 
distinct  points  on  J„  in  the  order  AnB,,  CnDn  then  (Fig.  3)  there  exist  on 
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B„ 

Cn 

An 

L>n 

Cii+l 


^n+l 
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Jn+i  four  distinct  points  An+i,  B,..+i,  Cn+i,  and  D„+i  such  that  J„+i  can 
be  divided  by  a  double  ruling,  with  two  arcs  parallel  to  B,i+i  C„+i  and 
An+i  Dn+\  and  the  other  two  parallel  to  J„+i  Bn+\  and  C„+i  Dn+i,  into  nine 
subdivisions  of  which  the  central  one  is  An  Bn  CnDn  An  (Jn)  ■  It  follows 
that  there  exists  a  set  of  open  curves*  [  km  ]  (  —  =°  <  "'  <  =°  )  and  another  set 
[tn](—  «  <n<  00)  such  that  (1)  if  m  and  n  are  any  integers,  positive  or 
negative,  km  has  just  one  point  in  common  with  tn ,  (2)  for  every  integer  /( , 
the  curve  <„  separates  /„_i  from  /„+i  and  k„  separates  k„-i  from  kn+i ,  (3)  if 
P  is  a  point  not  lying  on  any  open  curve  of  either  of  these  sets  then  there  exist 
m  and  ?;  such  that  P  is  between  km  and  km+i  and  also  between  <„  and  t„+i. 
For  every  m.  and  n  let  /!„„  denote  the  intersection  of  km  with  t„ .     Tlicn  the 

mtervals  Amn  Am(,n+i)  .  Am(n+l)  '4(m-t-))(n+l)  ,  A{m+l)(,n+l)  A(m+l)ni  and  Aim+DnAynn 

of  the  open  curves  /r,„,  <„+i ,  km+i ,  and  /„  respectively  form  a  closed  curve  J,„„ . 
*  Cf.  Foundalions,  p.  159. 
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By  Theorem  E  there  exist  two  sets  of  arcs  Gm„  and  G',„„  such  that  (1)  each 
arc  of  G,nn  is  entirely  within  J,„„  except  that  one  of  its  endpoints  is  between 
Amn  and  A(m+i)n  OH  the  curve  /„  and  the  other  one  is  between  .-J„,(„+i)  and 
^(m+i)(n+i)  on  the  curve  <„+i,  (2)  each  arc  of  G',„n  is  entirely  within  J„,„  except 
that  one  of  its  endpoints  is  between  Amn  and  Am(.n+i)  on  kn  and  the  other  one 
is  between  A(m+i)n  and  A^m+i)(„+i)  on  k„+i,  (3)  through  each  point  within  J„n 
there  is  just  one  arc  of  the  set  Gmn  and  just  one  arc  of  the  set  G',„n ,  (4)  each 
point  of  J„„,  with  the  exception  of  A,„„,  Am^n+i) ,  ^(m+i)n,  and  A(m+i)(n+j) , 
is  an  endpoint  of  just  one  arc  of  Gmn  or  of  just  one  arc  of  G'mn ,  (5)  each  arc  of 
6'„,n  has  just  one  point  in  common  with  each  arc  of  G,'„„ .  If  Po  is-a  point  on 
the  arc  to  and  lying  between  the  curves  km  and  km+i ,  Po  is  an  endpoint  of  just 
one  arc  Qmo  of  the  set  G'mo  •  The  other  endpoint  of  (jf,„o  is  a  point  Pi  lying  be- 
tween km  and  km+t  on  the  curve  ti .  The  point  Pi  is  an  endpoint  of  just  one 
arc  Qmi  of  the  set  Gmi  ■  The  other  endpoint  of  g^i  is  a  point  Po  lying  between 
/.•„,  and  km+i  on  the  curve  <2  •  This  process  may  be  continued.  It  follows  that 
there  exist  two  sequences  of  arcs  g,„o ,  gmi ,  gmi ,  ■  ■  ■  and  gm{-i) ,  gm(.-2) ,  gm(-3) , 
•  •  ■  such  that  (1)  Po  is  an  endpoint  of  gmo,  (2)  for  every  integer  7i,  gmn  is  an 
arc  of  the  set  G',„„  and  the  arcs  gmn  and  (/m(n+i)  have  an  endpoint  in  common. 
The  sum  of  all  the  arcs  gmo,  Smi,  ■  ■  •  9mi-i) ,  <7m(-2) ,  •  •  •  is  clearly  a  continuous 
open  curve,  Ip^,  passing  through  the  point  Pq.  Let  a  denote  the  set  of  all 
the  curves  km  for  all  integers  m  together  with  the  set  of  all  the  curves  Ip  for 
all  points  P  on  to.  vSimilarly  if  P  is  a  point  on  A'o  there  exists  an  open  ciu-ve 
Tp  that  passes  through  P  and  is  the  sum  of  an  infinite  number  of  arcs  each  of 
which  is,  for  some  m  and  n ,  an  arc  of  the  set  G,'„„ .  Let  /3  denote  the  set  of  all 
the  curves  t„  for  all  intergers  n  together  with  the  set  of  all  the  curves  rp  for 
all  points  P  on  A"o.  It  is  clear  that  through  every  point  there  is  just  one 
cur\e  of  the  set  a  and  just  one  curve  of  the  set  ^  and  furthermore  each  curve 
of  the  set  a  has  just  one  point  in  common  with  each  curve  of  the  set  /?. 

Between  the  points  of  {/'"}  and  the  set  of  all  real  numbers  there  is  a  one-to- 
one  continuous  correspondence  {Jf}  in  which  the  intersection  of  A'o  and  to 
is  associated  with  the  number  0.  If  P  is  any  point  let  {*^}  denote  the 
number  which,  in  the  correspondence  {l\}  is  associated  with  the  point  in 
which  {ij!  intersects  that  curve  of  the  set  {%]  which  passes  through  P. 
Thus  to  every  point  P  there  corresponds  a  definite  pair  of  real  numbers 
(•i>,  Vp)  and  conversely. 

It   is  clear  that  the   correspondence  thus  established   between  S  and  a 
number  plane  is  continuous  in  the  sense  that  in  S  the  point  P  is  a  sequen- 
tial limit  ])oint  of  the  sequence  of  points  Pi ,  Po,  Ps ,  ■  •  •  if,  and  only  if, 
lim„=a,  Xp^  =  3-p  and  lim„=,t,  ?//>,  =  j/y, . 
University  of  Pennsylv.\nia 
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1.  Introduction 

Various  definitions  of  simple  continuous  arcs  and  closed  curves  have  been 
given.!  The  definitions  of  arcs  usually  contain  the  requirement  that  the 
point-set  in  question  should  be  bounded.  In  attempting  to  prove  that  every 
interval  t  of  an  open  curve  as  defined  in  a  recent  paper  J  is  a  simple  continuous 
arc,  while  I  found  it  easy  to  prove  that  t  satisfies  all  the  other  requirements 
of  Janiszewski's  definition  (modified  as  indicated  below)  it  was  only  by  a 
rather  lengthy  and  complicated  argument  that  I  succeeded  in  proving  that 
it  satisfies  the  requirement  of  boundedness.  In  Lennes'  definition  the  require- 
ment of  boundedness  is  superfluous.!  However  I  found  it  difficult  to  prove 
that  t  satisfies  a  certain  one  of  the  other  requirements  of  this  definition,  namely 
that  the  point-set  in  question  should  contain  no  proper  connected  subset 
that  contains  both  A  and  B .  In  the  present  paper  I  will  give  a  definition  || 
of  a  simple  continuous  arc  which  stipulates  neither  that  the  set  M  should  be 
bounded  nor  that  it  should  contain  no  proper  connected  subset  containing 
both  A  and  B .  I  will  show  that,  in  a  euclidean  space  of  two  dimensions, 
every  point-set  that  satisfies  this  definition  is  an  arc  in  the  sense  of  Jordan. 
It  is  easy  to  prove  T[  that  every  interval  of  an  open  curve  satisfies  this  definition. 

•  Presented  to  the  Society,  October  26,  1918. 

t  Cf.,  for  example,  the  following;  S.  Janiszewski,  Sur  les  continus  irreduclibles  enlre  deux 
points,  Journal  de  I'Ecole  Polytechnique,  2e  s(Srie,  vol.  16  (1911-12), 
pp.  79-170.  N.  J.  Lennes,  Curves  in  non-metrical  analysis  situs  mlh  an  application  in  the  cal- 
culus of  variations,  American  Journal  of  Mathematics,  vol.  33  (191 1),  p.  308 
and  Bulletin  of  the  American  Mathematical  So  c  i  e  t  y  ,  vol.  12  (1906), 
p.  284.  W.  Sierpinski,  L'arc  simple  comme  un  ensemble  de  points  dans  I'espace  d  m  dimensions, 
Annali  di  Matematica,  Serie  III,  vol.  26  (1916),  pp.  131-150.  J.  R.  Ivline,  Con- 
cerning the  relation  between  approachability  and  connectivity  in  kleinem.  R.  L.  Moore,  A  char- 
acterization of  Jordan  regions  by  properties  having  no  reference  to  their  boundaries,  Proceed- 
ings  of   the   National   Academy   of   Sciences,   vol.  4  (1918),  pp.  364-370. 

%  R.  L.  Moore,  On  the  foundations  of  plane  analysis  situs,  these  Transactions, 
vol.  17  (1916),  p.  159. 

§  Cf.  G.  H.  Hallett,  Jr.,  Concerning  the  definition  of  a  simple  continuous  arc.  Bulletin 
of  the  American   Mathematical  Society,   vol.  25  (1919),  pp.  325-326. 

II  Definition  1  below. 

1i  See  proof  of  Theorem  3  below. 
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In  connection  with  certain  problems  where  the  boimdedness  of  the  point- 
set  in  question  is  not  presupposed,  but  where  relatively  more  information  is 
at  hand  concerning  connectedness,  it  seems  likely  that  Definition  1  may  be 
more -useful  than  that  of  Janiszewski.  On  the  other  hand  Janiszewski's 
definition  (or  a  modification  of  it*)  may  be  of  more  use  in  certain  cases  where 
one  is  concerned  with  sets  that  are  known  in  advance  to  be  bounded  (or  can 
easily  be  proved  to  be  bounded)  but  concerning  which  less  is  known  in  advance 
with  regard  to  connectedness. f 

In  the  latter  part  of  §  2,  a  very  simple  characterization  of  a  simple  closed 
curve  is  given.  It  is  defined  merely  as  a  closed  connected  and  bounded 
point-set  which  is  disconnected  by  the  omission  of  any  two  of  its  points.  J 

In  §  3  the  problem  of  defining  simple  continuous  arcs,  closed  and  open 
curves  and  rays  is  approached  from  a  different  point  of  view.  With  the  use 
of  the  notion  of  the  boundary  of  a  point-set  M  with  respect  to  a  point-set 
that  contains  M ,  conditions  are  given  which  a  point-set  must  satisfy  in  order 
that  it  should  be  a  simple  continuous  curve  (that  is  to  say  one  of  the  four  types 
of  curves  mentioned  above).  This  classification  of  the  general  notion  simple 
continuous  curve  having  been  given,  it  is  easy  to  so  particularize  it  as  to  obtain  a 
characterization  of  any  given  one  of  the  four  special  types  of  simple  continuous 
curves.  A  definition  of  an  open  curve  from  this  point  of  view  can  be  obtained 
from  that  of  a  closed  ciu-ve  by  the  mere  substitution  of  the  word  "bounded" 
in  place  of  the  word  "proper." 


Definition  1.  If  ^-1  and  B  are  two  distinct  points,  a  simple  continuous 
arc  from  A  to  -B  is  a  closed,  connected  set  of  points  M  containing  A  and  B 
such  that  (1)  M  —  A  and  .1/  —  B  are  connected,  (2)  if  P  is  any  point  of  M 

*  Cf.  Definition  2  below. 

t  In  this  connection  see  the  article  by  Sierpinski  referred  to  above.  His  definition  does 
not  require  explicitly  even  that  M  itself  should  be  connected.  It  requires  boundedness  how- 
ever and  also  certain  positive  information  concerning  the  relation  of  the  endpoints  A  and  B 
to  the  set  -)/ .  In  my  Definition  2  the  phrase  "  except  the  points  A  and  B  "  is  to  be  inter- 
preted not  as  meaning  that  the  points  A  and  B  do  not  fulfill  the  requirements  indicated  but 
merely  as  leaving  the  question  open  whether  they  do  or  do  not  fulfill  these  requirements. 
Sierpinski  definitely  stipulates  that  M  is  not  the  sum  of  two  closed  point -sets  having  only  A  , 
or  only  B ,  in  common  and  each  consisting  of  more  than  one  point.  If  this  stipulation  were 
omitted  his  definition  would  not  completely  characterize  a  simple  continuous  arc  and  would 
indeed  apply  to  some  sets  that  are  not  connected,  e.g.,  to  a  set  composed  of  three  distinct 
points. 

I  Lennes  defines  a  simple  closed  curve  as  "  the  set  of  points  consisting  of  two  continuous 
arcs,  each  connecting  a  pair  of  distinct  points  A  and  B  and  having  no  other  point  in  common." 
This  definition  presupposes  a  previous  definition  of  a  simple  continuous  arc.  Janiszewski 
(loc.  cit.,  p.  137)  defines  "  line  ligne  simple  fermee  T  "  as  "  un  continu  qui  pent  etre  decom- 
pose en  deux  continus  ei  et  ej  n'ayant  en  commun  que  deux  points  M  et  N  arbitrairement 
donnfe  sur  r ." 
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distinct  from  A  and  from  B  then  M  —  P  is  the  sum  of  two  mutually  exclusive 
connected  point-sets  neither  of  which  contains  a  limit  point  of  the  other  one. 

If  for  a  point  0  of  a  connected  point-set  M  the  set  M  —  0  is  the  sum  of 
two  mutually  exclusive  point-sets  Mi  and  Mo  neither  of  which  contains  a 
limit  point  of  the  other  one  then  Mi  and  M2  will  be  called  sects*  (of  M) 
from  0 ,  and  M  will  be  said  to  be  disconnected  by  the  omission  of  0  and  will 
be  said  to  be  separated  by  the  omission  of  0  into  the  two  sets  Mi  and  M2 . 
If  P  is  a  point  of  M  distinct  from  0  then  in  case  there  is  only  one  sect  of  M 
from  0  that  contains  P  that  sect  will  be  called  the  sect  OP .  If  at  the  same 
time  there  is  only  one  sect  from  P  that  contains  0  the  set  of  all  those  points 
of  M  that  are  common  to  the  sects  OP  and  PO  will  be  called  the  segment  OP 
(of  M)  while  the  set  of  points  consisting  of  all  the  points  of  the  segment  OP 
together  with  its  endpoints  (0  and  P)  will  be  called  the  interval  OP  (of  M) . 
i  Theorem  1.  In  a  Euclidean  space  of  two  dimensions  every  set  of  points  M 
that  satisfies  the  requirements  of  Definition  1  is  an  arc  in  the  sense  of  Jordan. 

Proof.  Suppose  M  is  a  set  of  points  satisfying  all  the  requirements  of 
Definition  1.  If  0  is  any  point  of  M  distinct  from  A  and  from  B  it  is  easy  to 
see  that  there  are  only  two  sects  of  M  from  0  .  One  of  these  sects  contains  A 
and  the  other  one  contains  B .  For  suppose  that  one  of  them  contains  both 
A  and  B .  Let  OC  denote  the  other  one.  Let  K  denote  the  set  of  all  points 
[  A'  ]  such  that  one  sect  from  A'  contains  neither  A  nor  B  but  has  at  least  one 
point  in  common  with  OC .  For  every  point  P  of  A'  let  Kp  denote  that  sect 
from  P  which  contains  neither  A  nor  B  and  let  Kp  denote  the  other  sect 
from  P. 

The  points  of  OC  canf  be  arranged  in  a  well-ordered  sequence  j3 .  Let  Pi 
be  the  first  point  in  the  sequence  /S .  Let  P2  be  the  first  point  of  ^  which  lies 
in  A' /.J .  Let  P3  be  the  first  point  of  0  which  is  common  to  Kp^  and  Kp„ . 
Let  P4  be  the  first  point  of  /3  which  is  common  to  Kp,,  Kp,,  and  Kp^.  This 
process  may  be  continued.  It  follows  that  the  sequence  jS  contains  a  well- 
ordered  subsequence  a  such  that  if  T  is  a  subset  of  the  elements  of  a  there 
is  an  element  of  a  which  follows,  in  a,  all  the  elements  of  T  if,  and  only  if, 
there  exists  a  point  which  belongs  to  Kp  for  every  point  P  of  T  and,  if  there 
does  exist  such  a  point,  then  the  first  element  of  a  that  follows  all  the  elements 
of  T  is  the  first  element  of  j3  which  belongs  to  A'/>  for  every  point  P  oi  T . 
Suppose  that  A'  and  Y  are  distinct  points  of  a  and  that  Y  precedes  A'  in  a . 
Then  A'  is  in  Ky  and  therefore  is  not  in  A'j-  +  1'  and  hence  Ky  +  Y  must 

*  The  term  "  sect.,"  is  used  by  Halsted  with  a  somewhat  different  meaning.  Cf.  G.  B. 
Halsted,  Rational  Geometry,  Wiley  and  Sons,  New  York,  1904. 

t  The  Zermelo  Postulate  is  here  assumed.  Cf.  E.  Zermelo,  Beweiss,  dassjede  Menge  wohl- 
geordnel  scin  kann,  Mathematische  Annalen,  vol.  59  (1904),  pp.  514-516.  Con- 
cerning this  postulate  cf.  Philip  E.  B.  Jourdain,  Comptes  Rendus,  vol.  166  (1918), 
pp.  520-523  and  984-986. 
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lie  wholly  in  K^  or  wholly  in  A'^  (otherwise  Ky  +  Y  would  not  be^connected 
and  consequently  Ky  +  Y  +  Ky  would  not  be  connected).  But  Ky  contains 
A  and  K^  does  not.  Hence  A'y  +  i'  is  a  subset  of  A'^  •  Therefore  Kx  con- 
tains no  point  of  Ay  +  }'.  It  follows  that  A^  is  a  subset  of  Ay  But  of 
any  two  points  in  a  one  of  them  precedes  the  other  one  in  a.  Hence  if  .Y 
and  Y  are  two  points  of  a  either  A^  contains  Ay  or  Ay  contains  A^f . 

If  A'  and  1'  are  distinct  points  of  A  and  A^  contains  Ay  then  Ay  does  not 
contain  A;^ .  For  since  X  +  A.-,-  is  closed,  A'  7^  1'  and  7  is  a  limit  point  of 
Ay,  therefore  Y  is  in  A-p.  But  1'  is  not  in  Ay.  Hence  Ay  does  not  con- 
tain Kx  ■ 

If,  for  two  distinct  points  A'  and  Y  of  the  set  A ,  the  sect  A^  contains  the 
sect  Ay  then  A'  will  be  said  to  precede  7  in  A.  In  view  of  the  results  estab- 
lished above  it  is  clear  that  if  A'  and  Y  are  two  distinct  points  in  A  then  (1)  if 
X  precedes  1',  Y  does  not  precede  A',  (2)  if  A'  precedes  Y  and  Y  precedes  Z^ 
then  X  precedes  Z ,  (3)  if  X  and  Y  are  both  elements  of  a  then  either  X  pre- 
cedes Y  or  Y  precedes  A' . 

The  ray  OC  is  unbounded.  For  suppose  it  is  bounded.  Then  the  family 
of  all  sets  A^  +  A'  for  all  points  A'  of  a  is  a  family  of  closed,  bounded  point- 
sets  such  that  of  every  two  of  them  one  contains  the  other  one.  It  follows 
by  a  theorem  established  in  a  recent  paper*  that  there  exists  at  least  one  point 
W  which  belongs  to  A^  +  A'  for  every  point  A'  of  a .  Let  TFi  denote  the 
first  such  point  W  in  the  sequence  /3 .  Then  IFi  is  an  element  of  a  that  fol- 
lows all  the  elements  of  a .  Thus  the  supposition  that  OC  is  bounded  leads 
to  a  contradiction. 

Suppose  that  A'  and  1'  are  two  distinct  points  of  A  that  do  not  belong  to 
0  +  OC .  Since  the  connected  set  0  +  OC  contains  a  point  of  A^  but  does 
not  contain  A'  therefore  0  +  OC  is  a  subset  of  A'^;-.  Similarly  0  +  OC  is 
a  subset  of  Ay .  Thus  A;r  and  Ay  have  at  least  one  point  in  common.  Sup- 
pose now  that  K^  is  not  a  subset  of  Ky .  Then  since  A'  +  K^  is  connected 
and  contains  at  least  one  point  of  Ay,  A^  must  contain  Y .  Hence  A'  +  A_y 
does  not  contain  Y .  But  Ay  +  X  is  connected  and  contains  the  point  A  in 
common  with  Ay.  Hence  A'j^  +  A'  is  a  subset  of  Ay  and  therefore  Ay  +  1' 
is  a  subset  of  A^ .  Thus  it  is  proved  that  if  X  and  Y  are  two  distinct  points 
of  A  —  OC  —  0  then  either  A'  precedes  1'  or  Y  precedes  X . 

Let  H  denote  the  set  of  points  composed  of  A  together  with  the  set  of  all 
points  [  Y2  such  that  Y  belongs  to  A^  for  some  point  X  of  A . 

Since  M  is  connected  either  H  contains  a  limit  point  oi  M  —  H  or  M  —  H 
contains  a  limit  point  of  H .     Suppose  that  M  —  H  contains  a  point  Z  which 

*  R.  L.  Moore,  On  the  most  general  class  L  of  Frichet  in  xvhich  the  Heine-Borel-Lchesgxie- 
t     theorem  holds  true,  Proceedings  of  the  National  Academy  of  Sciences, 
vol.  5  (1919),  pp.  206-210.     Cf.  also  S.  Janiszewski,  loc.  cit. 
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is  a  limit  point  of  H .  Then  Z  is  the  sequential  limit  point  of  some  infinite 
sequence  of  distinct  points  Zi,  Z^,  Z^,  •  ■  ■  belonging  to  H .  It  follows  that 
there  exists  an  infinite  sequence  of  distinct  points  A'l ,  A'2 ,  A'3 ,  •  •  •  belonging 
to  K  —  0  —  OC  and  an  infinite  sequence  of  distinct  positive  integers  rii,  n^, 
iiz,  ■  ■  ■  such  that,  for  every  m,  (1)  Zn„  belongs  to  A'.y^  and  (2)  ATm+i  precedes 
Xm  in  K .  Let  K*  denote  the  point-set  A'l  +  A'2  +  A'3  +  ■  •  •  .  It  is  clear 
that  (1)  if  y  is  a  point  of  //  there  exists  a  positive  integer  m  such  that  Kx„ 
contains  Y ,  (2)  M  —  H  contains  every  limit  point  of  K*  .  Every  limit  point 
of  H  which  lies  in  M  —  H  is  a  limit  point  of  K* .  Suppose  M  —  H  contains 
two  points  D  and  E  which  are  limit  points  of  H .  Then  it  can  be  shown  that 
there  exist  in  K*  two  sequences  of  points  Di,  D2,  D3,  ■  •  •  and  Ei,  E2,  E^,  •  ■  • 
such  that  (1)  D  and  E  are  sequential  limit  points  oi  Di,  D2,  D3,  •  •  ■  and  of 
El,  Ei,  E3,  ■  ■  •  respectively,  (2)  for  every  i,  Et  is  preceded  by  Dt  and  Di  is 
preceded  by  £,+1  in  K .  There  exist  five  regions§  Ri,  R2,  R3,  Ri,  and  R^ 
such  that  (1)  Ri  contains  D  and  Ri  contains  E ,  (2)  R'^  is  a  subset  of  R2 ,  Rl  is 
a  subset  of  Ri  and  R'l  is  a  subset  of  R^ ,  (3)  R'^  and  R'2  have  no  point  in  com- 
mon. There  exists  a  positive  integer  n  such  that  for  every  positive  integer  m 
the  point  Dn+m  is  in  R^  and  the  point  En^rm  is  in  Ri .  It  is  clear  that  the 
intervals  E„+i  Z)„+i ,  E„+2  Dn+2 ,  -En+s  -Dn+s ,  •  ■  •  of  J'/  are  all  closed  connected 
subsets  of  A'  and  that  no  two  of  them  have  a  point  in  common.  For  every  m 
the  interval  En+m  Dn+m  contaifis  a  closed  connected  subset  t,n  that  contains 
at  least  one  point  on  the  boundary  of  Ri  and  at  least  one  point  on  the  boundary 
of  Ri  but  contains  no  point  without  Ri  or  within  Ri .  No  two  point-sets 
belonging  to  the  infinite  sequence  t\,t2,tz,  ■•■  have  a  point  in  common. j 
It  follows  that  there  exists  (1)  an  infinite  sequence  of  positive  integers  7?i,  rz2, 
iiz,  •  •  ■  such  that,  for  every  j ,  rij+i  >  rij  and  (2)  a  closed  connected  set  of 
points  t  and  a  sequence  of  closed  connected  point-sets  k„^,  k„^,  k„^,  ■  ■  ■  such 
that,  for  every  j ,  A:„^  is  a  subset  of  tn.  and  such  that  (a)  each  of  the  point- 

§  In  my  paper  On  the  foundations  of  plane  analysis  situs,  loe.  cit.  (this  paper  will  be  referred 
to  as  F.A.),  the  notion  point  is  undefined  and  region  is  also  undefined  except  in  so  far  as  it  is 
understood  that  every  region  is  some  sort  of  collection  of  points.  A  considerable  part  of  the 
present  argument  holds  good  not  only  for  a  euclidcan  space  of  two  dimensions  but  for  any 
space  satisfying  Axioms  1'  and  4  of  F.A.  The  whole  of  this  argument  holds  good  for  every 
space  satisfying  the  set  of  Axioms  2i  of  F.A.  Every  such  space  is,  however,  in  one  to  one 
continuous  correspondence  with  an  ordinary  euclidean  space  of  two  dimensions;  cf.  mj'  |)aper 
Concerning  a  set  of  postulates  for  plane  analysis  situs,  these  Transactions,  vol.  20  (1919), 
pp.  169-178.  If  one  desires  to  read  the  present  paper  without  special  reference  to  any  par- 
ticular system  of  axioms  he  may  think  of  the  word  region  as  applying  to  any  bounded  connected 
domain  in  a  euclidean  space  of  two  dimensions. 

t  Up  to  this  point  the  present  proof  holds  good  for  every  space  satisfying  Axioms  1'  and  4 
of  F.A.  It  therefore  holds  good  for  all  eucli<lcan  spaces  (of  however  many  dimensions)  as 
well  as  for  many  other  spaces  including  certain  spaces  that  are  neither  metrical,  descriptive, 
nor  separable  (cf.  F.A.,  p.  131).  If  the  statement  in  the  next  sentence  (which  can  be  easily 
estabUshed  for  euclidean  space  of  two  dimensions)  can  be  proved  to  hold  true  in  euclidean 
space  of  any  number  of  dimensions  then  the  present  proof  holds  good  for  any  such  space. 
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sets  t,  /,•„!,  /.•„,,  A„3,  •  •  •  is  a  subset  of  R[  —  Rt  but  contains  at  least  one  point 
on  the  boundary  of  Ri  and  at  least  one  point  on  the  boundary  of  Ri,  (b)  if 
Pni,  Pn,,  ■  •  •  is  a  sequence  of  points  such  that,  for  every  j,  P„^  belongs  to  k,,^ 
then  t  contains  every  limit  point  of  the  point-set  P„,  +  Pm  +  Pn,  +  •  •  •  , 
(c)  if  "i ,  ^2 ,  W3 ,  •  •  •  is  an  infinite  sequence  of  distinct  integers  belonging  to 
the  set  ill,  n-i,  113,  ■  ■  •  and  P  is  a  point  of  t  there  exists  an  infinite  sequence 
of  points  P,n,  P^j,  Prt3,  ■  ■  •  such  that,  for  every  j ,  Pa,  belongs  to  k\,  and 
such  that  P  is  the  sequential  limit  point  of  the  sequence  P^, ,  Psj ,  Pa, ,  •  •  •  ■ 
If  r  is  a  point  oi  t,  T  is  the  sequential  limit  point  of  some  sequence  of  points 
r„j,  r„j,  Tn,,  •■•  such  that,  for  every  j,  T„^  belongs  to  k„,.  Of  the  two 
sects  of  M  from  T  one  must  contain  an  infinite  subsequence  r„,.  ,  T„.  ,  T„-  , 

^  Jl  J2  J3 

•  ■  •  of  the  sequence  Tn^ ,  T^,  Tn,,  ■  •  •  .  For  every  positive  integer  m  the 
connected  point-set  /•„.  contains  Tn,  but  does  not  contain  T.  It  follows 
that  that  sect  from  T  which  contains  the  points  Tn    ,  T^.  ,  T„.  ,  ■  ■  ■  contains 

*  ^1  JlL  j3 

also  the  point-sets  k„.  ,  k„.^.  k„.  ,  •  •  •  .  But  every  point  of  t  is  a  limit  point 
of  kn  ■  +  A-„ .  +  •  •  •  .  Hence  that  sect  contains  every  point  of  t  —  T .  For 
every  point  T  of  t  let  Pj.  denote  that  sect  from  T  which  contains  t  —  T  and 
let  Rj.  denote  the  other  sect  from  T .  U  Ti  and  T2  are  two  distinct  points 
of  t,  Rti  contains  the  point  Ti  of  the  connected  point-set  Pj-n  +  T2  and  Ti 
does  not  belong  to  Rt^  +  T2.  It  follows  that  Rr^  is  a  subset  of  Pr,  •  Hence 
Pr,  and  Rt,  have  no  point  in  common.  Hence  there  do  not  exist  more  than 
two  points  A'  belonging  to  t  such  that  Rx  contains  .-1  or  P .  Let  /o  denote 
t ,  t  —  Xi,ov  t  —  { A'l  -|-  A'2 )  according  as  there  are  no  such  points  A'  or  there 
is  only  one  such  point  A'l  or  there  are  two  such  points  A'l  and  A'2 .  For  each 
point  T  of  to  the  sect  Pj.  is  unbounded  (cf.  above)  and  contains  a  point  (  T) 
in  P'l .  Hence  it  contains  at  least  one  point  P7.  on  the  boundary  of  P5 .  Con- 
sider the  set  L  of  all  Pj.'s  for  all  points  T  of  fa.  There, is  a  one  to  one  cor- 
respondence between  the  point-sets  L  and  to .  It  follows  that  L  is  uncountable. 
But  no  point  of  any  sect  Pj.  is  a  limit  point  of  M  —  Rj- .  Hence  no  point  of  L 
is  a  limit  point  of  L.  But  every  uncountable  set  of  points  a  contains  at 
least  one  point  which  is  a  limit  point  of  a .  Thus  the  supposition  that  M  —  H 
contains  more  than  one  limit  point  of  H  has  led  to  a  contradiction. 

It  is  clear  that  H  cannot  contain  more  than  one  limit  point  of  M  —  H . 
For  no  point  of  OC  is  a  limit  point  of  M  —  OC  and  if  A''  and  1'  are  two  points 
of  H  not  belonging  to  OC  there  exist  two  points  A'  and  Y  belonging  to  A'  such 
that  A'  -h  A' A-  contains  A'  and  Ky  +  Y  contains  Y .  But  either  A'x  contains 
Af  H-  y  or  Kf  contains  A.v  +  X .  In  the  first  case  Y  is  not  a  limit  point_of 
A'jf  and  therefore  is  not  a  limit  point  of  M  —  H  which  is  a  subset  of  A^-. 
In  the  second  case  A'  is  not  a  limit  point  of  M  —  H . 

It  follows  that  there  exists  one  and  only  one  point  0  which  belongs  to  one 
of  the  sets  H  and  M  —  H  and  is  a  limit  point  of  the  other  one. 
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Suppose  that  0  belongs  to  M  —  H .  Neither  of  the  sets  H  and  M  —  (H 
+  0)  contains  a  limit  point  of  the  other  one.  But  A'  is  connected  and  each 
sect  from  0  is  connected.  It  follows  that  A'  is  one  of  the  sects  of  M  from  0 . 
Thus  the  supposition  that  0  belongs  to  M  —  H  leads  to  a  contradiction. 
Hence  0  belongs  to  H .  Thus  for  every  point  P  of  M  such  that  one  sect 
from  P  contains  neither  A  nor  B  there  exists  a  point  Op  such  that  (1)  the 
sect  Op  P  contains  neither  .1  nor  B ,  (2)  the  sect  Op  P  is  not  a  subset  of  any 
other  sect  that  contains  neither  A  nor  B .  Let  //  denote  the  set  of  all  points 
P  of  the  segment  AB  such  that  one  sect  from  P  contains  neither  A  nor  B . 
Let  Ni  denote  the  set  of  all  points  Op  for  all  points  P  ot  H .  For  each  point 
A'  of  //  let  Mx  denote  that, sect  from  X  which  contains  neither  A  nor  B. 
Let  Ni  denote  the  set  of  all  those  points  of  M  that  belong  neither  to  Ni  nor 
to  any  Mx  for  any  point  A'  of  iVi .  Let  N  denote  the  set  Ni  -\-  N2.  Every 
point  of  Ni  will  be  called  an  improper  point  and  every  point  of  A'^2  will  be 
called  a  proper  point.  Either  A'o  contains  a  limit  point  of  //  or  //  contains  a 
limit  point  of  A'o .  Suppose  first  that  A'^2  contains  a  point  0  which  is  a  limit 
point  of  H .  Then  there  exists  a  sequence  of  distinct  points  A'l ,  A'2 ,  A'3 ,  •  •  • 
belonging  to  A^  and  a  sequence  of  points  Pi,  Pn,  Pi,  ■  •  ■  such  that  0  is  the 
sequential  limit  point  of  the  sequence  Pi,  Pi,  P3,  ■  ■  ■  and  such  that,  for 
every  n ,  P„  either  coincides  with  A'n  or  belongs  to  Mx„  ■  There  exist  about  0 
two  regions  Ri  and  K2  such  that  R'.,  is  a  subset  of  Ri .  There  exists  a  positive 
integer  ?!  such  that  the  points  Pn ,  Pn+i ,  Pn+2 ,  •  •  •  are  all  in  Ro .  But  each 
of  the  point-sets  P„  +  il/p„,  P„+i  +  il/p„,, ,  Pn+i -{- ^lp„,„,  •••  is  closed, 
connected,  and  unbounded.  It  follows  that  for  each  m,  Mp^^^  contains  a 
closed,  connected  subset  tm  which  contains  at  least  one  point  on  the  boundary 
of  i?i  and  at  least  one  point  on  the  boundary  of  R2  and  every  point  of  which 
is  either  on  the  boundary  of  Ri  or  of  Ri  or  in  the  domain  Ri  —  R'., .  No  two 
of  the  point-sets  fi,  <2,  ^3,  •  •  •  have  a  point  in  common.  That  this  leads  to  a 
contradiction  follows  by  an  argument  analogous  to  (or  identical  with)  that 
used  in  a  similar  connection  above. 

Suppose  secondly  that  //  contains  a  point  0  which  is  a  limit  point  of  N2 . 
Clearly  0  must  belong  to  A'l .  If  A'  is  a  point  of  As  distinct  from  A  and  from 
jB  and  Y  is  a  point  belonging  either  to  A^  or  to  A'^2 ,  A"  will  be  said  to  precede  Y 
or  to  follow  1'  according  as  1'  belongs  to  the  sect  XB  or  to  the  sect  XA  .  It 
may  be  easily  proved  that  there  exists  in  A''2  a  sequence  of  distinct  i)oints 
A'l ,  A'2 ,  A'3 ,  •  •  •  ,  all  distinct  from  .-1  and  from  B ,  such  that  0  is  a  sequential 
limit  point  of  this  sequence  and  such  that  either  (1)  for  every  n,  A'„  precedes 
0  and  A'„+i  or  (2)  for  every  n ,  A'„  follows  0  and  A'„+i .  Suppose  that,  for 
every  n  ,  A'„  precedes  0  and  A'n+i .  Each  of  the  intervals  A'l  A'2 ,  A'2  A'3 ,  •  •  • 
is  closed  and  connected,  no  two  of  them  contain  in  common  any  point  other 
than  a  common  endpoint  and  no  one  of  them  contains  the  point  0  .     That  0  is 
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the  only  limit  point  of  A'l  A'2  +  A'2  A'3  +  •  ■  •  that  does  not  belong  to  A'l  X2 
+  X2  A''3  +  •  •  •  may  be  proved  by  an  argument  similar  to  that  used  above 
in  the  proof  that  .1/  -  H  does  not  contain  more  than  one  limit  point  of  H . 
Now  sect 


OA  =  M  -  Mo  -  0  =  ( JAi*  +  A'l  A'o  +  Z2  X3  +•••)  +  (5  +  V) 


where  T'  is  the  point-set  M  —  (5  +  Mq  +  0  +  ^A'l  +  A'l  A'2  +  A'o  A'3 
+  A'7A'4  +  •  •  • )  ■  Neither  of  the  two  sets  (^A'l  +  A'l  A'2  +  A'2  A'3  +  •  •  • ) 
and  {B  +  V)  contains  a  limit  point  of  the  other  one.  Hence  the  sect  OA 
is  not  connected.  This  involves  a  contradiction.  Hence  it  is  not  true  that, 
for  every  n,  Xn  precedes  0  and  Xn+\-  In  an  entirely  similar  way  it  may  be 
proved  that  Z„  cannot  follow  0  and  Xn+i  for  every  n .  Thus  the  supposition 
that  H  contains  a  limit  point  of  N2  has  led  to  a  contradiction. 

It  follows  that  the  set  H  does  not  exist.  Hence  if  P  is  any  point  of  M 
—  {A  +  B) ,  M  —  P  is  the  sum  of  two  sects  of  which  one  contains  A  and 
the  other  contains  B.  It  follows  that  the  two  sects  PA  and  PB  have  no 
point  in  common  and  neither  of  them  contains  a  limit  point  of  the  other  one. 
Suppose  now  that  M  is  a  proper  subset  of  M  that  contains  both  A  and  B . 
Then  M  contains  a  point  P  that  does  not  belong  to  M .  ^et  Mi  denote  the 
set  of  all  points  common  to  M  and  the  sect  PA  and  let  if  2  denote_the  set_of 
all  points  common  to  M  and  the  sect  PB .  Neither  of  the_sets  Mi  and_il/2 
contains  a  limit  point  of  the  other  one.  But  M  =  Mi  +  Mi .  Hence  M  is 
not  connected.  Thus  M  contains  no  proper  connected  subset  that  contains 
both  A  and  B .  It  follows  that  M  satisfies  all  the  requirements  of  Lennes 
definition  of  an  arc  with  the  exception  of  the  requirement  that  it  should  be 
bounded.  That  it  also  satisfies  the  latter  requirement  follows  from  the 
theorem  of  Hallett  referred  to  above.  The  truth  of  Theorem  1  is  therefore 
established. 

Definition  2.t  If  A  and  B  are  two  distinct  points  a  simple  continuous  arc 
from  yl  to  B  is  a  closed,  connected,  and  bounded  point-set  containing  A  and  B 
which  is  disconnected  by  the  omission  of  any  one  of  its  points  which  is  distinct 
from  .4  and  from  B . 

Theorem  2.     hi  a  space  satisfying  Axiomst  1'  and  4  of  F.A.  every  jmint- 

*  The  notation  AB  will  be  used  to  denote  the  interval  AB  of  M . 

t  This  definition  is  closely  related  to  those  of  Janiszewsld  and  Sierpinski,  loe.  cit.  Janis- 
zewski's  definition  contains  an  unnecessary  requirement  concerning  connectedness  and  also 
the  requirement  that  the  point-set  M  should  be  an  "  irreducible  continu  from  A  to  B"  i.e., 
that  it  should  contain  no  proper  closed  and  connected  subset  containing  both  A  and  B .  He 
indicates  that  this  latter  condition  is  redundant  and  makes  reference  in  this  connection  to  a 
proof  of  another  theorem.  I  have  not  succeeded  however  in  seeing  that  the  argument  given 
there  proves  the  redundancy  in  question.  As  I  have  already  observed,  SierpLnski's  definition 
contains  a  certain  stipulation  concerning  A  and  B . 

t  Loc.  cit.,  pp.  163  and  132. 
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set  M  that  satisfies  the  requirements  of  Definition  2  satisfies  also  those  of  Lennes' 
definition. 

Proof.  Let  M  be  a  set  of  points  satisfying  the  requirements  of  Definition  2. 
Certain  portions  of  tlie  proof  of  Theorem  1  clearly  apply  here.  In  particular 
the  same  argument  that  was  used  there  applies  here  to  show  that  if  P  is  any 
point  of  M  distinct  from  A  and  from  B  and  M  —  P  is  the  sum  of  two  subsets 
neither  of  which  contains  a  limit  point  of  the  other  one  then  if  one  of  these 
subsets  contains  neither  A  nor  B  it  must  be  unbounded.  But  here  M  itself 
is  bounded.  Therefore,  for  every  point  P  of  M  —  {A  +  B) ,  M  —  P  is* 
the  sum  of  two  mutually  separatedf  point-sets  Ma  and  Mb  such  that  Ma  con- 
tains A  and  Mb  contains  B  .  It  follows^  that  M  contains  no  proper  connected 
subset  containing  both  A  and  B .  The  truth  of  Theorem  2  is  therefore 
established. 

Definition  3.  An  open  curve  is  a  closed  and  connected  point-set  which 
is  separated  into  two  connected  subsets  by  the  omission  of  any  one  of  its  points. 

If  P  is  a  point  of  an  open  curve  M  the  point-set  obtained  by  adding  P  to 
either  of  the  two  sects  into  which  M  is  separated  by  the  omission  of  P  is  called 
a  ray.  The  two  rays  of  M  so  determined  by  a  point  P  are  said  to  start  from  P . 
If  A  is  a  point  of  M  distinct  from  P  that  ray  of  M  which  starts  from  P  and 
contains  A  will  be  called  the  ray  PA  . 

Theorem  3.  In  euclidean  space  of  two  dimensions,  if  A  and  B  are  two 
points  of  the  open  curve  M  the  interval  AB  of  M  is  a  simple  continuous  arc 
from  A  to  5  .§ 

Proof.  It  is  clear  that  the  interval  AB  is  closed.  It  is  connected.  For 
suppose  it  is  not.  Then  it  is  the  sum  of  two  mutually  separated  point-sets. 
Let  Ma  denote  that  one  of  these  sets  which  contains  A  and  let  Ma  denote 
the  other  one.  Let  AC  denote  that  ray  from  A  which  does  not  contain  B 
and  let  BD  denote  that  ray  from  B  which  does  not  contain  A .  If  Ma  con- 
tains B  then  neither  of  the  complementary  sets  AC  +  Ma  and  Ma  +  BD 
contains  a  limit  point  of  the  other  one.  If  Ma  does  not  contain  B  then  neither 
of  the  complementary  sets  AC  -\-  BD  -|-  Ma  and  Ma  contains  a  limit  point 
of  the  other  one.  Thus  in  either  case  M  is  not  connected.  Thus  the  sup- 
position that  AB  is  not  connected  has  led  to  a  contradiction. 

*  Cf.  an  argument  given  by  Sierpinski,  loc.  cit.  pp.  137-140.  His  argument  assumes 
separability  while  the  proof  given  here  holds  good  in  every  space  satisfying  Axioms  1'  and  4. 
Such  spaces  are  of  course  not  necessarily  separable. 

t  Two  point-sets  are  said  to  be  tnutually  separated  if  neither  contains  a  point  or  a  limit 
point  of  the  other  one. 

t  See  latter  part  of  proof  of  Theorem  1. 

§  The  definition  of  an  open  curve  given  on  page  159  of  F.A.  is  (aside  from  phraseology) 
equivalent  to  Definition  3.  Theorem  49  is  however  not  fully  proved  in  F-.-V.  In  particular 
it  is  there  assumed  without  proof  that  t  contains  no  proper  connected  subset  that  contains 
both  A  and  B . 
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Suppose  that  0  is  any  point  of  the  interval  AB  distinct  from  A  and  from  B . 
It  will  be  shown  that  AB  —  0  is  the  sum  of  two  connected  point-sets  neither 
of  which  contains  a  limit  point  of  the  other  one.  .Suppose  that  one  of  the 
sects  of  M  from  0  contains  both  ^4  and  B .  Let  OX  denote  the  other  sect 
of  M  from  0 .  Let  N  denote  the  set  of  all  those  points  which  are  common 
to  the  sect  OA  and  the  interval  AB .  The  point-set  N  contains  A  and  B . 
Suppose  it  is  not  connected.  Then  it  is  the  sum  of  two  sets  neither  of  which 
contains  a  limit  point  of  the  other  one.  Let  A'^^  denote  that  one  of  these 
sets  which  contains  A  and  let  Nb  denote  the  other  one.  If  Na  contains  B 
then  the  sect  OA  is  the  sum  of  the  two  mutually  separated  sets  AC  -{-  BD 
+  Na  and  Nb  ■  If  Na  does  not  contain  B  then  the  sect  OA  is  the  sum  of 
the  two  mutually  separated  sets  AC  +  Na  and  BB  -\-  Nb-  In  either  case 
the  sect  OA  is  not  connected.  Thus  the  supposition  that  one  sect  of  M  from  0 
contains  both  A  and  B  leads  to  a  contradiction.  It  follows  that  the  sects 
0.1  and  OB  have  no  point  in  common.  Hence  neither  of  the  point-sets 
OA  —  0  and  OB  —  0  contains  a  point  or  a  limit  point  of  the  other  one. 
It  is  easy  to  see  that  these  point-sets  are  connected  and  that  their  sum  is 
AB  —  0 .  Thus  if  0  is  any  point  of  the  interval  AB  distinct  from  A  and  from 
B  then  AB  —  0  is  the  sum  of  two  connected  point-sets  neither  of  which 
contains  a  point  or  a  limit  point  of  the  other  one.  Thus  the  interval  AB 
satisfies  all  the  requirements  for  an  arc  as  given  in  Definition  L 

For  further  results  concerning  open  curves  see  F.A.,  loc.  cit.,  and  a  paper 
by  J.  R.  Kline.* 

Definition  4.  A  simple  closed  curve  is  a  closed,  connected,  and  bounded 
point-set  which  is  disconnected  by  the  omission  of  any  two  of  its  points. 

Theorem  4.  In  a  space  satisfyijig  Axioms  1'  and  4  of  F.A.,  a  set  of  points  M 
satisfying  the  requirements  of  Definition  4  is  the  sum  of  two  simple  continuous 
arcs  that  have  only  their  end  points  in  common. 

Proof.  Suppose  the  set  of  points  M  satisfies  the  requirements  of  Defini- 
tion 4.  Let  A  and  B  denote  two  distinct  points  of  M .  By  hypothesis  the 
set  M  —  {A  +  B)  is  the  sum  of  two  mutually  separated  point-sets  Mi  and  ilf  2 . 
I  will  show  that  Mi  +  A  +  B  and  M^  +  A  +  B  are  simple  continuous  arcs 
from  A  to  B .     That  Mi  -|-  ^  -1-  i^  is  closed  is  evident. 

It  is  also  connected.  For  suppose  it  is  not.  Then  it  is  the  sum  of  two 
closed,  mutually  exclusive  point-sets  N  and  A'.  If  N  should  contain  both 
A  and  B  then  M  would  be  the  sum  of  the  two  separated  sets  A'^  +  Mo  and  A' 
which  is  contrary  to  hypothesis.  Similarly  A  cannot  contain  both  A  and  B . 
It  follows  that  one  of  the  sets  A^  and  A  contains  A  and  the  other  contains  B . 
Suppose  7v  contains  A .    The  set  M2  +  A  +  B  must  be  connected.     For  if 

*  J.  R.  Kline,  The  converse  of  the  theorem  concerning  the  division  of  a  plane  by  an  open  curve, 
these  Transactions,  vol.  18  (1917),  pp.  177-184. 
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it  were  the  sum  of  two  mutually  separated  sets  N  and  K  where  K  contains 
both  A  and  B  then  M  would  be  the  sum  of  the  two  mutually  separated  sets 
A'  +  Ml  and  N ,  while  if  it  were  the  sum  of  two  mutually  separated  sets  N 
and  K  where  N  contains  B  and  K  contains  A  then  M  would  be  the  sum  of 
the  two  mutually  separated  sets  K  +  K  and  N  +  N .  The  set  A'  is  con- 
nected. For  otherwise  it  would  be  the  sum  of  two  mutually  separated  sets 
A'l  and  A2  (where  A'l  contains  A )  and  J/  would  be  the  sum  of  two  separated 
sets  Mo  +  A'l  +  N  and  A'2 .  Likewise  A^  is  connected.  Hence  A^  +  J/o  +  ,-1 
is  connected.     Either  K  or  N  contains  more  than  one  point. 

Case  I.  Suppose  that  A  contains  more  than  one  point  but  A'  contains 
only  the  point  B  and  that  the  set  Mo  +  ^  is  not  connected.  Then  Mo  +  ^4 
is  the  sum  of  two  mutually  separated  point-sets  Li  and  io  where  Lo  contains 
A ,  B  is  a.  limit  point  both  of  Li  and  of  Lo ,  the  set  M  —  B  is  the  sum  of  the 
two  mutually  separated  sets  Li  and  A2  +  A,  and  the  set  M  —  {A  +  B)  is 
the  sum  of  the  two  separated  sets  L2  —  A  and  A  —  A  +  Li.  That  this 
leads  to  a  contradiction  may  be  proved  by  an  argument  entirely  analogous  to 
that  employed  in  the  sub-case  of  Case  II  below  in  which  A'^  contains  more 
than  one  point.* 

Case  II.  Suppose  that  A  contains  more  than  one  point  and  that  either 
il/2  +  A  is  connected  or  N  contains  more  than  one  point.  In  the  first  case 
let  Yo  denote  the  point  B .  Otherwise  let  }'o  denote  some  definite  point  of  A'^ 
other  than  B .  In  either  case,  if  X  is  any  point  of  A  other  than  A ,  M  —  X 
—  Yo  is  the  sum  of  two  mutually  separated  sets  i/.vro  and  Mxyo  where  Mxr^ 
contains  Mo  +  A .  The  set  Mxy„  +  A'  +  I'o  is  the  sum  of  two  sets  Kx  and 
Ny^  where  Kx  is  a  subset  of  A  and  Ny^  is  a  subset  of  A'^ .  For  every  point  A' 
of  K  distinct  from  A  ,  the  set  Kx  is  connected.  For  otherwise  it  would  be  the 
sum  of  two  separated  sets  Kxi  and  A'^,  where  Ayi  contains  A'  and  in  this 
case  the  set  M  would  be  the  sum  of  two  mutually  separated  sets,  Kx2  and 
N  +  MxYo  +  Kx\ ,  which  is  contrary  to  hypothesis.  The  set  Mxr„  +  A' 
-f  I'o  +  AS„  is  connected.  For  if  it  were  the  sum  of  two  mutually  separated 
sets  L  and  T  where  L  contains  A'  then  M  would  be  the  sum  of  two  mutually 
separated  sets,  L  -\-  Kx  and  T ,  which  is  contrary  to  hypothesis.  Suppose 
that  A'l  and  A'2  are  two  points  of  A  and  that  A'2  is  in  Kxi  ■  If  A'l  were  in  A'^^, 
then  the  connected  point-set  il/,v2)„  +  A'2  +  Fo  +  iVro  would  contain  one 
point  A'2  of  A.vi  but  would  not  contain  the  point  A'l  and  therefore  would 
necessarily  be  a  subset  of  A,v,  and  therefore  of  A  which  is  not  the  case.  Hence 
A'l  is  not  in  A_y„  .  But  Kx.^  is  connected  and,  by  hypothesis,  contains  a  point 
A'2  in  A'a-,  .  Hence  Kx,  is  a  subset  of  A',\-, .  Su])i)ose  now  that  A'l  and  A'2 
are  two  points  in  A  and  that  A,v,  and  Kx^  have  a  point  in  common.  Then, 
unless  A'2  is  in  A'a-,,  A'aj  must  contain  the  whole  of  A,v, .     But  if  A'2  is  in 

*  In  the  proof  in  question  below  merely  replace  N  by  Li  and  Ma  by  Lj  —  A. 
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Kxi  then,  as  has  been  shown  above,  /v.v,  contains  the  whole  of  Kx,  •  We  thus 
have  the  result  that  if  Kx^  and  Kx.  have  a  point  in  common  then  one  of  them 
contains  the  other  one.  The  points  of  K  can  be  arranged  in  a  well-ordered 
sequence  /S .  Let  Pi  be  the  first  point  in  the  sequence  j3 .  Let  Pi  be  the  first 
point  of  /3  which  lies  in  A'^, .  Let  P3  be  the  first  point  of  jS  which  is  common 
to  Xp,  and  Kp„ .  Let  P3  be  the  first  point  of  jS  which  is  common  to  Kp^ ,  Kp„ , 
and  Kp^.  This  process  may  be  continued.  It  follows  that  the  sequence  /3 
contains  a  subsequence  a  such  that  if  T  is  a  subset  of  the  elements  of  a  there 
is  an  element  of  a  which  follows,  in  a,  all  the  elements  of  T  if,  and  only  if, 
there  exists  a  point  which  belongs  to  Kp  for  every  point  P  of  T  and,  if  there 
does  exist  such  a  point,  then  the  first  element  of  a  that  follows  all  the  elements 
of  T  is  the  first  point  of  jS  which  belongs  to  Kp  for  every  point  P  oi  T .  For 
every  two  distinct  points  A'  and  Y  of  the  sequence  a  either  Kx  contains  Ky 
or  Ky  contains  Kx  ■  jNIoreover  the  set  K  is  bounded.  It  follows*  that  there 
exists  a  point  P  which  belongs  to  every  A';^  for  every  point  A'  of  a.  It  is 
clear  that  there  is  only  one  such  point  P  and  that  Kp  consists  of  the  single 
point  P .  For  each  point  A'  of  a  the  set  M^Vo  +  A"  +  Yo  is  connected.  But 
every  point  of  M  —  P  belongs  to  il/.vi'o  +  A"  +  Yo  +  Ny„  for  some  point  A' 
of  a.  It  follows  that  both  Mpr„  +  Yo  and  M  —  P  are  connected.  If  Y  is 
any  point  of  Ny^  then  Mpy  +  P  +  Y  =  P  +  Ny.  By  an  argument  similar 
to  that  used  to  establish  the  existence  of  P  it  can  be  shown  that  there  exists 
in  iV  a  point  Q  such  that  Nq  =  Q.  The  set  M  —  (P  +  Q)  is  connected. 
Thus  the  supposition  that  Mi  +  A  +  B  is  not  connected  has  led  to  a  contra- 
diction.    Similarly  M2  +  ^  +  P  is  connected. 

Suppose  now  that  Pi  is  any  point  of  Mi .  Let  P2  denote  any  pdnt  of  M2 . 
The  set  M  —  ( Pi  +  P2 )  is  the  sum  of  two  mutually  separated  sets  Mi  and  Mo . 
Since  Mi^  Pi  +  Pi  and  Mo  +  Pi  +  P2  are  connected,  Pi  is  a  limit  point 
both  of  Ml  and  of  Mo .  It  follows  that  both  of  these  sets  contain  points 
of  Ml .  Let  iVi  denote  the  set  of  points  common  to  J/i  and  Mi  +  A  +  B 
and  let  No  denote  the  set  of  points  common  to  Mi  and  Mi  +  A  -\r  B .  The 
set  {Ml  -\-  A  -\-  B)  —  Pi  is  the  sum  of  the  two  mutually  separated  .sets 
Ni  and  No . 

It  has  now  been  shown  that  the  point-set  Mi  +  A  -\-  B  satisfies  all  the 
requirements  of  a  simple  continuous  arc  from  A  to  B  as  given  in  Definition  2. 
Similarly  il/2  -f-  ^1  H-  P  is  a  simple  continuous  arc  from  A  to  B .  Clearly 
these  two  arcs  have  only  A  and  B  in  common.  The  truth  of  Theorem  4  is 
therefore  established. 

*  See  my  paper,  On  the  most  general  class  L  of  Frichel  in  which  the  Heine-Borel-Lebesgue 
theorem  holds  true,  loc.  cit. 
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Definition.  If  the  point-set  M  is  a  proper  subset  of  the  point-set  N ,  the 
boundary  of  M  with  respect  to  N  is  the  set  of  all  points  [A']  such  that  A'  is 
either  a  point  or  a  limit  point  of  M  and  also  either  a  point  or  a  limit  point 
of  iV-  M. 

Theorem  5.  //  the  continuous*  i)oint-set  M  contains  no  continuous  set  of 
condensation^  then  every  two  points  of  M  are  the  extremities  of  a  simple  continuous 
arc  that  lies  wholly  in  M . 

Indication  of  proof.  By  an  argument  largely  similar  to  (but  not  entirely 
identical  with)  one  used  in  my  paper,  Concerning  continuous  sets  that  have  no 
continuous  sets  of  condensation, X  it  may  be  proved  that  M  is  "  connected 
in  kleinem."  By  an  argument  similar  to  that  used  in  my  paper,  A  theorem 
concerning  continuous  curves,^  it  may  be  proved  that  every  two  points  of  M 
are  the  extremities  of  a  simple  continuous  arc  lying  wholly  in  M . 

Theorem  6.  In  euclidean  space  of  two  dimensions  if  no  continuous  subset 
of  the  continuous  point-set  M  has  more  than  two  boundary  points  ivith  respect  to 
M  then  M  is  a  simple  continuous  arc,  a  simple  closed  curve,  a  simple  open  curve, 
or  a  ray  of  a  simple  opeii  curve. 

Proof.  The  set  M  contains  no  continuous  set  of  condensation.  Hence  by 
Theorem  5  every  two  points  of  M  are  the  extremities  of  at  least  one  simple 
continuous  arc  that  lies  wholly  in  M .  Let  G  denote  the  family  of  all  arcs 
which  lie  in  ill .  If  AB  is  an  arc  of  G  no  point  of  AB  distinct  from  A  and  from 
B  is  a  limit  point  of  M  —  AB .  For  if  there  should  exist  such  a  point  P  there 
would  exist  on  AB  two  points  A  and  B  in  the  order  AAPBB  on  AB  and  the 
interval  AB  would  be  a  continuous  subset  of  M  that  has  three  distinct  boundary 
points  with  respect  to  M ,  these  boundary  points  being  the  points  A  ,P,  and B . 

If  gi  and  172  are  two  arcs  of  G  with  a  common  point  then  the  point-set  gi  +  (72 
is  either  a  simple  continuous  arc  or  a  simple  closed  curve.  For  otherwise 
one  of  the  arcs  gi  and  g2  (call  it  g)  would  contain  a  point  P  which  is  not  an 
endpoint  of  g  but  which  is  a  limit  point  of  M  —  g . 

Let  A  and  B  denote  two  definite  distinct  points  of  M  and  let  AB  denote  a 
definite  arc  of  the  set  G  having  A  and  B  as  endpoints.  Let  A'^  {C  =  A ,  B) 
denote  the  set  of  all  points  A'  of  M  such  that  C  and  A'  are  the  extremities  of  a 
simple  continuous  arc  which  is  a  subset  of  M  but  which  contains  no  point 
except  C  in  common  with  AB .     An  arc  from  C  to  A'  satisfying  these  conditions 

*  A  set  of  points  is  said  to  be  conlinuous  if  it  is  closed  and  connected  and  contains  more 
than  one  point. 

t  The  continuous  set  of  points  A^  is  said  to  be  a  conlinuous  sd  of  condcnsalion  of  the  set  M 
if  iV  is  a  proper  subset  of  M  and  every  point  of  A'^  is  a  limit  point  of  N  —  M . 

JBulletin  of  the  American  Mathematical  Society,  vol.  25  (1919), 
pp.  174-176. 

§  Ibid.,  vol.  23  (1917),  pp.  233-236. 
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will  be  called  the  arc  CX .  If  neither  Ka  nor  7vb  exists  then  M  is  the  arc  AB . 
Suppose  that  A'.i  exists.  If  A'l  and  A'o  are  points  of  A'.i ,  A'l  is  said  to  precede 
A'2  if  ^A'l  is  a  subset  of  AX2 .  It  is  clear  that  of  any  two  distinct  points  of 
Ka  one  of  them  precedes  the  other  one._  The  set  Ka  +-A  +  B  is  closed. 
For  suppose  there  exist  two  points  0  and  0 ,  distinct  from  A  ,  which  are  limit 
points  of  A',1  but  which  do  not  belong  to  A'.i .  It  can  easily  be  proved  with  the 
help  of  Theorem  5  of  F.A.  that  there  exist  two  sets  of  points  Ai,  A2,  A3,  ■j_- 
and  Ai,  Ao,  A3,  •  •  •  belonging  to  A.^  such  that,  for  every  n,  An  precedes  A„ 
and  An  precedes  An+i  and  such  that  0  is  the  sequential  limit  point  of  -li ,  A-i , 
A3,  •  ■  •  while  0  is  the  sequential  limit  point  of  Ai ,  A2 ,  A3 ,  •  •  •  .  It  follows, 
by  an  argument  similar  to  that  used  in  establishing  the  existence  of  the  set  t 
in  the  proof  of  Theorem  1,  that  there  exists  a  continuous  set  of  points  A  con- 
taining 0  such  that  if  1'  is  a  point  of  A  then  every  region  about  }'  contains 
points  of  infinitely  many  of  the  arcs  Ai  A2 ,  Ai  ^3* ,  •  •  ■  •  For  no  value  of  n 
does  the  arc  An  An+i  contain  a  limit  point  of  the  point-set  composed  of  the 
arcs  An+i  An+3 ,  An+3  An+i ,  ■  ■  ■  Hence_7v  contains  no  point  of  any  of  the 
arcs  Ai  Ai ,  A2  A3 ,  •  ■  ■  .  It  follows  that  A  is  a  continuous  set  of  condensation 
of  M .  But  it  was  shown  above  that  M  contains  no  continuous  set  of  con- 
densation. Thus  the  supposition  that  there  exist  two  limit  points  of  Ka  +  A 
that  do  not  belong  to  A,^  +  A  has  led  to  a  contradiction.  It  follows  that  either 
Ka  +  a  +  B  is  closed  or  there  exists  one  and  only  one  point  P ,  distinct 
from  B  ,  which  does  not  belong  to  A^  but  is  a  limit  point  of  A^  .  In  the  latter 
case  P  is  a  sequential  limit  point  of  a  sequence  of  points  Pi,  P^,  P3,  •  •  • 
belonging  to  Ka  such  that,  for  every  n,  P„  precedes  P„+i  and  the  point-set 
P  +  Ai  P  +  Pi  P2  +  P2  Pat  +  ■  •  •  is  a  simple  continuous  arc  from  ^  to  P . 
It  follows  that  P  either  coincides  with  B  or  belongs  to  7v,i .  But  this  is  con- 
trary to  supposition.     Hence  the  set  Ka  +  A  +  B  is  closed. 

There  are  several  cases  to  be  considered. 

Case  I.  Suppose  that  A^  +  A  is  unbounded  and  that  Kb  does  not  exist. 
The  set  Ka  +  A  contains  a  countably  infinite  set  of  distinct  points^ .4 1,  A2, 
A3,  •  ■  ■  such  that  Ai  +  A2  +  A3  +  •  ■  •  has  no  limit  point.  Let  J2  be  the 
first  point  of  this  sequence  that  follows  .1 1,  A3  the  first  one  that  follows  A^ ,  etc. 
There  results  an  infinite  sequence  Ai,  A2,  A3,_-  ■  ■  of  points  belonging  to  the 
set  Ai,  A2,  A3,  ■  •  •  such  that,  for  every  n.  An  precedes  An+i.  For  each  n 
there  exists  a  region  P„+i  containing  An+i  but  containing  no  point  of  M  that 
does  not  belong  to  the  interval  An  An+i  of  il/_.  R  can  be  shown  that  there 
exists  a  countable  set  of  distinct  points  Bi,  B2,  B3,  ■  •  •  (where  Bi  =  B) , 
with  no  limit  point,  and  a  set  of  arcs  B1B2,  B2B3,  B3  Bi,  •  ■  ■  such  that 


\ 


*  Here,  for  every  n,  AnA„+i  denotes  the  interval  of  the  arc  AA„  whose  endpoints  are 
An  and  A„+i. 

t  Here,  for  every  n ,  P„  P„+i  denotes  the  interval  of  AP„+i  whose  endpoints  are  P„  and  P„+i . 
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(1)  for  every  n,  B„+i  is  in  Rn+i,  (2)  the  set  M  +  Bi  Bi  +  B2  B3  +  •  •  •  is  an 
open  continuous  curve.     The  set  M  is  a  ray  of  this  curve. 

Case  II.  Suppose  that  Ka  is  unbounded  and  that  Kb  exists  but  is  bounded. 
Then  /v.4  and  Kb  can  have  no  point  in  common  and  the  set  Kb  cannot  contain 
more  than  one  last  point.  If  P  is  a  point  of  Kb  which  is  not  a  last  point  then 
Kb  +  B  —  P  is  not  connected.  Thus  the  set  Kb  +  i^  is  a  simple  continuous 
arc  (see  Definition  2).  That  {Kb  +  B)  +  Ka  is  a  ray  follows  by  an  argument 
similar  to  that  employed  in  Case  I. 

Case  III.  Suppose  Ka  and  A'^  are  both  unbounded.  In  this  case  the 
closed  sets  Ka  and  Kb  have  no  point  in  common  and  the  set  Kb  +  AB  +  Ka 
is  evidently  an  open  curve. 

Case  IV.  Suppose  Ka  is  bounded  and  that  Kb  either  is  bounded  or  does 
not  exist  and  that  A'^  and  As  have  no  point  in  common.  In  this  case  AI  is 
clearly  a  simple  continuous  arc. 

Case  V.  Suppose  that  Ka  is  bounded  and  that  As  and  A^  have  at  least 
one  point  in  common.  It  is  clear  that  in  this  case  Ka  +  5  is  a  simple  con- 
tinuous arc  from  A  to  B  and  that  Mis  a  simple  closed  curve. 

If  the  term  simple  continuous  curve  is  applied  only  to  point-sets  which 
are  either  arcs,  closed  curves,  open  curves,  or  rays  then  it  is  clear  in  view  of 
the  above  results  that  these  point-sets  may  be  defined  as  follows. 

Definition  5.  K'^lmple  continuous  curve*  is  a  continuous  point-set  M  no 
continuous  subset  of  which  has  more  than  two  boundary  points  with  respect 
to  M. 

Definition  6.  A  simple  closed  curve  is  a  continuous  point-set  M  every 
proper  continuous  subset  of  which  has  just  two  boundary  points  with  respect 
to  M. 

Definition  7.  A  simple  continuous  open  curve  is  a  continuoirs  point-set  M 
every  bounded  continuous  subset  of  which  has  just  two  boundary  points  with 
respect  to  M . 

Definition  8.  A  simple  confimious  arc  is  a  continuous  curve  M  contain- 
ing a  point  A  such  that  every  continuous  proper  subset  of  M  that  contains  A 
has  just  one  boundary  point  with  respect  to  M . 

Definition  9.  A  ray  is  a  continuous  curve  M  containing  a  point  A  such 
that  every  bounded  continuous  subset  of  M  that  contain^  A  has  just  one 
boundary  point  with  respect  to  M . 

*  The  term  cototinuous  curve  is  ordinarily  not  applied  to  sets  that  are  not  bounded.  Thus, 
according  to  the  ordinary  terminology,  a  straight  line  is  not  a  continuous  curve.  I  suggest 
that  the  term  continuous  curve  be  applied  to  every  closed  point-set  which  is  connected  "  in 
klcinem  "  (in  the  sense  of  H.  Hahn)  whether  it  be  bounded  or  unbounded.  If  this  term" 
inology  is  adopted  what  is  now  ordinarily  called  a  continuous  curve  may  be  characterized  as  a 
bounded  conlinicous  curve. 
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CONCERNING  CERTAIN  EQUICONTINUOUS  SYSTEMS  OF  CURVES' 


ROBERT  L.  MOORE 


In  order  that  a  system  G  of  open  curves  lying  in  a  given  plane  S  should  be 
equivalent,  from  the  standpoint  of  analysis  situs,  f  to  a  complete  f  system  of 
parallel  lines  in  S  it  is  not  sufficient  that  through  each  point  of  S  there  should 
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Fig.  2. 


pass  one  and  only  one  curve  of  the  system  G .  Consider  the  examples  indi- 
cated in  Figs.  1  and  2.  J  In  each  of  these  examples  through  each  point  of  the 
plane  there  is  one  and  onlj'  one  cur\e  of  the  system  in  question  but  the  system 

*  Cf.  papers  presented  to  the  Society,  April  28  and  October  27,  1917. 

t  A  complete  system  of  parallel  lines  in  a  plane  S  is  the  set  of  all  hnes  in  S  parallel  to  a  given 
line.  A  system  G  of  open  curves  is  said  to  be  equivalent,  from  the  standpoint  of  analysis  situs, 
to  such  a  system  of  lines  L  if  there  is  a  one  to  one  continuous  transformation  of  S  into  itself 
which  carries  G  into  L  . 

t  In  the  case  roughly  indicated  by  Fig.  1,  AoBo  and  AB  are  two  parallel  lines  at  a  distance 
apart  equal  to  1 .  These  lines  both  belong  to  the  system  G  and  so  does  ever)'  line  wliich  is 
parallel  to  them  but  which  does  not  he  between  them.  For  each  positive  integer  n,  g„  is  an 
open  curve  belonging  to  G  such  that  (1)  there  is  an  interval  of  g„  that  contains  a  point  of  Bo  B 
but  has  its  endpoints  on  An  A  ,  (2)  every  point  of  g„  is  at  a  distance  of  less  than  1/n  from  the 
line  All  Bo.  Of  course,  as  is  indicated  in  Fig.  1  for  the  case  n  =  1,  there  does  not  exist,  on 
every  curve  of  G  that  hes  between  Qn  and  ff„+i ,  an  interval  that  contains  a  point  of  Bo  B  and 
has  its  endpoints  m\  An  A  . 

In  the  example  indicated  in  Fig.  2,  the  open  curves  h,  k  and  I  belong  to  C  To  obtain 
the  curves  of  G  which  lie  in  domain  I,  II  or  III  construct  through  each  point  of  that  domain 
an  open  curve  parallel  and  congruent  io  h,  k  or  I  respectively.  Each  curve  of  G  that  lies  in 
the  domain  bounded  by  h ,  k  and  I  lies  as  is  roughly  suggested  in  the  figure. 

41 
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is  not  in  one  to  one  continuous  correspondence  with  a  complete  system  of 
parallel  lines.  Let  6'i  and  Gi  be  the  system  of  curves  represented  in  Figs. 
1  and  2  respectively.  The  system  d  is  not  equicontinuous.*  That  is  to  say 
it  is  not  true  that  for  every  positive  number  €  there  exists  a  positive  number  6, 
such  that  if  Pi  and  P-i  are  points  on  some  curve  gi  of  G  at  a  distance  apart 
less  than  5^  then  that  arc  of  g  which  has  Pi  and  Po  as  its  endpoints  lies  wholly 
within  some  circle  of  radius  e .  The  system  G'2  is  equicontinuous  but  fails  to 
be  what  I  will  call  inversely  equicontinuous. 

Definition  1.  A  system  of  curves  G  is  equicontinuoiis  %oith  respect  to  a 
given  point-set  M  if  for  every  positive  number  e  there  exists  a  positive  number 
S}tt  such  that  if  Pi  and  P2  are  two  points  of  M  at  a  distance  apart  less  than  8^^ 
and  lying  on  a  curve  g  of  the  system  G  then  that  arc  of  g  which  has  Pi  and  P2 
as  endpoints  lies  wholly  within  some  circle  of  radius  e . 

Definition  2.  A  system  of  curves  G  is  inversely  equicontinuous  icith 
respect  to  a  point-set  M  if  for  every  positive  number  e  there  exists  a  positive 
number  6j/j  such  that  if  Pi  and  P2  are  two  points  of  M  at  a  distance  apart 
less  than  e  and  lying  on  a  curve  g  of  the  system  G  then  that  interval  of  g  which 
has  Pi  and  P2  as  endpoints  lies  wholly  within  a  circle  of  radius  5.,/^ . 

I  will  show  that  if  G  is  a  system  of  open  curves  lying  in  S  such  that  through 
each  point  of  S  there  is  just  one  curve  of  G,  then  in  order  that  the  system  G 
should  be  equivalent,  from  the  standpoint  of  analysis  situs,  to  a  complete 
system  of  parallel  straight  lines  it  is  necessary  and  sufficient  that  it  should 
be  both  equicontinuous  and  inversely  equicontinuous  with  respect  to  every 
bounded  set  of  points.  Additional  theorems  of  a  related  nature  will  also  be 
established. 

Theorem  1.  Suppose  that,  in  a  given  plane  S ,  ABCD  is  a  rectangle  and  G 
is  a  set  of  arcs  such  that  (1)  through  each  point  of  the  point-set  R,  composed  of 
ABCD  and  its  interior  R,  there  is  just  one  arc  of  G ,  (2)  BC  and  AD  are  arcs 
of  G ,  (3)  every  arc  of  G  {with  the  exception  of  BC  and  AD)  lies  entirely  within 
ABCD  except  that  its  endpoints  are  on  AB  and  CD  respectively,  (4)  the  set  of 
arcs  G  is  equicontinuous. 

Then  there  is  a  one  to  one  continuous  transformation  of  the  plane  S  into  itself 
which  transforms  the  rectangle  ABCD  into  a  rectangle  A'  B'  C  D'  and  trans- 
forms the  set  of  arcs  G  into  the  set  of  all  straight  line  intervals  tvhich  are  parallel 
to  A'  D'  and  lie  between  A'  D'  and  B'  C  {except  that  one  of  them  coincides  with 
A'  D'  and  another  with  B'  C")  and  are  terminated  by  A'  B'  and  C  D' . 

The  truth  of  this  theorem  will  be  established  with  the  help  of  a  lemma. 
This  lemma  will  be  proved  first. 

Definition  3.     A  connected  domain  K  is  said  to  be  a  siinple  domain  icith 

*  Cf .  G.  Aseoli,  Sulle  curve  limiti  di  una  varieta  data  di  curve,  Memorie  della  Reale 
A  c  c  a  d  e  m  i  a  d  e  i   L  i  n  c  e  i ,   vol.  IS  (1884),  pp.  521-586. 
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respect  to  a  set  of  arcs  G  satisfying  the  conditions  stated  in  the  hypothesis  of 
Theorem  1  if  (1)  every  point  of  K  is  within  ABCD ,  (2)  K  contains  the  whole 
of  every  6'-interval*  whose  endpoints  are  in  A',  (3)  there  exist  two  6'-arcs 
^1  and  go  such  that  (a)  gi  Hes  above  gi ,  every  point  of  K  is  between  j/i  and  go 
and  both  gi  and  ^2  have  points  in  common  with  the  boundary  of  K ,  (6)  the 
set  of  all  those  points  that  the  boundary  of  A'  has  in  common  with  gr,  is  an 
interval  <j  of  (/;  ( t  =  1 ,  2) ,  (c)  no  point  of  ti  or  of  ^2  is  a  limit  point  of  a 
point-set  which  lies  between  gi  and  g2  and  contains  no  point  of  K.  The 
interval  ti  minus  its  endpoints  will  be  called  the  upper  base,  and  the  interval 
to  minus  its  endpoints  will  be  called  the  lower  base,  of  the  domain  A. 

Lexhia  1 .  If  G  is  a  set  of  arcs  satisfying  the  conditions  stated  in  the  hypothesis 
of  Theorem  1  and  K  is  a  simple  domain  with  respect  to  G ,  then  any  point  on  the 
upper  base  of  K  can  he  joined  to  any  point  on  its  lower  base  by  a  simple  con- 
tinuous arc  that  lies  wholly  in  K  and  does  not  have  more  than  one  point  in  common 
with  any  arc  of  the  set  G . 

Proof.  If  P  is  a  point  of  R  and  e  is  a  positive  number  let  Rp,  denote  the 
set  of  all  points  X  such  that  A'  lies  on  a  G-interval  whose  endpoints  are  both 
within  a  circle  of  radius  e  with  center  at  P .  If  for  a  given  point  P  and  a  given 
pair  of  positive  numbers  e  and  e,  such  that  e  =  e,  the  point-set  Rp^,  has 
points  between  two  distinct  G'-arcs  gi  and  g^  and  also  has  points  on  gi  and 
points  on  g-i ,  the  set  of  all  those  points  of  Rp^  that  lie  between  gi  and  g-i  will 
be  called  an  elemental  region  of  rank  e  .f  It  may  be  easily  proved  that  if  e  is  a 
positive  number  each  point  of  A  is  in  some  elemental  region  of  rank  e  which  lies 
together  with  its  boundary  wholly  in  the  point-set  A*  composed  of  7v  and  its 
two  bases.  Such  an  elemental  region  will  be  called  a  A-element  of  rank  e .  If 
E  and  F  are  two  points  of  A*  and  E  is  above  F ,  a  chain  of  K-elements  from  E  to 
F  or  from  F  to  E  or  joining  E  to  F  or  F  to  E  is  a  finite  set  of  A-elements  A'l ,  A2 , 
A3 ,  •  •  •  ,  K„  such  that  (1)  E  belongs  to  the  upper  base  of  Ki  and  F  belongs  to 
the  lower  base  of  A„ ,  (2)  for  each  i  ( 1  ^  i  ^  n)  the  lower  base  of  A,  and  the 
upper  base  of  A,+i  lie  on  the  same  arc  of  the  set  G  and  have  points  in  common 
and  the  set  of  all  their  common  points  is  a  segment  ti.  The  point-set 
A'l  +  A2  -|-  A3  +  •  •  •  +  Kn  +  ti  +  t2  +  tz  +  ■  ■  ■  +  tn-i  is  a  simple  domain. 
It  will  be  called  the  domain  associated  with  the  chain  A'l ,  A2 ,  ■  ■  ■  ,  K„. 
Suppose  that  £  is  a  point  on  the  upper  base  of  A" ,  P  is  a  point  on  its  lower 
base  and  e  is  a  positive  number.  I  \vill  show  that  E  can  be  joined  to  F  by  a 
chain  of  A-elements  of  rank  € .     Let  A  denote  the  set  of  all  those  points  of  A 

*  If  G  is  a  set  of  arcs  or  curves  a  G-arc  or  a  G-curve  is  an  arc  or  a  curve  of  the  set  G .     A 

G-inlercal  is  an  interval  (and  a  G-segment  is  a  segment)  of  such  an  arc  or  curve.     If  G  is  a  set 

satisfjing  the  conditions  stated  in  tlie  hj-pothcsis  of  Theoreni_l,  the  G-arc  j/i  is  said  to  be  above 

,  the  G-arc  172  if  it  hes  between  32  and  BC^    If  P  is  a  point  of  R,  Qp  denotes  that  arc  of  G  which 

contains  P .     If  /'i  and  Pi  are  points  of  K ,  Pi  wUl  be  said  to  lie  above  Pi  in  case  Qp^  is  above  Qp^ . 

t  According  to  this  definition  if  «i  <  «2  every  elemental  region  of  rank  €1  is  also  of  rank  a . 
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that  lie  on  arcs  of  G  below  the  arc  Qe  and  that  can  be  joined  to  E  by  chains 
of  A'-elements  of  rank  e .  There  exists  a  /v-element  of  rank  e  whose  upper 
base  contains  the  point  E  and  every  such  /^'-element  contains_points  in  com- 
mon with  some  gi-arc  lying  below  gs .     It  follows  that  the  set  K_  exists. 

Suppose  that  WZ  is  an  arc  of  G  that  contains  a  point  of  A' .  The  set  of 
points  common  to  WZ  and  K  is  a  segment  W  Z' .  Every  point  of  W  Z' 
must  belong  to  A'.  For  suppose  this  is  not  the  case.  Then  the  segment 
W  Z'  is  the  sum  of  two  mutually  exclusive  point-sets  Si  and  S2  such  that  Si 
is  a  subset  of  A  but  no  point  of  S2  belongs  to  K.  There  exists  a  point  P 
which  either  belongs  to  Si  and  is  a  limit  point  of  So  or  belongs  to  S2  and  is  a 
limit  point  of  Si .  In  the  first  case  there  is  a  chain  a2  of  A'-elements  of  rank  e 
from  E  to  P .  The  lower  base  of  the  last  element  of  this  chain  is  a  segment  of 
W  Z'  containing  P .  Since  P  is  a  limit  point  of  S2  this  segment  must  contain 
at  least  one  point  P2  of  So .  Thus  0:2  is  a  chain  of  A-elements  of  rank  e  from 
E  to  Pi.  Thus  the  supposition  that  Si  contains  a  limit  point  of  S2  leads  to  a 
contradiction.  Suppose  now  that  S2  contains  a  point  P  which  is  a  limit 
point  of  Si .     There  exists  (Fig.  3)  a  A-element  e  of  rank  e  whose  lower  base 
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Wo  Zi  is  a  segment  of  W'  Z'  containing  P .  Since  P  is  a  limit  point  of  Si 
there  exists  on  the  segment  W2  Zo  a  point  Pi  belonging  to  Si .  There  exists  a 
chain  ei,  eo,  Cs,  •  •  •  ,  e„  of  A-elements  of  rank  e  from  E  to  P\.  The  lower 
base  of  the  last  element  e„  of  this  chain  is  a  segment  Wi  Zi  containin£  Pi . 
There  exist  a  G'-arc  g  and  two  segments  Tl'i  Zi  and  W<i  Zo  such  that  (1)  Wy  Z\ 
is  the  set  of  all  points  common  to  e„  and  g ,  (2)  W2  Zi  is  the  set  of  all  points 
common  to  c  and  g ,  (.3)  Wi  Zi  and  Wo  Zo  have  a  segment  in  common.  Let  e„ 
denote  that  part  of  e„  which  lies  between  g  and  the  arc  of  G  that  contains  the 
upper  base  of  e„ .  Let  e„+i  denote  that  part  of  e  which  lies  between  g  and  W^Z^ . 
The  set  of  elements  ei ,  Ca ,  63 ,  •  •  •  ,  c„_i ,  e„ ,  e„+i  is  a  chain  of  A-elements  of 
rank  e  from  E  to  P .  It  is  thus  established  that  if  one  point  of  W'  Z'  belongs 
to  A  then  so  does  every  other  point  of  W'  Z' .  It  has  been  shown  that  if  a 
G-arc  above  gp  contains  a  point  of  A  then  so  must  some  lower  arc  of  G .  It 
follows  that  if  F  does  not  belong  to  A  there  exists  an  arc  XY  which  is  the 
uppermost  arc  of  G  that  contains  no  point  of  A .  Let  P  denote  a  point  of  K 
on  the  arc  XY .  There  exists  a  A-element  e  of  rank  e  whose  lower  base  con- 
tains P.     The  set  G  contains  an  arc  g  that  intersects  e  in  a  segment  MN. 
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Let  P  denote  a  point  of  MN .  There  exists  a  chain  of  X-elements  of  rank  e 
from  E  to  P .  If  to  this  chain  of  elements  there  is  added  that  portion  of  the 
A'-element  e  which  lies  between  g  and  A'l'  there  is  obtained  a  chain  of  K- 
elements  of  rank  e  from  E  to  P .  Thus  the  supposition  that  E  can  not  be 
joined  to  F  by  a  chain  of  iv-elements  of  rank  e  leads  to  a  contradiction.  It 
follows  that  there  exists  a  simple  chain  en ,  en,  Cu,  •  •  •  ,  Ein  of  7v-elements 
of  rank  1  from  E  to  F .  Let  A' i  denote  the  domain  associated  with  this  chain. 
There  exists  a  simple  chain  of  A'l-elements  of  rank  1  from  E  to  F .  This 
process  may  be  continued.  It  follows  that  there  exists  a  sequence  of  simple 
chains  Ci,  Co,  Ci,  ■  ■  ■  from  E  to  F  such  that  if,  for  each  ?i ,  7v„  denotes  the 
domain  associated  with  C„  then  (1)  every  link  of  C„+i  is  a  A„-element  of  rank 
1/n,  (2)  A',+1  is  a  subset  of  the  point-set  composed  of  Kn  plus  its  bases.  Let  t 
denote  the  set  of  all  points  [  A'  ]  such  that  A'  belongs  to  every  7v„  .  With  the 
aid  of  the  fact  that  the  set  G  is  equicon- 
tinuous,  it  can  be  proved*  that  <  is  a 
simple  continuous  arc  from  E  to  F  and 
that  it  does  not  have  more  than  one 
point  in  common  with  any  given  arc  of 
the  set  G.  The  truth  of  Lemma  1  is 
thus  established. 

Proof  of  Theorem  I.  If  A'  is  a  point 
of  AB  and  A'l'  is  that  arc  of  G  which 
has  X  as  one  of  its  endpoints,  it  may 
be  easily  proved  with  the  aid  of  the 
Heine-Borel  Theorem  that  there  exists 
on  XY  a  finite  set  of  points  ^Ii,   A2, 

A3,  ■  ■  ■  ,  A„  in  the  order  XAi  Ao  A3  A.i  ■  ■  ■  An-i  An  Y  such  that  each  of  the 
intervals  XAi,  A1A2,  ■  ■  ■  ,  Ar^iA„,  An  Y  of  the  arc  XY  lies  wholly  within 
some  circle  of  radius  1 .  Let  Ci ,  C2 ,  C3 ,  ■  ■  •  ,  C„  denote  71  points  in  the  order 
BCi  C2  C's  •  •  ■  Cn-i  Cn  C  on  the  arc  BC  and  let  Di,  D2,  D3,  ■  •  •  ,  Z)„  denote 
71  points  in  the  order  ADi  Do  •  •  •  7)„_i  D„  D' on  the  arc  AD.,  With  the  use 
of  Lemma  1  it  is  easily  established  that  there  exist  (Fig.  4)  two  sets  of  arcs 
AiCi,  A2C2,  A3C3,  ••■ ,  AnCn  and  AiDx,  A2D2,  A3D3,  ••  ,  An  Dn  such 
that  no  arc  of  either  set  has  a  point  in  common  with  any  other  arc  of  that 
set  and  such  that,  for  every  n,  (1)  An  Cn  lies  except  for  its  endpoints  entirely 
within  ABCD  and  between  AT  and  BC ,  (2)  An  Dn  lies,  except  for  its  end- 
points,  entirely  within  ABCD  and  between  XY  and  AD,  (3)  neither  An  Cn 
nor  An  Dn  has  more  than  one  point  in  common  with  any  one  arc  of  the  set  G . 
It  is  easy  to  show  that  there  exist  two  points  A''  and  A'  in  the  order  AX'  XXB 

*  Cf.  the  proof  of  Theorem  15  of  my  paper  On  the  foundations  of  plane  analysis  sittis,  these 
Transactions,  vol.  17  (1916),  pp.  136-139. 
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and  two  arcs  A''  }''  and  X  Y  belonging  to  G  such  that  if  for  every  i  ( 1  g  i  ^  n ) 
A\  is  the  point  in  which  A''  Y'  intersects  Ai  Z),  and  Ai  is  the  point  in  which 
XY  intersects  Ai  d  then  the  closed  curve  bounded  by  the  intervals  AlAi, 
Ai_Ai,  AiAi+r,  Ai+-i.Ai+i,  Ai+iA'i+i  and  A'l+iA'i  of  the  arcs^iD,-,  AiCi, 
XY ,  Ai+i  Ci+i,  Ai+iDj+i  and  X'  Y'  respectively  (Fig.  4)  lies  entirely  within 
some  circle  of  radius  1 .  For  each  point  A'  of  AB  make  a  similar  construction 
and  apply  the  Heine-Borel  Theorem  to  the  set  of  segments  [  A''  A'  ] .  If  certain 
arcs  are  properly  continued  there  will  result  a  double  ruling*  Ti  of  A  BCD 
such  that  (1)  the  arcs  of  one  of  its  single  rulings  are  arcs  of  G  and  each  arc 
of  its  other  single  ruling  has  its  endpoints  on  BC  and  AD  respectively  and 
has  just  one  point  in  common  with  each  arc  of  the  set  G ,  (2)  each  of  the  sub- 
divisions into  which  Ti  divides  ABCD  lies  within  some  circle  of  radius  1 . 
In  a  similar  way  each  subdivision  a  of  this  set  can  itself  be  subdivided  by  a 
double  ruling  Ti^  such  that  (1)  each  arc  of  one  of  its  single  rulings  is  an  interval 
of  an  arc  of  G ,  (2)  each  arc  of  its  other  single  ruling  has  its  endpoints  on  the 
arcs  which  form  respectively  the  upper  and  the  lower  base  of  a  and  no  arc 
of  this  ruling  has  more  than  one  point  in  common  with  any  arc  of  G ,  (3)  each 
of  the  subdivisions  into  which  T^  divides  a  is  within  a  circle  of  radius  1/2. 
It  follows  that  there  exists  a  double  ruling  To  satisfying  the  Conditions  (1) 
and  (2)  stated  above  as  being  satisfied  by  Ti  and  also  satisfying  the  additional 
condition  that  each  of  its  subdivisions  is  within  some  circle  of  radius  1/2, 
for  every  a  each  arc  of  T^  being  an  interval  of  an  arc  of  one  or  the  other 
of  the  rulings  of  To .  This  may  be  continued.  It  follows  that  there  exists 
an  infinite  sequence  of  double  rulings  Ti,  Ti,  T^,  •  ■  •  such  that  for  every  n , 
(1)  Tn  satisfies  the  conditions  (1)  and  (2)  stated  above  for  Ti,  (2)  each  arc 
of  Tn  is  an  arc  of  T^+i ,  (3)  each  subdivision  of  r„  is  within  a  circle  of  radius 
1/n.  Let  |3  be  the  set  of  all  arcs  [t]  such  that,  for  some  n,  t  belongs  to  one 
of  the  rulings  of  Tn  and  has  its  endpoints  on  AD  and  BC  respectively.  If  P  is 
a  point  on  BC  which  is  not  an  endpoint  of  an  arc  of  the  set  (3  then  there  exists 
just  one  arc  ip  that  has  one  endpoint  at  P  and  the  other  on  AD ,  lies  except 
for  its  endpoints  entirely  within  ABCD  and  has  no  point  in  common  with 
any  arc  of  the  set  /3 .  Let  y  be  the  set  of  all  such  arcs  tp  for  all  such  points  P . 
Let  G"  denote  the  set  of  arcs  composed  of  all  the  arcs  of  (3  together  with  all 
the  arcs  of  y  and  the  straight  intervals  AB  and  CD .  If  P  is  a  point  on  or 
within  the  rectangle  ABCD  let  hp  denote  the  distance  from  A  to  the  point 
of  intersection  of  AD  with  that  arc  of  G'  that  passes  through  P .  Let  kp  denote 
the  distance  from  A  to  the  point  in  which  AB  intersects  that  arc  of  G  which 
passes  through  P .  Let  AD  be  the  axis  of  A'  and  AB  the  axis  of  }'  in  a  rect- 
angular system  of  coordinates.     If  P  is  on  or  within  the  rectangle  ABCD  let 

*  Cf.  my  paper  Concerning  a  set  of  poslukiles  for  plaiw  analysis  situs,  these   Transac- 
tions, vol.  20  (1919),  p.  172  (footnote)  and  pp.  172-175. 


1921]  EQUICONTINUOUS   SYSTEMS   OF   CURVES  47 

P'  denote  the  point  whose  coordinates  are  ( hp,  kp) .  Let  T  denote  the  trans- 
formation of  R  into  itself  such  that  if  P  is  any  point  of  R  then  T{P)  =  P' . 
It  is  easy  to  see  that  the  transformation  T  is  continuous  and  that  there  exists  a 
continuous  transformation  T ,  of  S  into  itself,  which  i  educes  to  T  on  R. 
The  transformation  T  satisfies  all  the  requirements  of  Th2orem  1 . 

Theorem  2.  //,  in  a  ylane  S ,  G  is  a  set  of  oj^en  curves  such  that  through 
each  jwint  of  S  there  is  just  one  curve  of  G ,  then  in  order  that  the  set  of  curves  G 
should  be  in  one  to  one  contintwus  correspondence  with  a  complete  system  of 
parallel  liiics  in  S  it  is  necessary  and  sufficient  that  the  set  G  should  he  both  equi- 
continuous  and  inversely  equicontinuous  with  respect  to  every  bounded  set  of 
points. 

That  this  condition  is  necessary  may  be  easily  seen.  I  will  show  that  it  is 
sufficient. 

Proof.  Suppose  that  G  is  a  set  of  open  curves  such  that  (1)  through  each 
point  of  S  there  is  just  one  curve  of  G,  (2)  G  is  both  equicontinuous  and 
inversely  equicontinuous  with  respect  to  every  bounded  set  of  points.  I  will 
first  show  that  of  any  three  distinct  curves  of  the  set  G  one  separates  the  other 
two  from  each  other. 

Suppose  on  the  contrary  that  there  exist  three  open  curves  h ,  k  and  I  of 
the  set  G  such  that  no  one  of  them  separates  the  other  two.  Then  the  set  of 
all  points  [  P  ]  such  that  P  is  between  every  two  of  the  curves  h ,  k  and  I  is  a 
domain  B .  Every  curve  of  G  which  contains  a  point  of  D  lies  wholly  in  D . 
If  g  is  any  curve  of  G  lying  wholly  in  D  then  either  (1)  ^  separates  one  of  the 
curves  h ,  k  and  I  from  the  other  two  or  (2)  two  of  the  curves  h ,  k  and  I  are  such 
that  if  they  be  designated  as  h  and  k  respectively  and  the  third  one  be  desig- 
nated as  /  then  there  exists  a  ray  AB  of  /« ,  a  ray  CD  of  k  and  an  arc  AC  lying 
except  for  its  endpoints  wholly  in  1)  such  that  the  rays  AB  and  CD  and  the 
arc  AC  constitute  the  common  boundary  of  a  domain  E  which  contains  g  and 
is  a  subset  of  D .  A  curve  g  satisfying  condition  (1)  will  be  called  a  curve 
of  class  I  with  respect  to  that  one  of  the  curves  h ,  k  and  /  which  it  separates 
from  the  other  two,  and  a  curve  satisfying  condition  (2)  will  be  called  a  curve 
of  class  II  with  respect  to  h  and  k.  Suppose  there  exist  curves  of  class  I 
with  respect  to  h .  It  is  clear  that  of  every  two  such  curves  one  of  them  separ- 
ates the  other  one  from  /(  and  is  separated  by  the  other  one  from  k  and  from  / . 
I  will  show  that  there  is  a  last  curve  of  class  I  with  respect  to  h,  that  is  to 
say  there  is  one  that  separates  every  other  one  from  k  and  from  I .  Suppose 
this  is  not  the  case.  Let  A'  denote  a  point  of  k  and  L  a  point  of  /  and  let  KL 
denote  an  arc  which  lies  except  for  its  endpoints  entirely  in  D .  In  view  of 
the  fact  that  the  set  of  curves  G  is  inversely  equicontinuous  with  respect  to 
the  bounded  point-set  KL,  it  is  clear  that  there  exist  two  other  points  K' 
and  L'  on  A'  and  I  respectively  and  an  arc  K'  L'  lying,  except  for  its  endpoints, 
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wholly  in  D  and  having  no  point  in  common  with  KL  such  that  (1)  the  rays 
A''  A'  and  L'  L  of  k  and  /  respectively,  together  with  the  arc  K'  L'  and  the 
curve  h,  constitute  the  complete  boundary  of  a  domain  a  which  is  a  subset 
of  D  and  (2)  no  arc  of  G  with  endpoints  on  KL  contains  a  point  of  K'  L' . 
There  must  exist  a  point-set  /3  (Fig.  5)  which  is  a  subset  of  a  +  ray  K'  K 


Fig.  5. 

+  ray  L'  L  such  that  jS  is  the  complete  boundary  of  the  set  of  all  points  [  A'  ] 
such  that  X  is  separated  from  k  and  from  I  by  some  curve  of  class  I  with 
respect  to  h .  The  point-set  /3  is  connected  and  contains  points  in  a .  For 
each  such  point  P  there  exists  tlu-ough  P  a  curve  gp  of  the  set  G .  Let  gp 
denote  the  set  of  all  those  points  that  are  common  to  gp  and  j3 .  The  point- 
set  gp  is  a  closed  proper  subset  of  the  connected  point-set  j8  and  has  no  point 
in  common  with  k  or  with  I .  It  follows  that  if  P  is  a  definite  point  of  0  lying 
in  a  the  point-set  gp  contains  a  point  Po  which  is  the  sequential  limit  point 
of  a  sequence  of  points  Pi ,  Po ,  P3 ,  •  •  •  ,  all  belonging  to  /3  and  lying  in  a 
such  that  (1)  no  two  of  the  point-sets  ^p, ,  gp.^,gp.,,  •  •  •  lie  on  the  same  curve 
of  the  set  G  and  (2)  the  point-set  Pi  -f-  P2  +  P3  -1-  •  ■  •  is  within  some  closed 
c^irve  Jjthat  lies  wholly 2n_Z)-^_There  exist  six  distinct  points  A,  B ,  C ,  D , 
E  and  F  and  arcs  AB_^  CD,  EF  such  that  (1)  A  and  C'jire_on  h,  Bjmd  E 
are  on  k,  and  D  and  F  are  on  I,  (2)  each  of  the  arcs  AB,  CD  and  EF  hes, 
except  for  its  endpoints,  in  the  domain  D  and  no  two  of  them  have  a  point  in 
comnion,  (3)_the  curve  J  is  wholly  within  the  closed  curve  J  formed  by  the 
arcs  AB,  EF  and  CD  together  with  the  intervals  AC,  BE  and  DF  of  the 
curves  h ,  k  and  /  respectively.  There  does  not  exist  more  than  one  integer  n 
such  that  the  curve  gp^  separates  k  from  h  and  from  /.  For  suppose  there 
are  two  such  integers  Wi  and  rii .  Then  one  of  the  curves  gp^^  and  gp^^  separ- 
ates the  other  one  from  /;  and  therefore  separates  a  point  of  j3  from  h .  But 
every  domain  that  contains  a  point  of  /3  contains  a  point  of  some  G'-curve 
that  separates  h  from  A:  and  from  I.     Hence  either  gp^    or  gp^^  separates  h 
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from  a  G-ciirve  go  which  separates  h  from  k  and  from  I.  Hence  qp^  or  gp^ 
has  at  least  one  point  in  common  with  go .  But  this  is  contrary  to  hypothesis. 
Similarly  there  does  not  exist  more  than  one  value  of  n  such  that  gp^  separates 
I  from  h  and  from  k.  It  follows  that  there  exists  an  infinite  sub-sequence 
gp„  >  gp„„ .  {lp„, .  •  •  •  of  distinct  curves  of  the  sequence  gp, ,  gp^ ,  gp^,  ■  ■  •  and 
an  arc  XY  (identical  with  one  of  the  arcs  AB ,  CD  and  EF)  such  that  for 
each  m  the  curve  gp„^  contains  an  interval  Ap„^  Pn„  ^p„„  whose  endpoints 
Ap^  and  Bp^  are  on  AT  and  which  lies,  except  for  its  endpoints,  wholly  with- 
in ./.  By  hypothesis,  for  every  positive  number  e  there  exists  a  positive 
number  5j^  such  that  if,  for  some  n,  the  distance  from  Ap„^  to  5p„^  is  less 
than  5je  then  the  whole  arc  Ap^^  Pn„  Bp„^  lies  within  a  circle  of  radius  e .  It 
can  be  easily  seen  that  if  i  and  j  are  distinct  integers  the  intervals  Ap„.  Bp„.  and 
Ap„  Bp„  of  the  arc  XY  have  no  point  in  common.  Hence  if  e  is  the  least 
distance  from  a  point  of  the  arc  AT  to  a  point  of  the  closed  curve  J  there 
exists  an  integer  m  such  that  the  distance  from  Ap,,-  to  i?p„-  is  less  than  Sj-,  . 
It  follows  that  every  point  of  the  arc  Ap„-  Pn^  Bp„-  is  at  a  distance  of  less 
than  e  from  the  point  -4d_.  But  the  distance  from  P„-  to  Ap„^  is  not  less 
than  € .  Thus  the  supposition  that  there  exists  no  last  curve  of  class  I  with 
respect  to  h  has  led  to  a  contradiction.  Hence  there  exists  a  curve  h  which 
is  the  last  curve  of  class  I  with  respect  to  h .  In  a  similar  way  it  may  be 
shown  that  there  exist  curves  k  and  I  which  are  the  last  curves  of  class  I  with 
respect  to  k  and  I  respectively.  No  one  of  the  curves  h ,  k  and  /  separates  the 
other  two  from  each  other  and  no  curve  of  the  set  G  separates  one  of  them 
from  the  other  two. 

Let  D  denote  the  connected  domain  which  is  bounded  by  the  curves  h, 
k  and  / .  With  the  aid  of  several  applications  of  the  fact  that  the  system  G  is 
inversely  equicontinuous  with  respect  to  every  bounded  set  of  points  it  can 
be  shown  that  there  exist  six  points  M ,  T ,  H ,  L,  K ,  N  and  three  arcs  MN , 
Til  and  KL  such  that  (1)  M  and  T  are  on  h ,  H  and  L  are  on  I,  K  and  A'^  are 
on  /; ,  (2)  MN ,  TH  and  KL  lie,  except  for  their  endpoints,  entirely  in  D  and 
no  two  of  them  have  a  point  in  common,  (3)  no  curve  of  G  distinct  from  /( , 
k  and  I  contains  a  point  of  more  than  one  of  the  arcs  31 N ,  TH  and  KL  (Fig.  6). 
Let  ji  denote  the  region  bounded  by  the  arcs  31 N ,  TH ,  KL  and  the  intervals 
M  T ,  HL  and  KN  respectively  of  the  curves  h ,  I  and  k .  By  an  argument 
similar  in  large  part  to  that  employed  above  to  show  the  existence  of  /(  it 
may  be  proved  that  if  g  is  a  curve  of  the  set  G  that  contains  a  point  of  a)/A^ 
there  exists  a  curve  g  of  the  set  G  which  either  coincides  with  g  or  separates  g 
from  each  of  the  curves  h ,  k  and  I  but  is  not  itself  separated  from  any  one  of 
these  curves  by  any  other  curve  of  G .  Every  such  curve  "g  will  be  called  a 
curve  of  class  III.  There  clearly  e.xist  infinitely  many  distinct  curves  of 
class  III.     Let  M*  denote  a  point  on  h  in  the  order  TMM*  and  let  N*  denote  a 
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point  on  k  in  the  order  KNN* .  Let  t  denote  an  arc  that  has  M*  and  N*  as 
endpoints,  lies  except  for  its  endpoints  entirely  in  D  and  has  no  point  in  com- 
mon with  MN .  If  a  curve  of  G  contains  a  point  P  of  MN  there  is  an  interval 
of  that  curve  that  contains  P  and  has  its  endpoints  ont.  It  follows  that  there 
exists  an  infinite  set  of  distinct  arcs  Ai  PiBi,  A^  Pi  Bo,  A3  PzBs,  ■  ■  •  such 
that  (1)  for  every  ?? ,  An  and  5„  are  on  t  and  the  arc  An  Pn  Bn  is  an  interval 
of  a  curve  of  class  III,  (2)  if  ni  is  distinct  from  iio,  A„^  P„,  jB„,  and  A„.,  P„„  B„„ 


Fig.  6. 

are  not  intervals  of  the  same  curve  of  the  set  G ,  (3)  for  every  71  the  arc  An  Pn  B„ 
contains  a  point  of  MN ,  (4)  if  rii  is  distinct  from  ?i2  the  intervals  J„,  JS„,  and 
A„„  B„„  of  M*  N*  have  no  point  in  common.  Iff  is  the  least  distance  from  a 
point  of  <  to  a  point  of  MN  there  exists  a  positive  integer  n  such  that  the  dis- 
tance from  ^-  to  Bn  is  less  than  6,, .  But  there  exists  an  interval  An  Pa  ^n 
of  a  curve  of  the  set  G  with  A-  and  Bn  as  endpoints  and  containing  a  point  P^ 
at  a  distance  of  e  or  more  from  A-^  ■  Thus  the  supposition  that  no  one  of  the 
curves  h ,  k  and  I  separates  the  other  two  has  led  to  a  contradiction.  It  fol- 
lows that,  of  any  three  curves  of  G,  one  separates  the  other  two. 

If  ^  is  a  definite  G-curve,  C  is  a  definite  circle  and  A  is  a  point  of  C  not 
lying  on  g  there  exists  a  6'-curve  which  lies  on  the  J-side  of  g  but  contains 

*  See  Theorem  2  of  my  paper  On  the  most  general  class  L  of  Frechet  in  which  the  Heine-Borel- 
Lebesgue  Theorem  holds  true,  Proceedings  of  the  National  Academy  of 
Sciences,  vol.  5  (1919),  p.  20S. 
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no  point  of  C .  This  may  be  proved  as  follows.  For  every  G'-curve  g  that 
lies  on  the  ^-side  of  g  and  contains  a  point  of  C  let  Cg  denote  the  set  of  all 
points  [A']  of  C  such  that  A'  is  either  on  g  or  on  the  far  side  of  g  from  ^. 
For  every  such  g  the  set  Cg  is  closed  and  bounded  and  for  every  two  such  g's, 
gi  and  g^ ,  either  C^^  contains  Cj„  or  C'j„  contains  C^^ .  It  follows*  that  there 
exists  at  least  one  point  P  which  belongs  to  Cg  for  every  G'-ciu-ve  g  which  lies 
on  the  yl-side  of  g  and  contains  a  point  of  C.  If  gp  denotes  that  G-curve 
which  contains  the  point  P  then  no  G-curve  which  lies  on  the  far  side  of  gp 
from  g  can  contain  any  point  of  C . 

It  easih'  follows  that  for  e\-ery  circle  C  there  exist  two  G-curves  such  that 
e^•ery  point  of  C  lies  between  them.  Now  let  0  denote  some  definite  point 
and  for  each  positive  integer  n  let  G„  denote  a  circle  with  center  at  0  and  ra- 
dius n .  'Let  go  denote  that  G-curve  which  passes  through  0  .  Let  gi  and  ^_i 
denote  two  G-curves  such  that  Ci  lies  between  them.  Let  g-2  and  g-2  denote 
two  G-curves  suet  that  Co  lies  between  them  and  such  that  g-2  is  on  the  far 
side  of  gi  from  0  and  ^_2  is  on  the  far  side  of  g-i  from  0  .  This  process  may 
be  continued.  It  follows  that  there  exists  a  set  Go  of  G-curves  consisting  of 
two  infinite  sequences  go,  gi,  g2,  •  •  •  and  g-i ,  g-^ ,  g-z ,  •  ■  •  such  that,  for 
each  positive  n ,  G„  lies  between  (/„  and  j_„ ,  g„+i  is  on  the  far  side  of  gn  from  0 
and  <7-(n+i)  is  on  the  far  side  of  g-n  from  0 .  It  is  clear  that  every  point  is 
either  on  some  curve  of  the  set  Go  or  between  two  successive  curves  of  Go- 
With  the  use  of  the  fact  that  the  system  G  is  inversely  equicontinuous  with 
respect  to  every  bounded  point-set  and  that,  of  any  three  curves  of  G,  one 
separates  the  other  two,  it  can  be  shown  that  there  exist  four  infinite 
sequences  of  points  Ao,  Ai,  A2,  A3,  •••;  A-i,  A-2,  A-3,  •••;  Bo,  Bi, 
B2,  Bi,  ■■■  and  B-i,  fi_2,  Bs,  ■■■  and  two  sequences  of  arcs  AoBo, 
Ai  Bi,  A2  Bo,  •  •  •  and  A-i  i?_i,  A-2  B-2,  A-3  B-3,  •  •  •  such  that  (1)  for 
every  n  the  points  An,  A^+i,  An+2  are  in  the  order  An  An+i  A„+2  on  gi  and 
the  points  /?„ ,  B^+i ,  Bn+2  are  in  the  order  Bn  B„+i  Bn+2  on  go ,  (2)  for  each  n 
and  m  ( m  4=  n )  the  arcs  An  Bn  and  Am  B,n  lie  entirely  between  go  and  gi 
and  have  no  point  in  common,  (.3)  for  every  point  A'  on  gi  and  every  point 
Y  on  go  there  exists  a  positive  integer  n  such  that  A'  is  on  the  interval  A-n  An 
of  gi  and  Y  is  on  the  interval  i?_„  i?„  of  <7o ,  (4)  if,  for  each  n ,  Jn  denotes  the 
closed  curve  formed  by  the  arcs  A„  Bn ,  An+i  Bn+i  and  the  G-intervals  An  A^+i 
and  Bn  Bn+i  then  (a)  every  point  between  go  and  r/i  is  on  or  within  some  ./„ , 
(6)  a  \vi  —  n\  >  1  every  G-interval  whose  endpoints  are  on  or  within  Jm 
lies  wholly  without  J„ .  For  each  integer  n  let  Kn  denote  the  set  of  all  points 
[  A'  ]  such  that  A"  lies  on  a  G-interval  whose  endpoints  are  within  Jin  ■  By 
methods  wholly  or  largely  identical  with  those  employed  in  the  proof  of  Lem- 
ma 1  it  may  be  shown  that  there  exists  an  arc  7)„  En  which  lies  entirely  in  the 
domain  A'„ ,  except  that  its  endpoints  Z)„  and  £„  lie  on  gi  and  go  respectively, 
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and  which  does  not  have  more  than  one  point  in  common  with  any  curve 
of  the  set  G.  For  each  n  let  /„  denote  the  closed  curve  found_by  the  arcs 
D„  En ,  D„+i  En+i  and  the  G'-intervals  Z)„  Z)„+i ,  £„  En+\  and  let  i?„  denote  its 
interior.  By  Theorem  1  there  exists  a  set  of  arcs  a„  such  that  (1)  each  arc 
of  a„  has  its  endpoints  on  g\  and  gfo  respectively  and  lies,  except  for  its  end- 
points,  wholly  within  J„,  (2)  no  two  arcs  of  a„  have  a  point  in  common, 
(3)  through  each  point  of  the  point-set  composed  of  Rn  and  the  two  6'-segments 
i>„  Dn+i  and  En  En+i  there  is  one  and  only  one  arc  of  the  set  a„ ,  (4)  no  arc 
of  ttn  has  more  than  one  point  in  common  with  any  one  arc  of  the  set  G. 
Let  Hf,  denote  the  set  of  arcs  composed  of  all  the  arcs  of  all  the  sets  a„  together 
with  all  the  arcs  Z)„  E„ .  For  each  n  there  exists  a  set  of  arcs  Hn  bearing  to 
Qn  and  Qn+i  a  relation  similar  to  the  above  described  relation  of  Hq  to  g^  and  gi , 
so  that  (1)  each  arc  of  Hn  lies  entirely  between  ^„  and  gn+i  except  that  its  end- 
points  are  on  gn  and  g„+\  respectively,  (2)  through  each  point  that  lies  on  gn 
or  gn+\  or  between  them  there  is  just  one  arc  of  i/„ ,  (3)  no  arc  of  II n  has  more 
than  one  point  in  common  with  any  arc  of  the  set  G .  For  each  point  P  there 
exists  lip  such  that  P  is  either  on  (7„^  or  between  gnp  ^"^^  9np+i-  Let  hip 
denote  that  arc  of  II„  which  passes  through  P .  Let  /(op  denote  that  arc  of 
Hn  +1  which  has  an  endpoint  in  common  with  hip  and  let  hop  denote  that  arc 
of  Hn  -1  w'hich  has  an  endpoint  in  common  with  hip.  This  process  may  be 
continued.  Thus  there  exists  a  set  of  arcs  [hmp]  (  —  <»  <  m  <  oo  )  such 
that,  for  every  vi,  /i(m+i)P  belongs  to  the  set  H„  +m  and  has  an  endpoint  in 
common  with  ^(,„+2)p.  The  point-set  obtained  by  adding  together  all  the 
arcs  of  the  set  [  /(„/•]  is  an  open  curve  hp  that  passes  through  the  point  P  and 
has  just  one  point  in  common  with  each  curve  of  the  set  G.  Let  H  denote 
the  set  of  all  curA'es  hp  for  all  points  P  of  S .  Through  each  point  of  S  there  is 
just  one  curve  of  the  set  H  and  just  one  curve  of  the  set  G  and  if  h  is  any 
curve  of  H  and  g  is  any  curve  oi  G ,  h  and  g  have  just  one  point  in  common. 
It  follows*  that  there  exists  a  one  to  one  transformation  of  S  into  itself  which 
carries  //  into  a  complete  system  of  parallel  lines  and  G  into  another  complete 
system  of  parallel  lines. 

Theorem  3.  If  AAo  Bo  B  is  a  rectangle  and  AiBi,  A2  B2,  A3  B3,  ■  •  •  is 
an  infinite  sequence  G  of  arcs  such  that  (1)  the  points  Ai,  A2,  A3,  ■  ■  ■  arejn 
the  order  A0A1A2  A3  ■  ■  ■  An  An+i  •  •  ■  A  on  the  i?iterval  Ao  A  and  the  points 
B\,  B2,  B3,  ■  ■  ■  are  in  the  order  Bo  B1B2B3  •  •  •  Z?„  Bn+i  •  ■  ■  B  on  the  interval 
Bo  B ,  (2)  every  are  of  G  lies  except  for  its  endpoint^  entireJy  within  the  rectangle 
AAo  Bo  B ,  (3)  no  two  arcs  of  G  have  a  point  in  common  and  (4)  for  each  positive 
number  e  there  exists  a  positive  number  n,  such  that  if  n  >  n, ,  then  every  point  of 
An  Bn  is  at  a  distance  less  than  «  from  the  line  AB;  then  in  order  that  the  sequence  G 


*  Cf.  pp.  177-17S  of  my  paper  Concerning  a  set  of  postulates  for  plane  analysis  situs,  loc.  cit. 
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should  be  equivalent  from  the  standpoint  of  analysis  situs  to  an  infinite  sequence 
of  straight  line  intervals,  satisfying  the  same  conditions  (l)-(4),  and  all  parallel 
to  AB ,  it  is  necessary  and  sufficient  that  the  set  of  arcs  G  should  be  equicontinuous. 

That  this  condition  is  necessary,  is  evident.     I  will  show  that  it  is  sufficient. 

Proof.  Suppose  G  is  an  equicontinuous  sequence  of  arcs  satisfj-ing  condi- 
tions (l)-(4)  of  the  hypothesis  of  Theorem  3.  By  hypothesis  for  every  positive 
number  e  there  exists  a  positive  number  5^  such  that  if  Pi  and  Pi  are  two 
points  on  an  arc  g  of  G'  at  a  distance  apart  less  than  or  equal  to  5,  then  the 
interval  Pi  Po  of  g  lies  entirely  within  some  circle  of  radius  e .  It  follows  with 
the  help  of  condition  (4)  that  if  X  and  Y  are  two  points  of  AB  at  a  distance 
apart  less  than  or  equal  to  5,  and  jJi  and  p2  are  straight  lines  perpendicular  to 
AB  at  X  and  Y  respectively  then  if*  n  >  ng^  no  interval  of  An  Bn  with  end- 
points  on  pi  contains  a  point  of  ih .  If,  for  every  n ,  A'„  denotes  the  last 
point  that  An  Bn  has  in  common  with  pi  and  Yn  denotes  the  first  point  that 
it  has  in  common  with  p-i  it  follows  that  if  ?ii  and  no  are  positive  integers 
greater  than  n^^  and  P„^  and  P„^  are  points  between  2Ji  and  2^-:  on  the  intervals 
A'„,  }'„,  and  A'^,  Y„,  respectively  of  the  arcs  A^  B^ ,  A„,  Bn,  then  P„,  can  be 
joined  to  P„,  by  a  simple  continuous  arc  that  lies  wholly  between  pi  and  p2 
and  lies  except  for  its  endpoints  wholly  between  the  arcs  A^  B„^  and  An,  Bn,  ■ 
Now  for  each  positive  integer  n  subdivide  the  interval  AB  into  3"  equal  sub- 
intervals  by  3"  —  1  points  Ani ,  An2 ,  Anz ,  •  •  ■  ,  ^4„(3«_i)  ( 1  S  ?i  <  oo  )  in  the 
order  AA^  An,  ■  ■  •  ^no^-i)  B .  For  each  n  and  m  ( 1  g  ?«  ^  3"  —  1 )  let  p„m 
denote  the  perpendicular  to  AB  at  the  point  Anm-  There  exists  a  sequence 
of  positive  integers  fii,  rii,  fii,  •  •  •  such  that  ni  <  n2  <  ns  •  •  •  and  such  that, 
for  every  k,nk>  W{  ,  where  I  is  the  length  oi  AB .  For  each  k  let  gk 
denote  the  arc  An„  Bn,,  and  let  Ak  and  Bk  denote  its  endpoints,  Ak  being  that 
one  which  lies  on  AAo .  For  each  n  and  ?«  ( 1  ^  ?n,  S  3"  —  1 )  let  Bnm  be  the 
first  and  Anm  the  last  point  that  the  arc  gn  has  in  common  with  p„m  ■  Let  tnm 
denote  the  ©-segment  Anm  Bn(,m+i)  ■  For  each  n  and  each  positive  integer  ?«  (less 
than  3" )  of  the  form  'Sk  —  2  (where  k  is  an  integer)  let  A'„„,  denote  a  point  of  the 
segment  tnm  ■  If,  for  each  such  n  and  m ,  m  denotes  the  number  3to  +  1 ,  there 
exists  (Fig.  7)  an  arc  X„m  X(n+i)m  which  has  notf  more  than  one  point  in  com- 
mon with  any  arc  of  the  set  G ,  lies  wholly  between  the  lines  pnm  and  Pn(m+i)  and 
also  lies,  except  for  its  endpoints,  wholly  between  the  arcs  (/„  and  g,^i .  For 
every  ?i  (0  =  ?i  <  <»  )  let  A'„  denote  a  point  on  the  straight  line  interval  .lo  A 
at  a  distance  from  A  equal  to  a/{n  +  1 ) ,  where  a  is  the  length  of  ^4o  .1 ,  and 
let  B'n  denote  a  point  on  the  interval  Bo  B  at  the  distance  a/{n  +  1 )  from  B . 
Let  ^0  denote  the  straight  line  interval  ^lo  Bq.  For  each  n  (0  ^  n  <  «>  )  let 
J„  denote  the  closed  curve  formed  h\  the  arcs  gn  and  ^„+i  and  the  intervals 

*  For  the  meaning  of  wj^  sec  Condition  (4). 

t  Tlicrc  are  not  more  than  a  finite  number  of  arcs  of  the  set  G  between  g^  and  5„+i . 
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An  A„+i  and  B„  Bn+i  of  AAo  and  BBo  respectively.  Let  i?„  denote  the  point- 
set  composed  of  Jn  and  its  interior.  Let  R'„  denote  the  point-set  composed 
of  the  rectangle  A'„  A'„^i  5,',+i  B'„  and  its  interior  and  let  R  be  that  composed 
of  AAo  Bo  B  and  its  interior.  Let  b  denote  the  length  of  AB .  With  the  aid 
of  a  theorem  of  Schoenflies'*  it  may  be  easily  seen  that  there  exists  a  sequence 
of  one  to  one  transformations  To,  Ti,  Ti,  ■  •  ■  such  that,  for  each  n  ( 0  S  n 
<  <»  ) ,  (1)  r„  is  a  continuous  transformation  of  jR„  into  B'„,  (2)   r„  trans- 


f 
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Fig.  7. 

forms  An ,  An+i ,  Bn  and  B„+i  into  A'„ ,  A'„^i ,  B'„  and  Bl+i  respectively,  (3)  if 
P  is  a  point  of  ^,t+i ,  Tn{P)  =  T„+i  ( P ) ,  (4)  if  there  is  any  G-arc  between 
Qn  and  Qn+i  every  such  arc  is  transformed  by  Tn  into  a  straight  line  interval 
parallel  to  AB ,  (5)  if  n  S  1  then  for  each  m  (less  than  3" )  of  the  form  3^"  —  2 , 
where  k  is  a  positive  integer,  the  point  X„m  is  transformed  by  Tn  into  a  point 
X'„„,  lying  on  the  straight  interval  Al,  B'„  at  a  distance  from  AAo  equal  to 
(m  +  1/2)6/3"  and  the  arc  XnmX(„+i)m  is  transformed  into  the  straight 
line  interval  joining  the  point  X',„„  to  the  point  X[„+i)m.  For  each  n  let  //„ 
denote  the  set  of  all  arcs  [/(]  in  /?„  such  that  T„{h)  is  a  verticalf  straight 
line  interval.  If  P  is  a  point  on  Ao  Bo  let  /jpo  denote  that  arc  of  Ho  which 
contains  P,  let  hrpi  denote  that  arc  of  Hi  which  has  an  endpoint  in  common 
with  hpo,  let  hp2  denote  that  arc  of  Hy  which  has  an  endpoint  in  common  with 
h-pi ,  and  so  on  indefinitely.  It  is  possible  to  show  that  there  exists  only  one 
point  Op  on  AB  which  is  a  limit  point  of  the  point-set  hjo  +  hpi  +  hp2  +  •  •  • 
and  that  the  set  of  points  Op  +  hpo  +  //pi  +  hp2  +  •  •  •  is  a  simple  continuous 
arc  fi-om  P  to  Op.  Let  H  denote  the  set  of  all  such  arcs  for  all  points  P  on 
^oPo-  Let  K  denote  the  set  of  arcs  composed  oi  AB  and  every  arc  in  R 
which,  for  some  n  ,  is  transformed  by  Tn  into  a  straight  interval  parallel  to  AB . 
If  P  is  any  point  of  R  let  Op  denote  the  point  which  AB  has  in  common  with 

*  Berichl  uber  die  EiUwickelung  der  Lehre  von  den  Punklmannigfaltigkeiten,  Part  II,  p.  108. 
t  I.e.,  perpendicular  to  AB . 
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that  arc  of  H  which  passes  through  P  and  let  Lp  denote  the  point  which  A^A 
has  in  common  with  that  arc  of  K  which  passes  tlu-ough  P .  For  each  point  P , 
of  R,  let  T (P)  denote  the  point  in  which  the  perpendicular  to  AB  at  the 
point  Op  intersects  the  perpendicular  to  AAo  at  the  point  Lp.  The  so  deter- 
mined transformation  T  is  a  continuous  transformation  of  R  into  itself.  It  is 
easy  to  see  that  there  exists  a  continuous  transformation  of  S  into  itself  which 
reduces  to  T  on  R .  Every  such  transformation  satisfies  the  requirements  of 
Theorem  3. 

The  truth  of  the  following  theorems  may  also  be  established. 

Theorem  4.  //,  in  a  plane  S ,  0  is  a  •point  and  G  is  a  set  of  open  curves 
through  0  such  that  through  each  point  of  S  distinct  from  0  there  is  one  and  only 
one  curve  of  the  set  G ,  then  in  order  that  G  should  be  equivalent  from  the  stand- 
point of  analysis  situs  to  the  set  of  all  straight  lines  in  S  through  0  it  is  necessary 
and  sufficient  that  G  should  be  equicontinuous  icith  respect  to  every  bounded  set 
of  points. 

Theorem  5.  //,  in  a  plane  S ,  0  is  a  point  and  G  is  a  set  of  simple  closed 
curves  enclosing  0  such  that  through  each  point  of  S  distinct  from  0  there  is  one 
and  only  one  curve  of  the  set  G ,  then  in  order  that  G  should  be  equivalent  from  the 
standpoint  of  analysis  situs  to  the  set  of  all  circles  in  S  with  center  at  0  it  is  neces- 
sary and  sufficient  that  the  set  G  should  be  equicontinuous  tvith  respect  to  every 
bounded  set  of  points. 
University  op  Texas 
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I.    Upper  semi -continuous  collections  of  continua 

/-  WHICH   DO   not  separate   A   PLANE 

A  collection  of  continua  is  said  to  be  an  upxm-  semi-continuotis  collection 
if  for  each  element  g  of  the  collection  O  and  eacli  positive  number  e  there 
exists  a  positive  number  d  such  that  if  x  is  any  element  of  (?  at  a  lo^^'er 
distancet  from  g  less  than  d  then  the  upper  distance  of  x  from  g  is  less 
than  e.  The  element  jj  of  such  a  collection  O  is  said  to  be  a  limit  element 
of  the  subcollection  K  of  G  if  for  every  positive  number  e  there  exists 
some  elemfent  of  K  which  is  distinct  from  p  and  whose  upper  distance 
from  p  is  less  than  e.        .a^/J^  ■«N<c, 

In  this  section  it  will  be  shown  fnat  if,  in  a  plane  S,  G  is  any  upper 
semi- continuous  collection  of  mutually  exclusive  bounded  continua  such 
that  every  point  of  S  belongs  to  some  continuum  of  the  collection  G  and 
no  continuum  of  G  separates  S,  then  if  each  continuum  of  G  is  considered 
as  a  point,  and  the  term  region  is  suitably  defined,  all  the  Axioms  1-8  of 
the  author's  article!  On  the  foundations  of  plane  analysis  situs  hold  true, 
if  the  space  S  of  that  article  is  interpreted  to  mean  the  collection  of 
elements  G.  Thus  the  set  of  elements  G  is,  with  respect  to  the  notion 
of  limit  point  defined  in  that  paper,  topologicaUy  equivalent  to  the  set  of 
ofdinary  pioints  in  a  plane  S.  Furthermore  the  notion  of  limit  point  so 
defined  coincides,  for  the  case  of  an  upper  semi-continuous  collection,  with 
the  natural  interpretation  of  limit  element  given  above. 

From  here  on,  in  this  section,  it  is  understood  that  there  has  been 
selected  some  definite  upper  semi-continuous  collection  of  bounded  continua 

ft 
*  Presented  to  the  Society,  December  30,  1924.  u 

t  If  a  is  a  point  set  and  P  is  a  point,  then  by  I  CPSf)  is  meant  the  lower  bound  of 
the  distances  from  P  to  all  the  different  points  of  M.  If  M  and  K  are  two  point  sets, 
then  by  l(MX)  is  meant  the  lower  bound  of  the  values  [1{PN}]  for  all  points  P  of  M, 
while  by  ii(MX)  is  meant  the  upper  bound  of  these  values  for  all  points  P  of  M.  It  is 
to  be  observed  that  u(MN)  may  be  different  from  u{NM).  The  point  set  M  is  said 
to  be  at  the  upper  distance  u  (MN)  from  the  point  set  ^V  and  is  said  to  be  at  the  lower 
distance  1{MN)  from  N.  According  to  this  terminology  N  is  not  always  at  the  upper 
distance  u{MK}  from  M. 

t  These  Transactions,  vol.  17  (1916),  pp.  131-164.  Hereafter  this  paper  will  be 
referred  to  as  F.  A. 
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such  that  no  one  of  these  continua  separates  S  and  such  that  every  point 
of  S  belongs  to  just  one  of  them,  and  the  letter  G  will  be  used  throughout 
to  denote  this  particular  upper  semi-continuous  collection. 

Definitions.  A  set  of  elements  of  the  set  G  is  said  to  be  the  sum  of 
the  sets  Ki  and  A'o  if  every  element  which  belongs  to  Ki  or  to  K2  belongs 
also  to  K  and  every  element  which  belongs  to  K  belongs  either  to  Ki  or 
to  K,.  Two  sets  of  elements  of  G  are  said  to  be  mutuaJhj  exclusive  if 
there  is  no  element  of  G  which  belongs  to  both  of  them.  Two  sets  of 
elements  of  G  are  said  to  be  mutually  separated  if  they  are  mutually 
exclusive  and  neither  of  them  contains  a  limit  element  of  the  other  one. 
A  set  of  elements  G  is  said  to  be  connected  if  it  is  not  the  sum  of  two 
mutually  separated  sets  of  elements  of  G.  A  set  of  elements  of  C  is  said 
to  be  closed  if  it  contains  all  its  limit  elements.  A  set  of  elements  of  O 
is  said  to  be  a  continmun  of  elements  of  G  if  it  is  both  closed  and  connected. 
A  set  K  of  elements  of  G  is  said  to  be  lounded  if  the  point  set  obtained  by 
adding  together  the  points  of  all  the  elements  of  G'  is  a  bounded  set  of  points. 

Definition.  A  bounded  subset  H  of  the  set  G  is  said  to  be  a  simple 
closed  curve  (of  elements  of  G)  provided  it  is  disconnected  by  the  omission 
of  any  two  of  its  elements. 

Definition.  If  A  and  B  are  two  distinct  elements  of  G,  and  if  is  a 
closed,  connected  and  bounded  set  of  elements  of  G,  and  ^-1  and  B  belong 
to  H,  and  H  is  disconnected  by  the  omission  of  any  one  of  its  elements 
"excep^Jl  and  B,  then  H  is  said  to  be  a  simple  continuous  arc  (of  elements 
of  (?)  from  .4  to  B,  and  A  and  B  are  said  to  be  the  extremities,  or  the 
end-elements,  of  this  arc. 

Definition.  A  domain  of  elements  of  G  is  a  connected  set  D  of  elements 
of  G  such  that  for  every  element  ,r  belonging  to  D  there  exists  a  positive 
number  d  such  that  if  y  is  any  element  of  G  at  an  upper  distance  from  x 
less  than  d  then  y  belongs  to  D.    y  Gt- 

Definition.  By  the  houndnrujiK d.  set  R  of  elements  of  G  is  meant 
the  set  of  all  elements  \x\  of  (^  such  that  x  either  belongs  to  K  and  is 
a  limit  element  of  the  set  G — K  or  x  does  not  belong  to  K  but  it  is  a 
limit  element  of  H. 

Definition.  A  domain  of  elements  of  G  is  said  to  be  a  complementary 
domain  of  a  closed  set  H  of  (elements  of  G  provided  the  boundary  of  D 
is  a  subset  of  H. 

Definition.  Tlic  outer  boundary  of  a  bounded  domain  D  of  elements 
of  G  is  the  boundary  of  the  unbounded  complementary  domain  of  the 
boundary  of  i>,  yj 

Notation.  In  this  paper  if  a  letter  is  used  to  denote  a  set  of  elements 
belonging  to  G  then  the  same  letter  with  a  bar  above  it  will  denote  the 
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set  of  points  obtained  by  adding  together  the  ijoints  of  all  the  elements 
of  that  set  of  elements. 

Theorem  1.  If  K  is  a  set  of  points  and  H  is  the  set  of  all  elements 
[(/]  of  the  collection  6  such  that  g  contains  at  least  one  point  of  K,  then 
H  is  closed  if  K  is  closed  and  H  is  connected  if  K  is  connected. 

Proof.  I.  Suppose  that  K  is  closed.  Suppose  that  p  is  a  limit  element 
of  H.  Then  for  every  positive  integer  n  there  exists  an  element  pn 
belonging  to  H  and  such  that  each  point  of  pn  is  at  a  distance  less  than 
1/n  from  some  point  of  p,  and  such  that  if  i^j  then  pi  is  distinct  from 
Pj.  But  each  p,,  contains  a  p-oint  Pn  belonging  to  K.  For  each  n  there 
exists  in  2?  a  point  Xn  such  that  the  distance  from  P„,  to  Xn  is  less  than 
1/n.  Since  p  is  closed  and  bounded  the  sequence  Xy,  X^,  •••  contains 
a  subsequence  of  distinct  points  which  has  as  its  sequential  limit  point 
some  point  X  in  p .  The  point  X  is  a  limit  point  of  Pi ,  Ps,  •  •  • .  Since 
every  P»  belongs  to  K  and  K  is  closed,  therefore  X  belongs  to  K.  Thus  p 
contains  a  point  of  K  and  therefore  p  belongs  to  H.  Thus  H  contains  all  of 
its  limit  elements.    In  other  words  it  is  closed. 

II.  Suppose  that  K  is  connected.  Then  H  is  connected.  For  suppose, 
on  the  contrary,  that  H  is  the  sum  of  two  mutually  separated  sets  of 
elements  Hi  and  H^ .  Let  K^  denote  the  set  of  points  common  to  K  and 
Hi  and  let  K^  denote  the  set  common  to  K  and  H.2 .  Since  K  is  connected, 
either  Ki  contains  a  limit  point  of  K^  or  K2  contains  a  limit  point  of  K^. 
Suppose  that  Ki  contains  a  point  P  which  is  a  limit  point  of  K^ .  Let  p 
denote  that  element  of  H^  which  contains  p.  Since  0  is  an  upper  semi- 
continuous  collection,  if  e  is  a  positive  number  there  exists  a  positive  number  d 
such  that  if  an  element  of  H  contains  one  point  whose  distance  from  P  is  less 
than  d  then  ei'ery  point  of  that  element  is  at  a  distance  less  than  e  from  some 
point  of  p.  But,  since  P  is  a  limit  point  of  K-,,  K«  contains  a  point  Pa  at 
a  distance  from  P  less  than  d.  Hence  if  h  denotes  that  element  of  H^  which  , 
contains  Pa  then  every  point  of  h  is  at  a  distance  less  than  e  from  some 
point  Clip.  Thus  jj  is  a  limit  element  of  H^,  contrary  to  the  supposition  that 
Hi  and  H  are  mutually  separated.  A  similar  contradiction  would  be  obtained 
if  it  were  supposed  that  K«  contains  a  limit  point  of  Ki.  Thus  the  sup-, 
position  that  H  is  not  connected  leads  to  a  contradiction. 

Theorem  2.  If  D  is  a  hounded  complementary  domain  of  a  hounded  con- 
tinuum of  elements  of  0,  and  K  is  the  outer  houndary  of  D,  and  p  is  an"^^ 
element  of  K,  then  K  is  a  continuum  of  elements  of  G  and  K — p  is  connected. 
Proof.  Let  E  denote  the  unbounded  complementary  domain  of  the 
boundary  of  D  and  let  B  denote  the  set  of  points  which  constitutes  the 
boundary  of  E.  Since  each  point  of  B  belongs  to  some  element  of  K 
and   each   element   of  K  contains  a  point  of  B  and  5  is  a  closed  and 
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connected  set  of  points,  therefore,  by  Theorem  1,  A'  is  a  closed  and  connected 
set  of  elements  of  G^.  I  will  proceed  to  show  that  if  p  is  an  element  of  K 
then  K — p  is  connected.  Suppose,  on  the  contrary,  that  K — p  is  the  sum  of 
two  mutually  separated  sets  of  elements  H  and  N.  Then  clearly  H-\-p  and 
N-\-i)  are  both  closed  and  connected  sets  of  elements  and  they  have  in 
common  only  the  element  p.  Let  x  and  y  denote  elements  belonging  to 
D  and  E  respectively.  Let  X  and  Y  denote  points  belonging  to  x  and  y 
respectively.  Since  the  continua  N-\-p  and  H-\-p  have  in  common  only 
the  continuum  ji,  and  N-^p-\-(H-\-J^)  separates  X  from  Y,  therefore* 
either  N-\-p  or  H-\-p  separates  X  from  F.  Suppose  that  H-\-p  does. 
Then  H-\-p  separates  x  from  y,  that  is  to  say  G — {H-{-2))  is  the  sum  of 
two  mutually  separated  sets  of  elements  of  G  such  that  one  of  these  sets 
contains  x  and  the  other  one  contains  y.  Let  D.r  and  Dy  denote  the 
complementary  domains  of  H-\-p  that  contain  x  and  y  respectively.  Clearly 
Dx  contains  D.  Let  q  denote  "an  element  of  G  that  belongs  to  the  set  N. 
The  element  q  is  a  limit  clement  of  D  and  therefore  of  Dr.  But  q  does 
not  belong  to  the  boundary  of  Dx.  Hence  it  belongs  to  Dj-.  But  q  is 
also  a  limit  element  of  E.  Thus  Dx  contains  an  element  of  E  and  there- 
fore, since  E  is  connected  and  contains  no  element  of  the  boundary  of  Dx, 
^  is  a  subset  of  Dx.  Thus  y  belongs  to  Dx,  contrary  to  supposition. 
Similarl}^  the  supposition  that  N-\-p  separates  X  from  Y  would  lead  to 
a  contradiction.    The  truth  of  Theorem  2  is  therefore  established. 

Definition.  A  region  (of  elements  of  G)  is  a  bounded  domain  (of  elements 
of  (?)  which  has  a  connected  boundary. 

Theorem  3.  If  p  is  an  element  of  G  and  e  is  a  positive  number  there 
exists  a  region  of  elements  of  G  sivch  that  every  element  of  this  region  is 
at  an  upper  (listance  less  than  e  from  the  element  p.  >w 

Proof.     Since  the  set  of  points  p  does  not  separate  S  there  existst  a  A^ 

simple  closed  curve  (of  ordinary  points)  J  enclosing  p  and  such  that  every  A  .' 
point  on  or  within  J  is  at  a  distance  less  than  e  from  some  point  of  jk 
Let  H  denote  the  set  of  all  elements  [x]  of  G  such  that  the  point  set  x 
contains  at  least  one  point  of  J.  The  point  set  if  is  a  continuum.  Let 
D  denote  that  complementary  domain  of  H  which  contains  the  point  set 
p  and  let  B  denote  the  boundary  of  D.  Let  R  denote  the  set  of  all 
elements  [g]  of  G  such  that  the  point  set  g  is  a  subset  of  D.  By  a 
theorem  of  Brouwer's,t  £  is  a  closed  and  connected  set  of  points.     But 


*  Cf.  S.  Janiszewski,  Sur  les  coupnren  du  plan  faites  par  les  continus,  Prace  Mate- 
niatyczno-Fizyczne,  vol.26  (1913). 

t  See  Theorem  1  of  my  paper  Concerning  the  separation  of  point  sets  by  curves,  Pro- 
ceedings of  the  National  Academy  of  Sciences,  vol.  11  (1925),  pp.  469-476. 

t  L.  E.  J.  Brouwer,  Mathematisclie  Annalen,  vol.  69. 
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the  boundary  of  E  consists  of  all  those  elements  [/;]  of  G  such  that  g 
contains  a  point  of  B.  It  follows  that  the  boundary  of  E  is  connected. 
But  clearly  i?  is  a  domain.  Hence  it  is  a  region.  Every  element  which 
belongs  to  it  is  at  an  upper  distance  less  than  e  from  the   element  jk 

Theorem  4.  If  p  is  an  element  of  G  and  K  is  a  set  of  elements  of  G 
then  p  is  a  limit  element  of  K  if  and  only  if  every  region  {of  elements  of 
O)  which  contains  p  contains  at  least  one  element  of  K  which  is  distinct 
from  p). 

The  truth  of  Theorem  4  may  be  easily  established  with  the  help  of 
Theorem  3. 

By  methods  largely  analogous  to  those  used  in  a  similar  connection  in 
my  paper  Concerning  the  prime  parts  of  a  continuum*  it  may  be  shown 
that  if  the  word  "point"  as  used  in  F.  A.  is  interpreted  to  mean  "element 
of  G"  (and  thus  the  set  of  all  "points"  is  identified  -with  the  set  of 
elements  of  (?)  and  the  word  "region"  as  used  therein  is  interpreted  to  mean 
"region  of  elements  of  G"  as  defined  above,  then,  for  the  space  S  (G) 
consisting  of  all  such  "points"  (elements  of  G),  Axioms  1,  2,  4  and  5  and 
Theorem  4  of  F.  A.  hold  true  and  consequently  Theorems  1-15  of  that 
paper  all  hold  true.  For  an  indication  of  material  sufficient  for  a  proof, 
based  on  this  result,  of  the  following  Theorems  5,  6  and  7,  see  page  139 
of  F.  A.  and  page  342  of  my  paper  Concerning  simple  continuous  carves.'^ 

Theorem  5.  No  s-imple  continuous  arc  of  elements  of  G  is  disconnected 
by  the  omission  of  either  of  its  extremities. 

Theorem  6.  If  K  is  a  s-imple  continuous  arc  of  elements  of  G;  then 
every  closed  and  connected  subset  of  K  tvhich  contains  more  than  one  element 
is  itself  a  s-imple  continuous  arc  of  elements  of  G. 

Theorem  7.  //  i^q  is  a  simple  continuous  arc  of  elements  of  G  with  p 
and  q  as  its  extremities,  x  is  an  element  of  G  belonging  to  the  set  pq,  but 
distinct  from  p  and  q,  and  H  is  a  set  of  elements  of  G  belonging  to  pq,  then  p  " 
is  a  limit  element  of  the  set  H  if  and  only  if  every  simple  continuous  arc  of 
elements  of  G  which  contains  x  and  is  a  subset  of  pq  (bid  does  not  have  x  as  an 
extremity)  contains  at  least  one  element  of  the  set  H  which  is  distinct  f-om  x. 

Theorem  8.  If  K  is  a  closed,  connected  and  bounded  set  of  elements  of 
G,  and  H  is  a  connected  proper  subset  of  K,  then  the  set  K — H  contains 
an  element  of  G  whose  omission  does  not  disconnect  K. 

Proof.  Suppose,  on  the  contrary,  that  K  .is  disconnected  by  the 
omission  of  '£my~element  of  K—H.  Let  p  denote  some  definite  element 
of  K — H.  Then  K — p  is  the  sum  of  two  mutually  separated  sets  of 
elements.     Since  H  is  connected  and  does  not  contain  p  it  must  belong 

*Mathematische  Zeitschrift,  vol.22  (1925),  pp.  307— 315. 
tThese  Transactions,  vol.21  (1920),  pp.  333— 347. 
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wholly  to  one  of  these  sets.  Let  Ki  denote  the  one  of  which  if  is  a 
subset  and  let  K^  denote  the  other  one.  It  is  easy  to  see  that  Ki-\-p 
and  Ki-^-p  are  both  closed  and  connected.  The  set  K^  c_ontains  some 
element  whose  omission  does  not  disconnect  ^2+^.  ^or  otherwise^,^  if , 
q  denotes  some  element  of  K2,  K«i-\-p  would  be  a  simple  continuous 
having  p  and  q  as  its  extremities  and  therefore,  by  Theorem  5, 
would  not  be  disconnected  by  the  omission  of  g,sQoutrary  to  supposition. 
Let  r  denote  an  element  of  K^  whose  omission  does  not  disconnect 
^2+^.  Since  A'2+p  —  r  and  Ki-\-p  are  connected  sets  having  the  element 
;;  in  common  their  sum  is  connected.  But  their  sum  is  K — r.  Thus  K 
is  not  disconnected  by  the  omission  of  the  element  r.  But  since  r  belongs 
to  Ki  it  belongs  to  K—H. 

With  the  help  of  Theorems  2  and  6  the  following  theorem  may  be 
established  by  an  argument  largely  similar  to  that  used  in  the  proof  of 
Lemma  8  of  my  paper  Concerning  the  prime  parts  of  certain  continua 
which  separate  the  plane* 

Theorem  9.  If  jyq  is  a  simple  continuous  arc  of  elemetifs  of  G,  then 
G  —  pq  is  connected. 

Theorem  10.  If  J  is  a  simple  closed  curve  of  elements  of  G  and  p  and 
q  are  distinct  elements  of  J,  then  J  is  the  sum  of  ttvo  simple  continuous 
arcs  {of  elements  of  G)  which  have  p)  and  q  as  their  extremities  and  ivhich 
have  in  common  no  element  except  p  and  q. 

In  view  of  results  established  above  Theorem  10  is  a  consequence  of 
Theorem  4  of  my  paper  Co^icerning  simple  contimious  citrvcs.f 

Theorem  11.  If  J  is  a  simple  closed  curve  of  elements  of  G,  then  G  —  J 
is  the  sum  of  two  domains  (of  elements  of  G).  Only  one  of  these  domains 
is  hounded  and  J  is  the  hoicndary  of  each  of  them. 

Proof.  Let  p  and  q  denote  two  distinct  elements  of  G  belonging  to  the 
set  J.  By  Theorem  10,  J  is  the  sum  of  two  simple  continuous  arcs  a 
and  h  which  have  p  and  q  as  theii'  extremities  but  which  have  in  common 
no  other  element  of  G.  By  Theorem  9  neither  a  nor  h  separates  G  and 
therefore  neither  a  nor  h  separates  S.  But  the  common  part  of  a  and  b 
consists  of  two  mutually  exclusive  continua  p  and  q.  It  follows,  by  a 
theorem  of  Miss  Mullikin's,^  that  S — J  is  the  .sum  of  two  mutually  ex- 
clusive domains.    It  is  easy  to  see  that  one  of  these  domains  (call  it  A) 


*Procee(Iings    of    the   National   Academy    of   .^ijisTiRfta.    vol.10   (1024),    ">-<»-o-'*. -*^ • 
pp.  170-175.    In  this  paper  in  the  statement  of  Lemma  5  replace  the  last  "JV/"  by  ''A'".  * 

Hereafter  this  paper  will  be  referred  to  as  P.  C.  S. 

t  Loc.  cit. 

I  Cf.  her  thesis  Certain  theorems  relating  to  plane  connected  point  sets,  these  Trans- 
actions, vol.  24  (1922),  pp.  144-162. 
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is  bounded  and  the  other  one  (Da)  is  unbounded.  Let  /  denote  the  set 
of  all  those  elements  of  G  which  are  subsets  of  A  and  let  E  denote  the 
set  of  all  those  which  are  subsets  of  A-  Clearly  /  and  E  are  domains 
of  elements  of  G  and  I+E  =  G  —  J.  Let  B  denote  the  boundaiy  of/. 
If  B  is  not  identical  Avith  J  then  it  is  a  proper  subset  of  /.  It  easily 
follows,  with  the  help  of  Theorems  10  and  6,  that  5  is  a  simple  continuous 
arc  of  elements  of  G.  But  B  separates  G  and,  by  Theorem  9,  no  arc 
separates  G.  Thus  the  supposition  that  ./is  not  the  boundary  of  /  leads 
to  a  contradiction.  In  a  similar  way  it  may  be  proved  that  J  is  also 
the  boundary  of  E. 

Definition.  Of  the  two  domains  which  are  complementary  to  a  simple 
closed  curve  of  elements  of  G,  the  bounded  one  will  be  called  the  interior, 
and  the  unbounded  one  will  be  called  the  exterior,  of  that  curve. 

Theorem  12.  If  Di  and  A  are  bounded  domains  of  elements  of  G,  and 
/>!  has  a  connected  hoimcfary,  and  the  houn^-y  of  A  is  a  subset  of  A) 
then  A  is  a  subset  of  />i .  "3),  D'^X 

Proof.    Since  A  is  bounded  it  has  at  least  one  boundary  element.    But 

'P,      \  every  one  of  its  boundm-y  elements  belongs  to  A-    Hence  A  contains  at 

\  least  one  element  of)  A*.     Suppose  A  is  not  a  subset  of  A-    Then  it 

-  '■  -         must  contain  an  element  which  does  not  belong  to  A-    It  follows  that 

^         ,  A  contains  an  element  of  Bj,  the  boundary  of  A-     But  A  is  connected 

and  contains  no  point   of  the  boundary  of  A-     Hence  A  is  a  subset  of 

A-    Thus  A  contains  the  boundary  of  E,  the  unbounded  complementary 

domain    of   Bi .     Therefore  A  contains    an    element    of    E.     But   E  is 

connected  and   contains  no  point  of  the  boundary  of  A-     Hence  -E  is  a 

subset  of  A>  contrary  to  the  hypothesis  that  A  is  bounded. 

Theorem  13.  If  E  is  a  region  {of  elements  of  G)  and  k  is  either  a  single 
element  of  G  or  a  simple  continuous  arc  of  elements  of  Gei^ery  element  of 
which  (except  possibly  just  one  of  its  end  elements)  belongs  to  R,  the  set  of  all 
those  elements  of  M  which  do  not  belong  to  k  is  a  domain  of  elements  of  G. 

Proof.  Let  B  denote  the  boundary  of  i?.  By  Theorem  9,  k  does  not 
separate  G.  Hence  k  does  not  separate  S.  Furthermore,  if  x  and  y  are 
any  two  elements  ot  B,  x  and  y  are  not  separated  from  each  other  by  B. 
Also,  either  A-  and  B  have  no  point  in  common  or  their  common  part  is 
a  bounded,  closed  and  connected  point  set  consisting  of  aU  the  points  of 
a  certain  single  element  of  G.  It  follows*  that  k-\-B  does  not  separate 
x  from  y.  Hence  k-\-B  does  not  separate  x  fi-om  y.  Hence  the  set  of 
all  those  elements  of  B  which  do  not  belong  to  k  is  connected.  It  easily 
follows  that  it  is  a  domain. 


*  See  S.  Janiszewski,  loc.  cit. 
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Theorem  14.  If  R  is  a  region  of  elements  of  G  there  exists  a  simple 
dosed  mrve  of  elements  of  G  such  that  every  element  of  G  which  belongs 
to  this  curve  is  an  element  of  E. 

Proof.  Let  p  and  q  denote  two  distinct  elements  of  the  region  R. 
There  exists*  a  simple  continuous  arc  pq  of  elements  of  G  such  that 
every  element  of  pq  belongs  to  R.  Let  r  denote  some  element  of  pq 
distinct  fi-om  p  and  fi'om  q.  By  Theorem  13,  R — ;•  is  a  domain.  Hence 
there  exists  a  simple  continuous  arc  pyq  which  is  a  subset  of  ^  —  r  and 
has  p  and  q  as  its  end  elements.  It  is  easy  to  see  that  the  sum  of  the  arcs 
fxq  and  pyq  contains  as  a  subset  a  simple  closed  curve  of  elements  of  G. 

Theorem  15.  If  pxq  and  pyq  are  simple  rontiuKous  arcs  {of  elements 
of  (?)  which  have  ji  and  q  as  their  extremities  hut  uhich  have  in  common 
no  other  element  of  G,  and  J  is  the  simple  closed  curve  formed  hy  these 
two  arcs,  and  pzq  is  a.  simple  continuous  arc  {of  elements  of  (?)  every 
element  of  tvhich,  except  p  and  q,  belongs  to  R,  the  interior  of  J,  and,  J, 
denotes  the  simple  closed  curve  formed  hy  the  arcs  pxq  and  pzq  and  J« 
deviates  the  one  formed  hy  pyq  and  pzq,  then  (1)  i?i ,  the  interior  of  Ji, 
is  a  subset  of  R ,  (2)  pyq  is,  except  for  p  and  q,  wholly  in  the  exterior  of 
Ri,  (3)  i?i  has  no  point  in  common  with  R^,  the  interior  of  J«. 

Theorem  15  may  be  proved  by  an  argument  closely  analogous  to  that 
used  to  prove  Theorem  24  of  F.  A.  In  the  proof  there  given  reference  is 
made  to  Theorem  21  of  F.  A.  For  the  case  where  K  and  R  are  interiors 
of  simple  closed  curves  of  elements  of  G  this  Theorem  21  may  be  easily 
proved  with  the  help  of  Theorem  11  above. 

Theorem  16.  Under  the  same  hypothesis  as  in  Theorem  15,  R  is  the 
sum  of  Rt,  Ri,  and  pzq — {p-{-q)- 

Theorem  16  may  be  proved  by  an  argument  closely  parallel  to  that 
employed  in  F.  A.  to  prove  Theorem  25. 

Theorem  17.  If  p  and  q  are  two  distinct  elements  of  G  and  pxq, 
pyq  and  pzq  are  simple  continuous  arcs  of  elements  of  G  no  two  of  which 
have  in  common  any  element  ej:cept  their  extremities  {j)  and  q)  and  ./j,  Jj 
ayul  Js  are  the  simple  closed  curves  formed  hy  these  arcs  taken  in  pairs,  then 
the  interiors  of  Ji,  Ja  and  J3  are  not  mutually  exclusive. 

Theorem  17  may  be  proved  with  the  help  of  Theorems  15  and  16  by 
a  method  similar  to  that  used  in  F.  A.  to  prove  Theorem  26  with  the 
aid  of  Theorems  24  and  25. 

Theorem  18.  If  pxq  and  pyq  are  simple  continuous  arcs  {of  elements 
of  (?)  tvhich  have  in  common  only  their  extremities  p  and  q,  J  is  the  simple 
closed  curve  formed  by  these  arcs,  and  pzq  is  an  arc  which  lies,  except  for 


\ 


*  See  Theorem  15  of  F.  A. 
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its  extremities,  entirely  hi  the  exterior  of  ./.  then  (1)  either  ij  is  ivithout 
Ji,  the  simple  closed  curve  formed  by  pxq  and  pzq,  or  x  is  in  the  exterior 
of  Jj,  the  siynple  closed  curve  formed  hy  pyq  and  pzq,  (2)  if  y  is  ivithout 
Ji  then  X  is  iyi  the  interior  of  Jo  and  the  inte)-io>-  of  J,  is  the  sum  of  the 
interim-  of  J,  the  interior  of  Ji  and  the  set  of  elements  pxq  —  {p-\-q). 

Theorem  18  may  be  proved  with  the  help  of  Theorems  16  and  17  by 
a  method  analogous  to  that  used  in  F.  A.  to  prove  Theorem  27  with  the 
aid  of  Theorems  25  and  26. 

Theorem  19.  If  E  is  a  region  {of  elemeiits  of  G)  and  p  is  an  element 
of  B,  then  there  exists  a  simple  closed  curve  of  elements  of  G  which  lies  in 
E  and  whose  interior  contains  p  and  is  a  subset  of  E. 

With  the  use  of  Theorems  11,  12,  13,  17  and  18,  Theorem  19  may  be 
proved  by  an  argument  closely  analogous  to  that  employed  to  prove 
Theorem  36  in  F.  A. 

Definition.  A  set  E  of  elements  of  G  will  be  said  to  be  a  region  in 
the  restricted  sense  if  and  only  if  it  is  the  interior  of  some  simple  closed 
curve  of  elements  of  G. 

Theorem  20.  If  p  is  an  element  of  G  and  H  is  a  set  of  elements  of 
G  then  p  is  a  limit  element  of  H  if  and  only  if  every  region  in  the 
restricted  sense  that  contains  p  contains  also  an  element  of  H  distinct  from  p. 

Suppose  first  that  p  is  a  limit  element  of  H  and  that  i?  is  a  region  in 
the  restricted  sense  which  contains  p.  Since  E  is  also  a  region  in  the 
original  sense,  therefore,  by  Theorem  4,  E  contains  an  element  of  H 
distinct  from  p. 

Suppose,  secondly,  that  eveiy  region  in  the  restricted  sense  which 
contains  p  contains  an  element  of  H  distinct  from  p.  If  E  is  a  region 
in  the  original  sense  that  contains  p,  then,  by  Theorem  19,  there  exists 
a  region  in  the  restricted  sense  which  contains  p  and  which  is  a  subset 
of  E.  Since  every  such  region  contains  an  element  of  H  distinct  from  p, 
therefore  so  does  E.     Hence,  by  Theorem  4,  p  is  a  limit  element  of  H. 

Theorem  21.  If  the  word  "point",  as  ttsed  in  F.  A.,  is  interpreted  to 
mean  "element  of  G"  {and  thus  the  set  of  all  "points"  is  identified  ivith 
the  set  of  elements  G)  and  the  word  "region",  as  used  therein  is  interpreted 
to  mean  "region  in  the  restricted  sense",  as  defined  above,  then  for  the 
space  S  (G)  consisting  of  all  such  "points"  (elements  of  G)  Axioms  1-8  of 
F.  A.  all  hold  true. 

Proof.  It  has  been  established  that  Axioms  1,  2,  4  and  5  and  Theorem  4 
of  F.  A.  hold  true  for  the  set  of  elements  G  provided  regimi  is  interpreted 
as  defined  near  the  beginning  of  the  present  section.  With  the  help  of 
Theorems  19  and  20  it  is  easy  to  see  that  these  axioms  continue  to  hold 
true  if  region  is  interpreted  in  the  restricted  sense  as  defined  above.    That 
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Axiom  3  holds  true  for  this  interpretation  can  easily  be  seen  with  the 
help  of  Theorem  11.  The  trath  of  Axioms  6'  and  7'  of  the  system  ^a 
{see  page  163  of  F.  A.)  is  a  consequence  of  Theorems  11  and  13.  Thus 
all  the  axioms  of  the  system  2^  hold  true  for  G.  With  the  aid  of  results 
established  in  my  paper  Concet-ning  a  set  of  postulates  for  i)lane  analysis 
situs*  and  the  fact  that  every  region  in  the  restricted  sense  is  the  interior 
of  a  simple  closed  curve  it  easily  follows  that  Axiom  6  and  7  also  hold  true. 

Theorem  22.  Between  the  rontinua  of  the  iipper  semi-continuous  vollection  O 
and  the  points  of  an  ordinary  euclidean  plane  S  there  is  a  one  to  one 
correspiondence  {with  single  valued  inverse)  which  preserves  limits,  that  is  to 
say  ivhich  has  the  proiierty  that  a  point  P  in  S  is  a  limit  point  of  a  point 
set  M  in  S  if  and  only  if  tJie  element  of  G  ivhich  corresponds  to  P  is  a 
limit  element  {in  the  sense  of  the  definition  give^i  in  this  paper)  of  tlw  set 
of  elements  corresponding  to  M. 

The  truth  of  Theorem  22  follows  from  Theorems  20  and  21  and  the 
results  of  my  paper  Concerning  a  set  of  pwstxiJates  for  plane  ancdysis  situs. 

n.  The  prime  parts  of  a  bounded  continuum  in  the  plane 
Hans  Hahnt  has  introduced  the  notion  of  prime  parts  of  a  continuum. 
If  P  is  a  point  of  a  continuum  M  then  by  the  prime  part  Kp  (of  M)  is 
meant  the  set  of  all  points  [A'J  belonging  to  M  such  that,  for  every 
positive  number  e,  there  exists  a  finite  set  of  irregular  points  (of  M), 
Xi,  A'a,  Xi,  ■■•,  Xn  such  that 

r(X,  Xi)  <  e,      r(Xi,  Za)  ^  e,      • .  •,      r(A'„_i,  X„)  ^  e,      r{X„,  P)  ^  e.J 

In  my  paper  Conce^-ning  the  prime  parts  of  a  cmitinunm,%  I  have  shown 
that  if  a  bounded  continuum  has  more  than  one  prime  part  then  it  is  a 


♦These  Transactions,  vol.20  (1919),  pp.  169-178. 

^  ijber  irreduzible  Kontinua,  Sitzungsberichte  der  Koniglichen  Akademie  der 
Wissenschaften  zu  Wien,    vol.  130  (1921),  pp.  217-250. 

X  A  continuum  M  is  said  to  be  connected  ini  kleinen  (or  regularly  connected)  at  the 
point  P  if  for  every  positive  number  e  there  exists  a  positive  number  d  such  that  if  X 
is  a  point  of  JW  at  a  distance  from  P  less  than  d  then  X  and  P  lie  together  iu  some 
connected  subset  of  M  of  diameter  less  than  e.  Cf.  Hans  Hahn,  tjher  die  allgemeinste 
ebene  Punktmenge,  die  stetiges  Bild  einer  Strecke  ist,  Jahresbericht  der  Deutschen 
Mathematiker-Vereinigung,  vol.  23  (1914),  pp.  318-322;  Pia  Nalli,  Sopra  una 
definizione  di  dominio  piano  limitato  da  una  curva  continua,  senza  punti  multipli, 
Rendiconti  del  Circolo  Matematico  di  Palermo,  vol.  32  (1911),  pp.  391-401; 
S.  Mazurkiewicz,  Sur  les  lignes  de  Jordan,  Fundamenta  Mathematicae,  vol.  1  (1920), 
pp.  166-209.  An  irregular  point  of  a  continuum  iif  is  a  point  at  which  M  is  not 
regularly  connected.  If  X  and  Y  are  two  points,  r(X,  Y)  denotes  the  distance  from  X  to  Y. 

§  Loc.  cit.    Hereafter  this  paper  will  be  referred  to  as  P.  C. 
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continuous  ciu've  vdih  respect  to  its  prime  parts  considered  as  points.     In 
this  section  I  will  establish  the  following  more  general  theorem. 

Theorem  23.  If,  in  a  plane  S,  M  is  a  bounded  continuum  no  prime 
part  of  which  separates  S,  and  every  prime  part  of  M  is  considered  as  an 
element,  and  every  point  which  does  not  belong  to  M  is  conside)'ed  as  an 
element,  then  the  collection  G  of  all  such  elements  is  an  upper  semi-continuous 
collection,  and  between  the  elements  of  0  and  the  points  of  a  plane  H  the)-e 
exists  a  one  to  one  correspondence  ivhich  preserves  limits  and  which  is  such 
that  the  image  in  H  of  the  set  of  all  prime  parts  of  M  is  a  continuous  airve. 

Proof.  Suppose  p  is  an  element  of  G  which  is  a  prime  part  of  M  and 
suppose  that  e  is  a  positive  number.  By  Theorem  3  of  P.  C.  there  exists 
a  positive  number  d,  less  than  e,  such  that  if  q  is  any  element  of  G 
which  is  a  prime  part  of  M  and  whose  lower  distance  from  p  is  less  than 
d  then  its  upper  distance  from  p  is  less  than  e.  If  g  is  any  element  of 
G  which  is  not  a  prime  part  of  M  then  5  is  a  point,  and  therefore  its 
upper  distance  from  p  is  the  same  as  its  lower  distance  and  thus  its  upper 
distance  from  p  is  less  than  e  if  its  lower  distance  from  p  is  less  than  d. 

Suppose  that  p  is  an  element  of  G  which  is  not  a  prime  part  of  M. 
In  this  case  p  is  a  point  and  if  e  is  any  positive  number  and  d  is  less 
than  e  and  also  less  than  the  lower  distance   of  p  from  M  then  every  ■ 
element  of  G  whose  lower  distance  fi-om  p  is  less  than  d  is  also  a  point  and 
therefore  its  upper  distance  from  p  is  less  than  (/  and  therefore  less  than  e . 

It  follows  that  G  is  an  upper  semi-continuous  collection.  The  truth  of 
the  remainder  of  Theorem  23  easily  follows  with  the  help  of  Theorem  17 
of  P.  C.  and  Theorem  22  of  the  present  paper. 

Thus,  regarded  as  being  composed  of  its  prime  parts  as  elements,  eve>-y 
bounded  continuum  (no  one  of  whose  prime  parts  separates  its  plane)  is 
a  continuffus  ame,  not  only  as  far  as  its  internal  structui-e  is  concerned, 
but  (dso  as  far  as  its  relatioji  to  the  remainder  of  tJie  plane  is  concerned* 


*  Professor  R.  L.  Wilder  has  called  my  attention  to  the  fact  that  the  statement  in 
line  10  of  page  172  of  P.  C.  S.  to  the  effect  that  q  contains  no  point  of  the  boundary  of 
Dx  is  incorrect  and  that  Lemma  3  appears  to  be  false.  This  is  indeed  the  case  if  in  the 
definition  (given  near  the  top  of  page  171)  of  the  outer  boundary  of  D  witii  respect  to  the 
prime  parts  of  M  the  phrase  "boundary  of  D"  is  interpreted  to  mean  the  boundary,  in 
the  ordinary  sense,  of  the  set  of  points  D.  If,  however,  this  phrase  is  interpreted  to 
mean  the  boundary  (as  defined  in  Section  I  of  the  present  paper)  of  the  domain  D,  the 
points  of  S  —  M  (and  therefore,  in  particular,  those  of  X>)  and  the  prime  parts  of  M  being 
the  elements  of  G,  then  Lemma  3  holds  true  and  the  argument  given  in  P.  C.  S.  to  prove 
it  holds  good  except  that  the  first  sentence  of  this  argument  is  to  be  replaced  by  the  following: 
"Let  B  denote  the  point  set  obtained  by  adding  together  all  the  prime  parts  of  M  which 
belong  to  K."  The  fouith  paragraph  of  page  171  of  P.  C.  S.  is  to  be  replaced  by  the 
following  statement:  "In  view  of  Lemma  2  it  is  clear  that  every  prime  part  of  M  which 
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TTT.  The  maximal  connected  subsets  of  a  closed  plane  point  set 

A  maximal  connected  subset  of  a  point  set  if  is  a  connected  subset  of 
M  which  is  not  a  proper  subset  of  any  other  connected  subset  of  M. 

Theorem  24.  If,  in  a  plane  S,  M  is  a  dosed  point  set  and  every  maximal 
cmmected  subset  of  M  is  conside^-ed  as  an  element  and  every  point  which 
does  not  helong  to  M  is  considered  as  an  element,  then  the  set  O  of  all 
such  elements  is  an  %(ppei-  semi-co7dinuous  collection. 

Proof.  Let  Oi  denote  the  set  of  all  maximal  connected  subsets  of  M 
and  let  0^  denote  the  set  of  all  points  which  do  not  belong  to  M. 

Suppose  p  is  an  element  of  O^.  Let  e  denote  a  positive  number.  There 
exists  a  positive  number  d  such  that  if  q  is  an  element  of  6^  at  a  lower 
distance  from  p  less  than  d  then  q  is  at  an  upper  distance  from  p  less 
than  e.  For  suppose  this  is  not  the  case.  Then  there  exists  a  positive 
number  e  and  an  infinite  sequence  of  distinct  elements  (of  the  set  6)  pi, 
Ih,  Pi,  •  •  ■  such  that,  for  every  n,  pn  contains  two  points  i?„  and  C„  such 
that  Bn  is  at  a  distance  less  than  1/n  from  some  point  An  which  belongs 
to  p,  while  C„  is  at  a  distance  greater  than  e  from  every  point  of  p. 
There  exist  two  points  B  and  C  and  a  sequence  of  distinct  integers 
Wi,  «2)  ns,---  such  that  B  is  the  sequential  limit  point  of  the  sequence 
Bnj ,  Bn. ,  Bn,  ,■■  ■  and  C  is  the  sequential  limit  point  of  the  sequence 
Cn,,  C„,,  (7„3,---.  The  limiting  set  of  the  sequence  pn,,  pn^,  Pm,---  is  a 
closed  and  connected  point  set  K  which  contains  B  and  C.  But  clearly 
B  belongs  to  p  and  C  does  not.  Since  the  continua  p  and  K  have  B  in 
common,  their  sum  is  connected.  But  their  sum  is  a  subset  of  M  and  it 
contains  a  point  C  not  belonging  to  p.  Thus  p  is  not  a  maximal  connected 
subset  of  M.    But  this  is  contrary  to  hypothesis. 

The  case  where  p  is  an  element  of  Oi  may  be  treated  by  a  method 
analogous  to  that  employed  in  a  similar  connection  in  the  proof  of 
Theorem  23  in  Section  H.    The  truth  of  Theorem  23  is  therefore  established. 

As  a  consequence  of  Theorems  24  and  22  we  have  the  following  result. 

Theorem  25.  If,  in  a  plane  S,  M  is  a  closed  and  bounded  point  set  no 
subset  of  which  separates  S,  and  every  maximal  connected  siihset  of  M  is 
considered  as  an  element,  and  every  point  which  does  not  belong  to  M  is 
considered  as  an  element,  then  the  set  of  all  such  elements  is  topologically 
equivalent  to  the  set  of  all  points  in  a  plane. 

IV.  Upper  semi-continuous  collections  in  space  of  n  dimensions 
Theorem  26.     If,  in  a  euclidean  space  S  of  any  number  of  dimensions, 
O  is  an  upper-  semi-continuous  collection  of  mutually  exclusive  continua  such 

belongs  to  tlie  set  K  defined  above   contains   at  least  one  point  of  the  point  set  which 
forms  the  outer  boundary,  in  the  ordinary  sense,  of  the  domain  (of  points)  D." 
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that  every  point  of  S  belongs  to  some  continuum  of  tJie  collection  G,  then 
{regardless  of  whether  the  continua  of  O  separate  8)  the  term  region  may 
he  so  defined  that  (1)  if  the  elements  of  G  are  called  points  then  Axioms 
1,  2,  4  and  5  and  TJieorem  4  of  F.  A.  all  hold  true  and  further-more  an 
element  p  of  G  ivill  he  {in  the  sense  defined  in  I)  a  limit  element  of  a  set 
H  of  elements  of  G  if  and  only  if  evei'y  region  that  contains  p  contains 
at  least  one  element  of  H  distinct  from  p. 

I  will  proceed  to  indicate  how  this  theorem  may  be  established. 

Let  us  retain  all  the  definitions  given,  in  Section  I,  before  the  statement 
of  Theorem  1.  But  let  the  definition  of  a  region  of  elements  of  G,  as 
given  in  that  section,  be  replaced  by  the  following: 

Definition.  If  p  is  an  element  of  G  and  e  is  a  positive  number,  then 
by  Rpt  is  meant  the  set  of  all  elements  q  of  G  such  that  q  and  p  belong 
to  some  connected  set  of  elements  of  G  such  that  every  element  of  this 
connected  set  is  at  an  upper  distance  from  p  less  than  e.  For  every  p 
and  e  the  set  Bpe  is  called  a  region  of  elements  of  G. 

It  is  easy  to  see  that  Theorems  1,  3  and  4  of  Section  I  hold  true  here 
and  that  Axioms  1,  2,  4  and  5  and  Theorem  4  of  F.  A.  may  be  established 
as  indicated  after  the  statement  of  Theorem  4  in  Section  I. 

Univeesity  of  Texas, 
Austin,  Tex. 


CONCERNING  ZERO-DIMENSIONAL  SETS 
IN  EUCLIDEAN  SPACE* 

BV 

R.  L.  WILDER 

A  point  set  M ,  lying  in  a  euclidean  space,  £„,  of  n  dimensions,  is  said  to 
be  zero-dimensional  in  the  Menger-Urysohn  sense,  if  for  every  point  P 
of  M  and  every  positive  number  e  there  exists  a  separation  of  M  into  two 
mutually  separated  sets  Mi  and  M2  such  that  Mi  contains  P  and  the  di- 
ameter of  Ml  is  less  than  e.f 

IP  The  present  paper  is  intended  to  serve  as  a  contribution  to  the  study  of 
zero-dimensional  sets  in  £„,  particularly  with  reference  to  the  relations  of 
these  sets  to  their  complements.  The  property  of  accessibility  of  a  point  set 
from  all  sides  is  introduced  and  it  is  shown  that  in  £„  {n  >  1)  all  zero-dimen- 
sional sets  possess  this  property  and  in  £0  are  characterized  by  it.  An 
example  is  given  to  show  that,  in  the  definition  of  accessibility  used,  arcs 
cannot  be  employed  instead  of  continua.  The  same  example  shows  that  if 
M  is  a  zero-dimensional  set  in  £2,  then,  although  it  is  well  known  that  M 
is  homeomorphic  with  a  subset  of  h,  the  set  of  all  points  in  £2  both  of  whose 
coordinates  are  irrational,  there  does  not  in  general  exist  a  one-to-one 
continuous  transformation  of  £2  into  itself  which  carries  M  into  a  subset  of 
li]  i.e.,  M  is  not  in  general  iso topic  with  a  subset  of  h.  A  necessary  and 
sufficient  condition  is  then  obtained  under  which  M  will  be  isotopic  with 
a  subset  of  h,  and  by  application  of  this  condition  it  is  found  that  every 
punctiform  F,  in  £2  is  isotopic  with  a  subset  of  h. 

1 

Definition.  In  this  paper,  the  term  region  will  be  used  to  denote  a  simply 
connected,  bounded  domain. 

It  follows  from  a  theorem  of  Sierpinskif  that  zero-dimensional  sets  are 


*  Presented  to  the  Society,  April  15,  1927,  under  the  title  Concerning  zero-dimensional  sets  in 
the  plane;  received  by  the  editors  March  31,  1928. 

t  For  a  general  summary  of  the  Menger-Urysohn  dimension  theory  and  references,  see  K. 
Menger,  Bericht  Uber  die  Dimensionstheorie,  Jahresbericht  der  Deutschen  Mathematiker-Vereinigung, 
vol.  35  (1926),  pp.  113-150. 

X  W.  Sierpinski,  Sur  Us  ensembles  connexes  et  nan  connexes,  Fundamenta  Mathematicae,  vol.  2 
(1921),  pp.  81-95. 
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identical  with  those  sets  that  are  punctiform  and  homeomorphic*  with  linear 
sets.  Mazurkiewicz  has  shown f  that  if  Oi  and  02  are  points  of  a  punctiform 
set  A  in  E„  which  is  homeomorphic  with  a  linear  set,  and  Z)  is  a  domain  of 
En  containing  Ci,  then  there  exists  a  continuum  C  which  lies  wholly  in  D, 
contains  no  point  of  A  and  separates  ai  from  aj.  Hence,  if  M  is  a  zero- 
dimensional  set  in  £2,  P  and  Q  are  distinct  points  of  M,  e  is  any  positive  num- 
ber less  than  the  distance  from  P  to  Q,  and  D  is  the  set  of  all  points  whose 
distance  from  P  is  less  than  e,  there  exists  a  set  F  which  is  a  subcontinuum 
of  D  —  DXM  and  which  separates  P  from  Q.  If  R  is  that  component!  of 
E2  —  F  determined  by  P,  then  7?  is  a  domain.  Its  boundary,  B,  is  a  con- 
tinuum by  virtue  of  a  theorem  of  Brouwer;§  hence  R  is  simply  connected|| 
and  consequently  a  region  as  defined  above,  its  boundedness  being  evident. 
That  B  contains  no  point  of  M  is  obvious,  since  £  is  a  subset  of  F. 

If  a  point  set  M  in  £2  has  the  property  that  for  every  point  P  of  M  and 
every  positive  number  e  there  exists  a  region  containing  P  every  point  of 
which  is  at  a  distance  from  P  less  than  t  and  whose  boundary  contains  no 
point  of  M,  then  it  is  obvious  that  M  is  zero-dimensional.  We  have  then  the 
following  lemma: 

Lemma  1 .  In  order  that  a  point  set  M  in  Ei  should  be  zero-dimensional  it  is 
necessary  and  sufficient  that  for  every  point  P  of  M  and  every  positive  number  e 
there  exist  a  region  containing  P  every  point  of  which  is  at  a  distance  from  P 
less  than  e  and  whose  boundary  contains  no  point  of  M. 

Definition.  If  P  is  a  point  of  a  point  set  M  in  £2,  then  M  will  be  said  to 
be  locally  separated  at  P  provided  that  for  every  positive  number  e  there 
exists  a  region  containing  P  whose  diameter  is  less  than  e  and  whose  boundary 
contains  no  point  of  M.  If  M  is  locally  separated  at  all  of  its  points,  then  M 
will  be  called  locally  separated. 


*  Two  sets  M  and  N  are  said  to  be  homeomorphic  if  there  exists  a  one-to-one  continuous  cor- 
respondence between  them.  A  set  is  called  punctiform  if  it  contains  no  continuum.  (A  continuum 
is  a  closed  and  connected  point  set  containing  more  than  one  point.) 

t  S.  Mazurkiewicz,  Sur  un  ensemble  Gj,  punctiforme,  qui  n'est  pas  homiomorpke  avec  aucun 
ensemble  lineaire,  Fundamenta  Mathematicae,  vol.  1  (1920),  pp.  61-81,  Theorem  IV.  It  is  clearly 
intended  that  the  word  "punctiforme"  appear  in  this  theorem — thus:  ".1  est  un  ensemble  punctiforme 
deR,---  ." 

J  If  Af  is  a  point  set  and  P  a  point  of  Af,  then  that  component  of  Af  determined  by  P  is  the  set 
of  all  points  { a; } ,  of  A/,  such  that  x  and  P  lie  in  a  connected  subset  of  M. 

§  Cf.  L.  E.  J.  Brouwer,  Beueis  des  Jordanschen  Kurvensatzes,  Mathematische  Annalen,  vol. 
69  (1910),  pp.  169-175,  Theorem  3. 

II  Cf.  R.  L.  Moore,  Concerning  continuous  curves  in  the  plane,  Mathematische  Zeitschrift,  vol.  IS 
(1922),  pp.  254-260,  Theorem  2. 
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Definition.  A  sequence  of  regions,  G,  is  said  to  close  down  on  a  point  P 
if  every  region  of  G  contains  P  and  if  for  every  positive  number  e  all  but  a 
finite  number  of  regions  of  G  are  of  diameter  less  than  e. 

Definition.  A  set  of  regions,  G,  is  said  to  cover  a  point  set  M  in  the 
Vitali  sense  provided  that  if  P  is  any  point  of  M  there  exists  an  infinite  se- 
quence of  regions  of  G  closing  down  on  P. 

Definition.  A  set  of  regions,  G,  is  said  to  have  property  H  if  for  every 
positive  number  e  there  exist  only  a  finite  number  of  regions  of  G  of  diameter 
greater  than  e. 

Definition.  A  point  P  of  a  set  M  in  £2  will  be  said  to  be  accessible  from 
all  sides  provided  that  if  Z)  is  a  Jordan  region*  whose  boundary  contains  P, 
then  P  can  be  joined  to  any  point  x  oi  Dhy  a.  continuum  C  which  lies  wholly 
in  D  except  for  P,  and  such  that  all  points  of  C  except  P  and  possibly  x 
are  points  of  E^  —  M.  If  in  this  definition  the  words  "a  continuum"  are  re- 
placed by  "an  arc,"  the  point  P  will  be  called  arcwise  accessible  from  all  sides. 

Definition.  If  M  is  a  set  of  points  in  £2,  then  £2  will  be  said  to  be 
accessible  from  all  sides  with  respect  to  M  if  every  point  P  of  £2  is  accessible 
from  all  sides  when  P  is  added  to  M.  An  analogous  definition  for  "arcwise 
accessible  from  all  sides  with  respect  to  M"  is  obvious. 

Definition.  Two  sets  M  and  N  lying  in  spaces  S  and  T,  respectively, 
are  said  to  be  isotopic  in  case  there  exists  a  one-to-one  continuous  cor- 
respondence between  S  and  T  under  which  M  and  N  correspond  to  one  an- 
other. Obviously  S  and  T  can  be  the  same  space. 

Definition.  If  P  is  a  point  of  a  point  set  M  in  £2,  then  M  will  be  said  to 
be  simply  locally  separated  at  P  provided  that  for  every  positive  number  « 
there  exists  a  region  containing  P  whose  diameter  is  less  than  e  and  whose 
boundary  is  a  simple  closed  curve  which  contains  no  point  of  M.  If  M  is 
simply  locally  separated  at  all  of  its  points,  then  M  will  itself  be  called 
simply  locally  separated. 

Lemma  2.  If  M  is  a  zero-dimensional  set,  and  P  is  a  point  not  belonging  to 
M,  then  M+P  is  zero-dimensional. 

This  lemma  is  an  immediate  consequence  of  a  result  due  to  Urysohn,t  to 
the  effect  that  the  set  of  points  at  which  a  set  T  is  of  dimension  ^0  is  dense 
in  itself. 


*  A  Jordan  region  is  a  bounded  domain  complementary  to  a  simple  closed  curve, 
t  P.  Urysohn,  Sur  les  midlipliciUs  Canloriennes,  Fundamenta  Mathematicae,  vol.  7  (1925), 
pp.  30-137,  and  vol.  8  (1926),  pp.  225-359.  See  vol.  8,  pp.  272-273. 
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Theorem  1.  If  M  is  a  zero-dimensional  set  in  Eo  there  exists  a  sequence  of 
regions  G  whose  boundaries  contain  no  points  of  M,  which  cover  M  in  the 
Vitali  sense,  and  such  that  G  has  property  H.* 

Consider  first  a  bounded  zero-dimensional  set  M.  Let  M'  denote  the  set 
composed  of  M  together  with  all  its  limit  points.  By  Lemmas  1  and  2,  if 
P  is  any  point  of  M' ,  there  exists  a  sequence  of  regions,  G{P),  closing  down 
on  P  whose  boundaries  contain  no  point  of  M.  Let  G'  be  the  collection  of  all 
regions  belonging  to  sequences  of  the  type  G{P).  By  the  Borel  Theorem  there 
exists  a  finite  set,  d,  of  regions  of  G'  covering  M' .  From  G'  omit  all  regions 
of  diameter  >  1  and  call  the  resulting  set  of  regions  G( .  As  G{  covers  M', 
there  exists  a  finite  subset,  d,  of  Gi ,  which  covers  M'.  From  Gl  omit  all 
regions  of  diameter  >  5  and  call  the  resulting  set  of  regions  G/ .  In  general, 
if  G„'  consists  of  the  set  of  all  regions  of  G'  of  diameter  ^  l/n,  there  exists  a 
finite  subset,  G„+i,  of  G„' ,  which  covers  M'. 

Let  G  =^i  G„.  Then  if  e  is  any  positive  number,  only  a  finite  number  of 
regions  of  G  are  of  diameter  >  e,  and  furthermore,  since  for  every  point  P 
of  M  there  exists  a  region  of  Gn  (»  =  1,2,3,  •  •  •)  covering  P,  G  covers  M 
in  the  VitaU  sense. 

Since  every  unbounded  set  in  £2  is  the  sum  of  a  denumerable  collection 
of  bounded  sets,  the  set  M,  if  unbounded,  is  the  sum  of  a  sequence  of  bounded 
sets  Ml,  Mi,  Ms,  •  •  •  .  The  set  G'  can  be  selected  as  before;  in  general  G„' 
can  consist  of  all  regions  of  G'  of  diameter  ^  l/n  and  G„+i  can  be  a  finite  set 
of  regions  of  G„'  covering  the  set  XI"  Mi  together  with  its  Umit  points. 

Theorem  la.  //  M  is  a  simply  locally  separated  set  in  E2,  there  exists  a 
set  of  Jordan  regions  G  whose  boundaries  contain  no  point  of  M,  which  cover  M 
in  the  Vitali  sense,  and  such  that  G  has  property  H. 

Theorem  2.  If  M  is  a  zero-dimensional  set  in  £2,  then  £2  is  accessible  from 
all  sides  with  respect  to  M. 

Let  Z)  be  a  Jordan  region  and  P  a  point  on  the  boundarj%  B,  of  D.  Let  Q 
be  any  point  of  D.  There  exists  a  simple  closed  curve  /  which  contains  P 
and  Q  and  which  Hes,  except  for  P,  wholly  in  D.  The  curve  /  is  the  sum  of  two 
arcs,  ti  and  /j,  which  have  in  common  only  the  points  P  and  Q. 

Let  2  be  a  point  of  R,  the  region  bounded  by  /,  and  let  t  be  an  arc  whose 
end  points  are  P  and  Q,  which  contains  2,  and  which  lies,  except  for  P  and  Q, 
wholly  in  R.  Let  Mi  be  the  set  of  points  common  to  M  and  J  —  (P+Q). 

*  Note  added  in  proof-reading:  Since  I  have  recently  shown  (in  my  paper  Concerning  the 
Phragmen-Brouuer  Theorem,  presented  to  the  American  Mathematical  Society,  December  27,  1928) 
that  the  theorem  of  Brouwer  referred  to  above  extends  to  n  dimensions  (n>  2),  it  is  clear  that  Lemma 
1  and  consequently  Theorem  1  are  true  in  E„,  for  n  >  2. 
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As  M  is  zero-dimensional,  there  exists,  by  Theorem  1,  a  set  of  regions  G 
which  covers  M  in  the  Vitali  sense  and  has  property  H,  and  such  that  the 
boundaries  of  regions  of  G  contain  no  points  of  M. 

If  X  is  any  point  of  Mi,  there  exists  a  region  of  G,  g(x),  which  contains  x 
and  such  that  g(x)  together  with  its  boundary  lies  wholly  in  D  and  contains 
no  point  of  t.  The  set  of  all  points  contained  in  regions  of  the  type  g{x), 
together  with  their  boundaries,  denote  by  T.  That  the  set  of  points  T+J  is 
a  continuum  C  is  easily  shown  from  the  properties  of  G. 

Let  that  connected  domain  complementary  to  C,  which  contains  z, 
be  denoted  by  D(z).  The  boundary,  F,  of  D{z)  is  a  subset  of  C  and  that  it 
contains  P  and  Q  is  easily  seen  from  the  fact  that  all  of  /,  except  P  and  Q, 
lies  in  D(z).  That  F  is  a  continuum  follows  from  the  Brouwer  theorem 
referred  to  above,  and  that  it  contains  no  point  of  M  except  possibly  P  and 
Q  is  obvious.  Hence  F  is  a  continuum  which  contains  P  and  Q,  contains  no 
point  of  M  except  possibly  P  and  Q,  and  Hes,  except  forP,  wholly  in  D. 

Theorem  3.  //  M  is  a  zero-dimensional  set  in  E^  atid  P  and  Q  are  any  two 
points  of  £2,  theti  P  and  Q  can  be  joined  by  a  continuum  K  every  point  of  which, 
except  possibly  P  and  Q,  is  in  E2  —  M;  and  indeed,  if  J  is  any  simple  closed 
curve  enclosing  both  P  and  Q,  K  may  be  selected  so  as  to  lie  entirely  within  J. 

From  the  above  it  is  evident  that  whereas,  by  a  theorem  of  Sierpinski,* 
the  complement  of  a  punctiform  set  in  £2  is  connected  im  kleinen,t  the  com- 
plement of  a  set  having  the  stronger  property  of  zero-dimensionality  is 
strongly  connected  im  kleinen. 

If,  when  considering  space  £„(m>2),  we  define  accessibihty  from  all  sides 
as  above,  except  that  Jordan  regions  are  replaced  by  bounded  domains 
complementary  to  n-dimensional  spheres,  the  above  results  are  easily  ex- 
tended to  higher  spaces.  Thus,  we  have  the  following  theorem: 

Theorem  4.  //  M  is  a  zero-dimensional  set  in  E„{n  >  1)  then  all  points  of 
E„  are  accessible  from  all  sides  with  respect  to  M,  and  the  complement,  E„  —  M, 
is  strongly  connected  im  kleinen. 

I  shall  merely  indicate  how  the  proof  is  given  for  £3.  Let  5  be  a  sphere,  P 


*  W.  Sierpinski,  Siir  un  ensemble  pundiforme  conncxe,  Fundamenta  Mathematicae,  vol.  1  (1920), 
pp.  7-10. 

t  A  set  If  is  called  connected  im  kleinen  provided  that  if  /"  is  any  point  of  M  and  t  is  any  positive 
number,  there  exists  a  positive  number  p  such  that  if  (P  is  a  point  at  a  distance  from  P  less  than  p, 
there  exists  a  connected  subset  N  of  M  containing  both  P  and  Q  every  point  of  which  is  at  a  distance 
from  P  less  than  e.  If  A'  can  always  be  taken  to  be  a  continuum,  then  Af  is  called  strongly  connected 
im  kleinen. 
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a  point  on  5  and  Q  a  point  within  5.  Let  T  be  any  plane  passing  through  P 
and  Q.  The  intersection  of  S  with  T  is  a  circle  C,  and  with  M  is  a  point  set  m. 
The  set  m  is  zero-dimensional,  and  by  Theorem  3  there  exists  a  continuum 
K  lying  entirely  within  C,  on  T,  and  containing  P  and  Q  but  no  points  of  m 
except  possibly  P  and  Q.  The  rest  of  the  proof  should  be  obvious. 

Theorem  4a.  //,  in  £„(«>!),  D  is  a  connected  domain  and  M  is  a  zero- 
dimensional  set  and  P  and  Q  are  distinct  points  of  D,  then  there  exists,  in  D, 
a  continuum  C  which  contains  P  and  Q  but  which  contains  no  point  of  M, 
except  possibly  P  and  Q. 

I  shall  indicate  the  proof  for  £3.  (For  E2  use  Theorem  3  and  the  notion 
of  simple  chain  indicated  below.)  Every  point  xoiD'is  the  center  of  a  sphere 
Sz  which  lies  wholly  in  D.  Let  G  denote  the  collection  of  all  such  spheres. 
Then  there  exists,  from  P  to  ^,  a  simple  chain,  Si,  Si,  ■  ■  ■  ,  Sk,  of  spheres* 
of  the  collection  G.  For  each  i{i  =  l,  2,  ■  ■  ■  ,  k  —  i)  let  P.  denote  a  point  of 
Ez  —  M  common  to  5<  and  Si+i.  By  passing  a  plane  through  P.-  and  Pi+i 
and  proceeding  as  in  the  proof  of  Theorem  4,  it  can  be  shown  that  there 
exists  a  continuum  Ci+i  which  lies  wholly  in  5,+!,  contains  P<  and  P,+i, 
but  no  point  of  M.  Similar  continua  Ci  and  Ck  can  be  obtained,  where 
Ci  joins  P  and  Pi  in  ^i,  and  Ck  joins  Pk-i  and  Q  in  Sk-  The  continuum 
C=X)i  Ci  fulfills  the  condition  stated  in  the  theorem. f 

Corollary.  In  £„(«>!)  the  complement  of  a  zero-dimensional  set  is 
strongly  connected.  m 

Theorem  5.  In  order  that  a  set  in  E2  should  be  zero-dimensional  it  is  neces- 
sary and  sufficient  that  it  should  be  accessible  from  all  sides. 

That  the  condition  is  necessary  follows  from  Theorem  2. 

The  condition  is  also  sufficient.  LetPbeany  pointof  Af.  I  shall  show  that 
M  is  locally  separated  at  P.  If  €  is  any  positive  number,  let  Ci>  d,  €3,  and 
Ci  be  circles  with  centers  at  P  with  radii  e/4,  e/2,  3e/4,  and  e,  respectively. 
On  a  radius  of  C4,  let  the  intersections  with  the  circles  Ci{i  =  1,  2,  3,  4)  occur 
in  the  order  Plkji,  and  on  the  radius  diametrically  opposite  let  a  and  b  be 


*  If  "region"  be  replaced  by  "sphere,"  the  definition  of  simple  chain  and  Theorem  10  as  given 
on  pp.  134-135  of  R.  L.  Moore's  Foundations  of  plane  analysis  situs  (these  Transactions,  vol.  17 
(1916),  pp.  131-164)  will  suffice  for  reference  here. 

t  It  was  shown  by  Urysohn  (loc.  cit.,  vol.  8,  p.  355)  that  if  M  is  an  F,  of  dimension  <«  — 1 
in  E„{n>\)  and  D  is  a  connected  domain,  then  D—DXM  is  strongly  connected.  (As  a  matter  of 
fact,  as  I  have  pointed  out  in  my  paper  Concerning  a  theorem  of  J.  R.  Kline,  not  yet  published, 
D—DXMis  arcwise  connected.)  Theorem  4a  shows  that  for  the  case  n  =  2  the  restriction  that  M 
be  an  F,  is  unnecessary. 
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the  intersections  with  Ci  and  C2,  respectively.  On  Ci  let  m,  n,  0  be  points  in 
the  order  (counter-clockwise)  Imnoa.  Extend  the  radius  Pn  of  Ci  to  meet  d 
at  c;  and  the  radius  Pni  to  meet  d  and  C3  at  d  and  q,  respectively.  On  C2 
let/ and  e  be  selected  so  that  the  order  (counter-clockwise)  kfedcb  is  obtained. 
Let  a  radius  of  C4  through/ cut  d  and  C4  in  g  and  h,  respectively,  and  a  radius 
through  e  meet  C3  in  s.  Denoting  straight  line  intervals  by  brackets,  and 
arcs  of  circles  by  parentheses,  define  simple  closed  curves  /i  and  J2  as  follows: 

J,  =  [Pab]  -f  {hcdef)  4-  \jgh]  +  {ih)  4-  [ijkl]  +  (Imno)  +  [oP], 

(ih)  being  so  chosen  that  /i  encloses  points  of  [nc] ; 

72  =  [P»7(fg]  +  (qjgs)  +  [se]  +  (efkbc)  +  [cnP]. 

That  arc  jg  on  C3  which  does  not  contain  5  forms,  with  the  portion 
[ji]  +  (ih)  +  [hg]  of  Ji,  a  simple  closed  curve  J3.  Let  Qi  be  a  point  interior  to 
J3,  not  belonging  to  M.  As  Qi  is  interior  to  /i,  there  exists  a  continuum  Ki 
containing  Qi  and  P,  and  lying,  except  for  P,  wholly  interior  to  Ji,  and  con- 
taining, except  for  P,  only  points  of  Ei  —  M.  Let 

/4=  [/g]  +  (g^)+  [^e]-f(e/), 

where  (g5)  does  not  contain  /,  and  (e/)  does  not  contain  k,  and  let  Q2  be 
a  point  of  E2  —  M  interior  to  Ji.  As  Q2  is  also  interior  to  J2,  there  exists  a 
continuum  JiTj  containing  ^2  and  P,  lying,  except  for  P,  wholly  interior  to  J2, 
and  containing,  except  for  P,  only  points  of  E2—M. 

The  continuum  A'j  contains  a  continuum  Ti  which  lies  wholly  within  or 
on  the  boundary  of  the  annular  domain  bounded  by  Ci  and  C3,  and  contains 
points  on  both  Ci  and  C3.*  The  points  of  Ti  on  C3  lie  on  the  arc  jg  of  Jz, 
and  the  points  of  Ti  on  Ci  are  on  that  arc  ao  of  Ci  which  does  not  contain  n. 
The  continuum  ^"2  contains  a  continuum  Z'2  which  lies  wholly  within  or  on 
the  simple  closed  curve  /&  defined  as  follows : 

J^  =  [Jg]  +  <.m)  +  [qdm]  +  {mn)  +  [nc]  +  {cbkj) , 

where  {mn)  does  not  contain  a,  and  such  that  T2  has  points  on  both  \fg] 
and  (mw). 

The  continuum  T  =  Ti  +  T2  does  not  contain  P  and  hence  is  a  subset  of 
E2  —  M.  If  £)  is  that  complementary  domain  of  T  determined  by  P,  then  D 
is  a  region  whose  boundary  is  a  subset  of  T,  and  such  that  D  contains  no  point 
on  or  exterior  to  C4.  The  diameter  of  D  is  less  than  e,  and  hence  M  is  locally 
separated  at  P. 


*  Cf .  Anna  M.  Mullikin,  Certain  theorems  rdating  to  plane  connected  point  sets,  these  Transactions, 
vol.  24  (1922),  pp.  144-162,  Theorem  1. 
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If  a  set  M  in  Ei  is  accessible  from  all  sides,  then  by  Theorem  5  it  is  zero- 
dimensional;  and  hence,  by  Theorem  2,  £2  is  accessible  from  all  sides  with 
respect  to  M  and,  by  Theorem  3,  E2  —  M  is  strongly  connected  im  kleinen. 
Hence  the  following  corollary: 

Corollary.  //  a  set  M  in  £»  is  accessible  from  all  sides,  then  E2  is  acces- 
sible from  all  sides  with  respect  to  M,  and  E2  —  M  is  strongly  connected  im  kleinen. 

Thus  in  £2  accessibility  from  all  sides  of  a  set,  and  accessibility  of  £2  from 
all  sides  with  respect  to  that  set,  are  equivalent  properties. 

That  ordinary  accessibility  of  points  of  M,  in  the  sense  that  if  P  is  a 
point  of  M  and  Q  a  point  of  E^  —  M  there  exists  a  continuum  K  containing 
P  and  Q  and  such  that  KXM  =P,  is  not  sufficient,  even  where  M  is  puncti- 
form  and  totally  disconnected,  to  insure  the  zero-dimensionality  of  M  is 
shown  by  the  example  of  a  quasi-connected  point  set  in  my  paper  A  set 
which  has  no  true  quasi-components  and  which  becomes  connected  upon  the 
addition  of  a  single  point*  The  set  described  in  this  paper  is  accessible  by 
arcs. 

That  in  the  definition  of  accessibility  from  all  sides  used  above,  arcs  can- 
not be  employed  instead  of  unrestricted  continua  will  be  shown  by  the  ex- 
ample given  in  §2  of  a  zero-dimensional  set  which  is  not  simply  locally 
separated. 

2 

It  is  knownf  that  the  set,  h,  of  all  points  in  £2  both  of  whose  coordinates 
are  irrational  is  homeomorphic  with  the  set,  /i,  of  points  in  £1  whose  abscissas 
are  irrational.  Sierpinski  has  shown  that  zero-dimensional  sets  are  homeo- 
morphic with  linear  sets  and  hence  with  subsets  of  /i.f  Hence  every  zero- 
dimensional  set  is  homeomorphic  with  a  subset  of  I^.  This  suggests  the 
question:  Is  a  zero-dimensional  set  in  £2  iso topic  with  a  subset  of  /2?  It  is 
to  be  noticed,  first,  that  any  subset  of  I2  is  simply  locally  separated  as 
defined  above,  and  that  any  set  isotopic  with  a  subset  of  I2  must  accordingly 
be  simply  locally  separated.  Hence  I  shall  first  show  that  the  above  question 
cannot  be  answered  affirmatively  by  giving  an  example  of  a  zero-dimensional 
set  in  £2  which  is  not  simply  locally  separated  at  any  point. 


•  Bulletin  of  the  American  Mathematical  Society,  vol.  3i  (1927),  pp.  423-427. 

t  Cf.  M.  Fr&het,  Les  dimensions  d'un  ensemble  abstrait,  Mathematische  Annalen,  vol.  68 
(1910),  pp.  145-168.  See  especially  p.  154. 

t  Cf.  Menger,  Bericht  iiber  die  Dimensionstheorie,  loc.  cit.,  pp.  125-126,  and  references  given 
therein. 
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Consider,  first,  a  set  M  constructed  as  follows:  Let  T  be  a  unit  square, 
and  for  each  positive  integer  n  divide  T  into  w-  equal  squares,  letting  r„ 
denote  the  corresponding  set  of  «^  squares.  For  each  square,  t,  of  r„,  construct 
a  continuum  K{l)  of  which  every  subcontinuum  is  indecomposable*  and 
which  lies  wholly  within  /  except  that  it  contains  four  points  on  t,  these 
being  the  mid-points  of  the  four  sides  of  /.  For  each  n  let  M„  denote  the 
set  of  points  obtained  by  adding  together  the  point  sets  K{t)  for  all  squares 
/  of  T„.  Let  M  =X  "  ^i-  This  set,  M,  was  first  constructed  by  R.  L.  Mooref 
as  an  example  of  a  connected  and  connected  im  kleinen  point  set  which 
contains  no  arc.  The  point  set  which  I  wish  now  to  consider  is  the  comple- 
ment of  M  within  and  on  T.  Denote  this  set  by  N. 

The  point  set  AT^  is  a  zero-dimensional  Gjf  and  is  everywhere  dense  in  T 
and  its  interior.  For  if  P  is  a  point  of  N  within  T  and  C  is  a  circle  with 
center  atP,  there  exists  a  positive  integer  n  such  that  not  only  does  a  square 
t  of  r„,  within  or  on  which  P  lies,  lie  wholly  within  C,  but  also  all  those  squares 
of  r„  adjacent  to  /.  The  eight  continua  A",  constructed  relative  to  r„  in 
these  adjacent  squares  form  a  continuum  F.  That  complementary  domain 
D  oiF  which  contains  P  is  a  region  which  lies  wholly  interior  to  C  and  whose 
boundary  contains  no  point  of  N ,  being  a  subset  of  F  and  hence  of  M .  Then 
N  is  locally  separated  at  P.  In  case  P  is  on  T  it  can  be  shown  in  a  similar 
way  that  A^  is  locally  separated  at  P.  That  N  is  everywhere  dense  in  T  and 
its  interior  is  evident  since  every  arc  interior  to  T  contains  points  of  N.  That 
iV  is  a  G{  is  evident  since  M  is  an  F„.  But  it  is  obvious  that  N  is  not  simply 
locally  separated  at  any  point  and  consequently  N  is  not  isotopic  with  Ii- 

By  an  extension  of  this  example  there  can  be  obtained  an  example  of  a 
zero-dimensional  set  which  is  dense  everywhere  in  E^,  but  which  is  not  iso- 
topic with  I2.  This  comment  is  of  interest,  perhaps,  in  that  it  relates  to  the 
analogue,  for  punctiform  uncountable  sets,  of  a  theorem  first  given  by 
Frechet§  and  later  by  Urysohn||  to  the  effect  that  all  denumerable  sets  dense 
in  £„  are  isotopic.  If  there  exists  any  analogue  of  this  theorem  for  uncount- 
able sets,  the  example  just  indicated  shows  that  zero-dimensionality  is  not  a 
sufficient  condition  for  isotopism  of  such  sets. 


*  Cf.  B.  Knaster,  Un  continu  donl  tout  sotis-continu  est  indicomposable,  Fundamenta  Mathe- 
maticae,  vol.  3  (1922),  pp.  247-286. 

t  R.  L.  Moore,  A  connected  and  regular  point  set  which  contains  no  arc,  Bulletin  of  the  American 
Mathematical  Society,  vol.  32  (1926),  pp.  331-332. 

t  A  Gj  is  a  set  of  points  common  to  a  denumerable  infinity  of  open  sets. 

§  M.  Fr^chet,  loc.  cit.,  p.  159. 

II  P.  Urysohn,  Sur  les  multiplicitls  Canloriennes,  loc.  cit.,  vol.  7,  pp.  83  £f.  Urysohn  states  that 
Fr6chet's  proof  seems  to  him  insufficient. 
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I  shall  now  proceed  to  establish  a  condition  which  characterizes  those  sets 
which  are  isotopic  with  subsets  of  h. 

Theorem  6.  Let  M  be  a  point  set  in  £2-  Then  in  order  that  M  should  be 
simply  locally  separated,  it  is  necessary  and  sufficient  that  E2  be  arcwise  ac- 
cessible from  all  sides  with  respect  to  M. 

The  condition  is  necessary.  Let  M  be  a  simple  locally  separated  set  in  £j, 
and  let  P  be  any  point  of  E^.  Let  J  be  any  simple  closed  curve  containing  P. 
Let  D  be  the  bounded  domain  complementary  to  /,  and  let  Q  be  any  point 
oiD. 

There  exists  a  simple  closed  curve  K  which  contains  P  and  Q,  and  which 
lies,  except  for  P,  wholly  in  D.  Denote  the  interior  of  A"  by  R.  There  exists 
an  arc  /  which  has  P  and  Q  as  end  points,  and  which  hes,  except  for  these 
two  points,  entirely  in  R. 

Denote  the  point  set  MX  [K-{P+Q)]  by  Mi. 

Since  M  is  simply  locally  separated,  there  exists,  by  Theorem  la,  a  se- 
quence, G,  of  Jordan  regions,  which  covers  M  in  the  VitaH  sense  and  has 
property  H,  and  such  that  the  boundaries  of  the  regions  of  G  contain  no  points 
of  M. 

If  X  is  a  point  of  Mi,  there  exists  a  region  g^  of  the  collection  G  which  con- 
tains X  and  such  that  gj  lies  wholly  in  D  and  contains  no  point  of  /.  The  set 
of  all  points  which  lie  in  regions  of  the  type  gx  together  with  their  boundaries 
denote  by  T.  The  set  of  points  T-j-K  is  a  continuum  C.  Furthermore,  C  is 
a  continuous  curve.  To  show  this,  I  shall  employ  Sierpinski's  characteriza- 
tion* of  a  continuous  curve;  i.e.,  a  bounded  continuum  A'^  is  a  continuous 
curve  provided  that  for  every  positive  number  e,  N  is  the  sum  of  a  finite 
collection  of  continua  each  of  which  is  of  diameter  less  than  e. 

Let  e  be  any  positive  number.  Then  K,  being  a  continuous  curve,  is  the 
sum  of  a  finite  collection  of  continua,  Ci,  C2,  •  •  •  ,  C„,  each  of  which  is  of 
diameter  less  than  e/4.  Since  G  covers  M  in  the  Vitali  sense,  there  is  only 
a  finite  number  of  regions  of  G  of  diameter  >e/4.  Hence  those  regions  of  G 
which  constitute  part  of  T  and  are  of  diameter  >e/4  are  finite  in  number, 
and  as  a  Jordan  region  together  with  its  boundary  forms  a  continuous  curve, 
each  of  them  together  with  its  boundary  is  the  sum  of  a  finite  number  of 
continua  of  diameters  less  than  e;  denote  the  set  of  all  such  continua  by  d. 
If  gx  is  a  region  which  constitutes  part  of  T  and  is  of  diameter  less  than  e/4, 
and  if  d  (l^i^n)  is  a  part  of  K  which  contains  a  point  of  g^  ,  then  C„ 


*  W.  Sierpinski,  Sur  une  condition  pour  qu'un  conlinu  soil  une  courbe  jordanienne,  Fundamenta 
Mathematicae,  vol.  1  (1920),  pp.  44-60. 
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together  with  all  such  regions  g^  and  their  boundaries  forms  a  continuum  C/ . 
That  Ci  is  of  diameter  less  than  e  is  obvious.  Therefore  C  is  the  sum  of  a 
finite  collection  of  continua,  viz.,  Ci ,  Ci ,  ■  ■  ■  ,  C„',  and  the  continua  of  the 
collection  d,  all  of  which  are  of  diameter  less  than  e,  and  hence  is  a  continu- 
ous curve. 

If  2  is  an  interior  point  of  t,  denote  by  Z>,  that  complementary  domain  of 
C  determined  by  z.  Denote  the  outer  boundary  of  2?^  by  5.  By  a  theorem  due 
to  R.  L.  Moore,*  jB  is  a  simple  closed  curve.  That  B  contains  P  and  Q  is 
easily  seen,  and  clearly  B  lies  wholly  in  D,  except  for  P,  and  contains  no 
point  of  M  except  possibly  P  and  Q.  As  B  is  the  sum  of  two  arcs  whose  end 
points  are  P  and  Q,  the  condition  stated  in  the  theorem  is  proved  necessary. 

To  show  that  the  condition  stated  in  the  theorem  is  sufficient  a  modifica- 
tion of  the  proof  of  Theorem  5  may  be  employed. 

Theorem  6a.  In  order  that  a  point  set  in  £2  should  he  simply  locally  sepa- 
rated it  is  necessary  and  sufficient  that  it  be  arcwise  accessible  from  all  sides. 

Corollary.  //  a  set  M  in  Et  is  arcwise  accessible  from  all  sides,  then  Et 
is  arcwise  accessible  from  all  sides  with  respect  to  M,  and  E2  —  M  is  arcwise 
connected  im  kleinen ;  and  if  P  and  Q  are  points  of  a  connected  domain  D  in  E^ 
there  is  an  arc  from  P  to  Q  which  lies  wholly  in  D  and  contains  no  point  of  M 
except  possibly  P  and  Q. 

The  proof  of  the  latter  part  of  this  corollary  can  be  obtained  by  use  of  the 
simple  chain  idea  (see  proof  of  Theorem  4a),  the  arcwise  accessibihty  of  £2 
with  respect  to  M,  and  of  the  fact  that  if  C  is  a  circle  enclosing  two  points 
A  and  B  there  exists  a  simple  closed  curve  within  C  which  contains  A  and 
encloses  B. 

Theorem  7.  In  E^,  let  M  be  a  point  set  and  let  h  denote  the  set  of  all  points 
both  of  whose  coordinates  are  irrational.  Then  in  order  that  M  should  be  iso- 
topic  with  a  subset  of  I2,  it  is  necessary  and  sufficient  that  it  be  simply  locally 
separated. 

That  the  condition  stated  in  the  theorem  is  necessary  is  obvious,  since  A 
is  itself  simply  locally  separated. 

To  prove  the  condition  sufficient,  I  shall  proceed  by  methods  based  on 
R.  L.  Moore's  Concerning  a  set  of  postulates  for  plane  analysis  situs. '\  I  shall 
therefore  first  state  a  series  of  lemmas  which  are  adaptations,  as  signified 


•  Concerning  continuous  curves  in  the  plane,  loc.  cit.,  Theorem  4.    That  the  boundary  of  D,  is 
itself  a  continuous  curve  is  demonstrated  by  Moore  in  the  proof  of  Theorem  4. 
t  These  Transactions,  vol.  20  (1919),  pp.  169-178. 
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in  each  case,  of  Moore's  theorems  B-G.  It  will  be  understood  that  when  a 
theorem  is  designated  by  letter  it  is  one  of  Moore's  theorems,  and  that  when 
a  theorem  is  designated  by  number  it  refers  to  a  theorem  in  the  present 
paper.  Wherever  a  proof  is  not  indicated  it  will  be  understood  that  the  proof 
is  only  a  slight  modification  of  Moore's  proof  with  the  use  of  Theorem  6. 

Lemma  3  (Adaptation  of  Theorem  B).  //  /  and  L  are  two  simple  closed 
curves  and  A  and  B  are  two  distinct  points  of  JX  (£2  —  M)  each  of  which  is 
either  not  on  L  at  all  or  on  some  segment  that  is  common  to  J  and  L,  then  there 
exists  an  arc  from  A  to  B  which  lies  entirely  in  E2  —  M  and,  except  for  its  end 
points,  within  J ,  and  has  not  more  than  a  finite  number  of  points  in  common  with 
L. 

The  proof  of  Lemma  3  is  similar  to  that  of  Theorem  B,  except  that  use  is 
made  of  Theorem  6  (a)  in  establishing  the  existence  of  the  arc  AB  in  E2  —  M, 
in  the  first  sentence  of  the  proof  as  given  by  Moore,  and  (b)  in  establishing 
the  existence  of  the  arcs  A„Z„B„  of  lines  10-12,  page  172,  so  that  these  have, 
in  addition  to  the  properties  outlined  there,  the  further  property  that  they 
lie  in  £2  —  M. 

Lemma  4  (Adaptation  of  Theorem  C).  //  the  closed  curve  g  lies  in  Ei  —  M 
and  has  only  a  finite  number  of  points  in  common  with  the  closed  curve  ABCDA 
and  does  not  contain  A,  B,C,  or  D,  then  the  interior  of  ABCDA  can  be  divided 
by  double  ruling*  such  that  (1)  the  arcs  of  this  ruling  lie  in  E^  —  M,  (2)  the  arcs  of 
one  of  its  single  rulings  are  parallel  to  AB  and  CD  and  those  of  the  other  are 
parallel  to  AD  and  BC,  and  (3)  the  subdivisions  of  ABCDA  made  by  this  ruling 
are  such  that  the  interior  of  each  one  of  them  is  either  wholly  within  or  wholly 
without  g. 

Lemma  5  (Adaptation  of  Theorem  D).  If  ABCDA  is  a  simple  closed  curve 
and  G  is  a  set  of  simple  closed  curves  which  lie  wholly  in  Ei  —  M  and  each  point 
on  or  within  ABCDA  is  within  some  curve  of  the  set  G,  then  the  interior  of 
ABCDA  can  be  divided  by  a  double  ruling  such  that  (1)  the  arcs  of  this  ruling 
lie  wholly  in  E2  —  M,  (2)  the  arcs  of  one  of  its  single  rulings  are  parallel  to  AB 
and  CD  and  those  of  the  other  are  parallel  to  AD  and  BC,  and  (3)  the  subdivi- 
sions of  the  interior  of  ABCDA  formed  by  these  rulings  are  such  that  each  lies 
within  some  curve  of  the  set  G. 

Lemma  6  (Adaptation  of  Theorem  E).  If  ABCDA  is  a  simple  closed  curve 
there  exist  two  sets  of  arcs,  ai  and  02,  such  that  (1)  each  arc  of  ai  lies  wholly 
within  ABCDA  except  that  its  end  points  are  on  AB  and  CD,  (2)  each  arc  of 


*  For  definitions  see  Moore's  paper,  loc.  cit. 
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az  lies  wholly  within  ABC  DA  except  that  its  end  points  are  on  BC  and  DA, 
(3)  a,(f  =  1,2)  is  the  sum  of  two  collections  of  arcs,  ai  and  bi,  such  that  (i)  if  d 
is  an  arc  of  bi,  then  d  is  the  sequential  limiting  set  of  a  sequence  of  arcs  of  the 
set  ai  and  ai  is  a  denumerable  set,  (ii)  the  arcs  of  ai  contain  no  points  of  M,  (4) 
each  point  on  A  BCD  A ,  with  the  exception  of  A,  B,  C,  and  D,  is  an  end  point  of 
either  just  one  arc  of  ai  or  just  one  arc  of  a^,  (5)  through  each  point  within 
ABCDA  there  is  just  one  arc  of  a\  and  just  one  arc  of  a-i,  (6)  each  arc  of  ai  has 
just  one  point  in  common  with  each  arc  of  a^- 

The  proof  of  Lemma  6  is  the  same  as  that  of  Theorem  E,  the  curves  in 
each  set/3„  being  selected  in  Ei  —  M,  however. 

Lemma  7  (Adaptation  of  Theorem  F).  There  exists  a  denumerably  in- 
finite sequence  of  simple  closed  curves  Jx,  J^,  Ji,  ■■  ■  such  that  every  point  of  E2 
lies  within  at  least  one  of  them  and  such  that  for  every  n,  J^+i  encloses  /„,  and  J„ 
lies  wholly  in  Ei  —  M. 

The  proof  of  Lemma  7  is  either  a  modification  of  the  proof  of  Theorem  F 
or  an  application  of  Theorem  6  to  a  series  of  annular  domains. 

Lemma  8  (Adaptation  of  Theorem  G).  There  exist  in  E2  two  sets,  Gi  and 
G2,  of  open  curves  such  that  (1)  through  each  point  there  is  just  one  curve  of  d 
and  just  one  curve  of  G^,  (2)  each  curve  of  d  has  just  one  point  in  common  with 
each  curve  of  G2,  (3)  Gi{i  =  1,  2)  consists  of  two  sets  of  open  curves  Gn  and  Ga 
such  that  (a)  no  curve  of  the  set  Gn  contains  a  point  of  M,  (b)  the  set  Gn  is  de- 
numerable, (c)  every  curve  of  the  set  Ga  is  the  sequential  limiting  set  of  a  sequence 
of  curves  of  the  set  Gn. 

To  establish  the  sufficiency  of  the  condition  stated  in  Theorem  7,  proceed 
as  follows  on  the  basis  of  Lemma  8 :  Let  gi  and  g^  be  particular  open  curves 
of  the  collection  Gn  and  G21,  respectively.  Between  the  points  of  gi  and  the 
points  of  the  a;-axis  there  is  a  one-to-one  continuous  correspondence  in  which 
the  intersections  of  gy  with  curves  of  the  set  G21  correspond  to  points  on  the 
a;-axis  whose  abscissas  are  rational  and  the  intersections  of  gi  with  curves 
of  the  set  G22  correspond  to  points  on  the  .r-axis  whose  abscissas  are  irrational, 
and  in  which  the  intersection  of  gi  with  g^  corresponds  to  the  point  of  the  x- 
axis  whose  abscissa  is  zero.  Similarly,  between  the  points  of  gi  and  the 
points  of  the  y-axis  there  exists  a  one-to-one  continuous  correspondence  in 
which  the  intersections  of  g2  with  the  curves  of  the  collection  Gn  correspond 
to  the  points  of  the  y-axis  whose  ordinates  are  rational  and  the  intersections 
with  the  curves  of  the  collection  Gn  correspond  to  the  points  whose  ordinates 
are  irrational  and  in  which  the  intersection  of  g\  and  ^2  corresponds  to  the 
point  whose  ordinate  is  zero. 
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Let  2i  denote  the  ordinary  cartesian  system  of  coordinates,  and  let  22 
denote  a  system  of  coordinates  defined  as  follows:  If  P  is  any  point  of  £2, 
the  intersection  of  that  curve  of  the  collection  G2  which  contains  P  with  gi 
corresponds,  in  the  correspondence  outlined  above,  to  a  point  of  the  :c-axis 
whose  abscissa  is,  say,  x^;  and  the  intersection  of  that  curve  of  d  which  con- 
tains P  with  g2  corresponds  to  a  point  of  the  y-axis  whose  ordinate  is  y-i.;  then 
the  coordinates  of  P  in  the  system  ^2  will  be  {xi,  y-^.  Then  there  exists  a 
one-to-one  continuous  transformation  of  £2  into  itself  in  which  two  points 
correspond  if  and  only  if  their  respective  coordinates  in  the  two  systems 
2i  and  22  are  identical,  each  to  each.  Since  points  of  M  lie  only  on  curves  of 
the  sets  G21  and  Ga,  it  is  evident  that  these  points  correspond  to  points  both 
of  whose  coordinates  are  irrational  in  the  system  2i;  i.e.,  the  points  of  M 
correspond  to  a  subset  of  h- 

As  a  consequence  of  Theorems  6a  and  7  we  have 

Theorem  7a.  In  order  that  a  set  of  points  in  £2  should  be  isotopic  with  a 
subset  of  I2,  it  is  necessary  and  sufficient  that  it  be  arcwise  accessible  from  all 
sides. 

Theorem  8.  /»  £2,  let  M  be  a  punctiform  £,;*  then  £2  is  arcwise  accessible 
from  all  sides  with  respect  to  M. 

In  my  paper  Concerning  a  theorem  of  J.  R.  Kline,  I  have  shown  that  if, 
in  £2,  D  is  any  connected  domain  and  N  is  a  punctiform  F„,  then  the  set 
D—DxN  is  arcwise  connected.  Accordingly,  if  /  is  any  simple  closed  curve 
and  P  is  a  point  of  /,  and  Q'ls  a.  point  of  the  region,  R,  bounded  by  J,  it  is 
easy  to  prove  that  there  exists  an  arc  from  P  to  Q  which  lies,  except  for  P, 
and  possibly  Q,  wholly  in  the  set  Dx(E2  —  M). 

As  a  consequence  of  Theorems  6  and  8  we  have 

Theorem  9.  In  £2  every  punctiform  F,  is  simply  locally  separated. 

As  a  consequence  of  Theorems  7  and  9  we  have 

Theorem  10.  In  £2  every  punctiform  F,  is  isotopic  with  some  subset  of  It, 
the  set  of  all  points  both  of  whose  coordinates  are  irrational. 

3.    Some  problems 

1.  Under  what  conditions  is  a  zero-dimensional  set  in  £„  («>2)  isotopic 
with  a  subset  of  /„,  the  set  of  points  all  of  whose  coordinates  are  irrational? 


•   A  set  is  an  F,  if  it  is  the  sum  of  a  denumerable  collection  of  closed  sets.   Cf .  F.  Hausdorff, 
Crundziige  der  Mengenlehre,  Leipzig,  1914,  pp.  304  ff. 
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2.  If  M  is  a  punctiform  F„  in  £„  {n>2),  is  J/  isotopic  with  some  subset 
of/„? 

3.  When  is  a  zero-dimensional  set  M  in  £„  (n  >2)  arcwise  accessible  from 
all  sides,  and  when  is  E„  arcwise  accessible  from  all  sides  with  respect  to  M? 
Are  the  two  properties  equivalent? 

4.  If  M  is  a  zero-dimensional  set  in  E„  {n>2)  under  what  conditions 
is  the  complement  of  M  arcwise  connected?  More  generally,  if  D  is  a  con- 
nected domain,  when  is  D  —  DxM  arcwise  connected;  when  are  any  two 
points  of  D,  say  P  and  Q,  the  end  points  of  an  arc  of  D  which  contains  no 
point  of  M,  except  possibly  P  and  Q? 

Problems  3  and  4  are  obviously  closely  related,  for  it  is  easy  to  show 
that  if  any  set  M  (zero-dimensional  or  not)  is  such  that  E„  is  arcwise  acces- 
sible from  all  sides  with  respect  to  .1/,  and  £)  is  a  connected  domain  andP  and 
Q  are  points  of  D,  then  D  contains  an  arc  from  P  toQ  which  contains  no  point 
of  M  except  possibly  P  and  Q. 

5.  What  is  the  maximum  dimension  of  a  point  set  which  is  accessible 
from  all  sides  in  £„? 

The  solution  of  Problem  5  for  n  =  2  is  obviously  given  by  Theorem  5. 

6.  Let  M  be  an  arbitrary  point  set  and  D  a  connected  domain  in  E„. 
Is  there  a  more  general  condition  than  that  given  by  Urysohn  (see  footnote 
accompanying  Theorem  4a)  sufficient  to  ensure  the  strong  connectivity  of 
D-DXM? 

University  of  Michigan, 
Ann  Arbor,  Mich. 
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SEPARATION  THEOREMS  WITH  APPLICATIONS  TO 
QUESTIONS  CONCERNING  ACCESSIBILITY 
AND  PLANE  CONTINUA* 

BY 

R.  G.  LUBBEN 

In  this  paper  we  shall  confine  ourselves  to  a  two-dimensional  euclidean 
space  which  we  shall  denote  by  the  symbol  S. 

R.  L.  Mooref  has  given  the  following  extension  of  a  theorem  by  Zoretti:  J 
//  K  is  a  bounded  maximal  connected  subset  of  a  closed  point  set  M  and  docs  not 
separate  space,  and  e  is  a  positive  number,  tlien  there  exists  a  simple  closed  curve 
containing  no  point  of  M,  such  that  the  interior  of  this  curve  contains  K  but 
contains  no  point  whose  distance  from  K  is  greater  than  e.  Zoretti's  conclusion 
is  weaker  than  Moore's  in  that  it  says  nothing  about  the  points  on  the 
interior  of  the  curve  surrounding  A'.  On  the  other  hand,  Moore  finds  it 
necessary  to  use  a  stronger  hypothesis  than  Zoretti's;  namely  that  K  does 
not  separate  the  plane.  In  this  paper  we  consider  among  other  things  the 
question  of  the  conditions  involved  in  a  combination  of  Zoretti's  hypothesis 
and  Moore's  conclusion,  and  show  in  Theorem  1  that  a  result  analogous  to 


*  Various  parts  of  this  paper  were  presented  to  the  American  Mathematical  Society  on  Sep- 
tember 10,  1925,  December  30,  1925,  and  February  27,  1926;  received  by  the  editors  August  31, 
1928. 

t  Cf.  R.  L.  Moore,  Concerning  the  separation  of  point  sets  by  curves,  Proceedings  of  the  National 
Academy  of  Sciences,  vol.  11  (1925),  pp.  469-476. 

t  Cf .  L.  Zoretti,  Sur  les  fonctions  analyliqucs  uniformes,  Journal  de  Mathematiques  Pures  et 
Appliquees,  (6),  vol.  1  (1905),  pp.  9-11.  A  pair  of  point  sets  Mi  and  Mi  are  said  to  be  mutually 
separated  provided  that  neither  contains  a  point  or  a  limit  point  of  the  other.  A  point  set  is  said  to  be 
connected  if  it  is  not  the  sum  of  two  non-vacuous  mutually  separated  point  sets.  A  point  set  jl/  is 
said  to  be  strongly  connected  provided  that  for  every  pair  of  points  belonging  to  M  there  exists  a  closed, 
connected  subset  of  M  containing  these  points;  cf.  R.  L.  Moore,  Concerning  continuous  curves  in  the 
plane,  Mathematische  Zeitschrift,  vol.  15  (1922),  p.  254.  If  //  is  a  point  set  and  M  is  a  connected 
subset  of  //  such  that  every  connected  subset  of  H  which  has  a  point  in  common  with  M  is  a  subset 
of  M,  then  M  is  said  to  be  a  maximal  connected  subset  of  H.  A  point  set  M  is  said  to  separate  space 
if  S—M  is  not  connected.  A  simple  continuous  arc  A  XB,  whose  end  points  are  the  distinct  points  A 
and  B,  is  a  closed,  bounded,  connected  set  of  points,  M,  containing  A  and  B  such  that  if  P  is  a  point 
of  M—A—B,  M  —  P  is  not  connected;  cf.  R.  L.  Moore,  Concerning  simple  continuous  curves,  these 
Transactions,  vol.  21  (1920),  p.  340.  The  point  set  M—A  —B  mentioned  above  is  the  segment  AXB 
of  the  simple  continuous  arc  AXB.  For  definitions  of  a  simple  closed  curve,  of  an  open  curve,  and 
of  other  of  the  simpler  point  sets  see  the  paper  mentioned  above,  the  paper  F.  A.,  and  articles  to  which 
references  are  made  in  these  two  papers.  We  shall  use  the  notation  F.  A.  to  denote  R.  L.  Moore's 
paper.  On  the  foundations  of  plane  analysis  situs,  these  Transactions,  vol.  17  (1916),  pp.  131-164. 
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that  of  Moore  holds,  if  we  allow  the  boundary  of  the  domain  covering  K 
to  consist  of  a  finite  number  of  simple  closed  curves.  In  Theorems  2  and  3  we 
give  conditions  under  which  it  is  possible  to  cover  a  bounded  point  set  by  a 
finite  number  of  such  domains. 

It  follows  from  these  theorems  that  a  given  point  in  one  of  two  closed, 
bounded,  mutually  exclusive  point  sets  can  be  separated  from  a  given  point 
in  the  other  by  a  simple  closed  curve  containing  no  point  of  the  sum  of  the 
two  point  sets.  In  problems  concerning  the  boundaries  of  domains,  accessi- 
bility, and  the  separation  of  unbounded  point  sets  by  curves,  it  is  of  interest 
to  consider  the  question  of  the  separation  of  sets,  having  points  in  common, 
by  simple  closed  curves  containing  no  points  of  the  given  sets,  except  those 
that  are  common  to  them.  R.  L.  Moore*  has  given  sufficient  conditions  for 
the  existence  of  such  a  curve,  for  the  case  where  both  point  sets  are  bounded 
continua.  We  generalize  his  results  by  giving  conditions  which  are  both 
necessary  and  sufficient,  and  by  removing  the  condition  that  both  point 
sets  be  continua;  see  Theorems  16  and  17.  Theorem  18  is  concerned  with 
the  separation  of  a  disconnected  subset  of  a  continuum  by  a  simple  closed 
curve.  The  case  where  the  point  set  T  mentioned  in  this  theorem  consists 
of  one  point  is  of  particular  interest,  since  it  implies  the  existence  of  separa- 
tion curves,  for  the  case  of  a  continuum  which  is  disconnected  by  the  omission 
of  one  of  its  points;  see  Theorems  21  and  23.  Theorems  such  as  21  and  23  are 
often  useful  in  proving  the  connectivity  of  point  sets.  The  case  where  T 
consists  of  one  or  two  points  is  of  particular  interest  in  questions  concerning 
the  separation  of  unbounded  point  sets;  see  the  statements  and  proofs  of 
Theorems  20,  21,  and  23. 

We  find  useful  the  notion  of  one  point  set's  being  connected  near  another, 
and  the  notion  of  one  point  set's  not  being  separated  by  another  near  a  third 
point  set.  These  concepts  play  a  fundamental  role  in  our  treatment  of  sepa- 
ration theorems:  in  Theorems  6,  7,  and  9  concerning  conditions  sufficient  to 
make  a  point  set  strongly  connected,  and  Theorems  12,  14,  and  15  concerning 
the  relation  of  a  domain  to  its  boundary.  Theorems  4,  11,  13,  22,  and  24  are 
concerned  with  conditions  for  accessibility. 

Theorem  1 .  If  M  is  a  bounded  maximal  connected  subset  of  a  closed  point 
set  K  and  e  is  a  positive  number,  then  there  exists  a  multiply  connected  J ordan 
domain  H  containing  M  such  that  (1)  the  boundary  of  H  contains  no  point  of  K, 
and  (2)  ifP  is  a  point  ofH',  then  d{P,  M)<e.t 


*  See  Concerning  lite  separation  of  point  sets  by  curves,  loc.  cit.,  Theorem  2. 
t  If  M  is  a  point  set,  S—M  is  the  complement  of  M.   A  domain  is  a  connected  point  set  whose 
complement  is  closed.   .\  Jordan  domain  or  Jordan  region  is  the  interior  of  a  simple  closed  curve.  A 
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Since  M  is  bounded,  there  exist  at  most  a  finite  number,  n,  of  bounded, 
mutually  exclusive  complementary  domains*  Di,  D2,  D3,  ■  ■  ■  ,  D„  olM 
which  contain  points  whose  distance  from  M  is  greater  than  \e.  Let  D^  be 
the  unbounded  complementary  domain  of  M .  For  each  integer  i  (i  =  0,  1,  2, 
3,  •  •  •  ,  «),  let  d  be  a  circle,  which,  with  its  interior,  is  a  subset  of  Di; 
let  Pi  be  the  center  of  d  and  Z,  be  a  circle  having  the  same  center  as  d 
and  having  an  interior  containing  M.  Let  A";  be  the  annular  domain  bounded 
by  Ci  +  Li.  Then  A',-  contains  M.  Let  the  equation  u'o=/o(2)  define  the  iden- 
tity transformation  of  the  plane  into  itself.  For  i  =  \,  2,  3,  •  ■  ■  ,  «,  let  the 
equation  u'i=fi{z)  define  an  inversion  of  the  plane  about  the  point  P.-  with 
reference  to  the  circle  C,-.   If  ^  is  a  point  set  in  the  2  plane,  let  iQ)i=fiiQ). 

For  j  =  0,  1,  2,  3,  •  •  •  ,  n,  z=fi~^{wi)  is  a  uniformly  continuous  function 
of  Wi  over  the  closed  and  bounded  point  set  {N,)' .  Hence,  there  exists  a  posi- 
tive number,  di,  such  that  when  {■Wi.  —  W2.  |  <di,  \zi—Z2  \  <^e,  where  wi.  and 
Wi-  are  points  of  (A^,),'.  Let  nti  be  the  point  set  consisting  of  (M),-  plus  all 
bounded  complementary  domains  of  (M),.  Let  ki  =  mi-\-{K)-. 

If  nii  is  not  a  maximal  connected  subset  of  ki,  there  must  exist  a  connected 
subset  of  ki  which  is  the  sum  of  ttti  and  /,,  where  /.  is  a  point  set  containing 
no  point  of  to,.  It  is  easily  seen  that  both  ki  and  W;  are  closed.  Hence,  if 
r,  is  a  maximal  connected  subset  of  i-  ,  it  must  have  a  limit  point  in  w,. 
Since  T,  is  a  subset  of  the  unbounded  complementary  domain  of  the  closed 
point  set  (M),-,  T/  must  be  a  subset  of  (A'),.  Hence,  {M)i  +  Ti  is  a  connected 
subset  of  {K)i.  If  Ti  is  non-vacuous,  then  M  is  not  a  maximal  connected 
subset  of  A',  contrar}'  to  the  hypothesis  of  the  theorem.  Thus,  k,  is  a  closed 
point  set,  and  m,  is  a  bounded  maximal  connected  subset  of  ki,  which 
does  not  separate  space.  Hence,  there  exists  j  a  simple  closed  curve  7';,  which 
encloses  w,,  contains  no  point  of  ki,  and  whose  interior  contains  no  point 
whose  distance  from  w,  is  greater  than  di.  From  the  definition  of  j,  it  follows 
thaty,  is  a  subset  of  (Z?,),,  and  that  no  point  of  (Di),  within  ji  is  at  a  distance 
greater  than  di  from  (i/),.  Let  Ji=j~^(Ji).  Then  the  domain  H  bounded  by 
the  finite  collection  ^"^oJi  satisfies  the  conclusion  of  the  theorem. 


mulliply  connected  Jordan  domain,  of  order  n,  is  a  domain  whose  boundary  consists  of  n  mutually 
exclusive  simple  closed  curves.  In  this  paper  we  shall  consider  only  domains  of  a  finite  order.  Thus.a 
Jordan  region  is  of  order  unity.  If  M  is  a  point  set,  by  M'  is  meant  the  set  of  all  limit  points  of  M 
and  M-ifM'  is  denoted  by  M.  If  M  and  A'  are  point  sets,  by  d(M,  A'),  the  distance  from  M  to  N,  we 
mean  the  lower  bound  of  the  distances  between  pairs  of  points,  x  and  y,  where  .r  is  a  point  of  M  and 
y  of  A'. 

_^If  M  is  a  point  set,  by  a  complementary  domain  of  M  is  meant  a  maximal  connected  subset  of 
S-M. 

t  Cf .  Theorem  1  of  Moore's  paper  Concerning  the  separation  of  point  sets  by  curves. 
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Theorem  2.  If  K  is  a  point  set,  e  is  a  positive  number,  and  L  is  a  hounded 
point  set  wliich  is  either  K  or  a  closed  point  set  which  is  the  sum  of  a  collection 
of  maximal  connected  subsets  of  K,  then  there  exists  a  finite  collection  of  multiply 
connected  Jordan  domains  covering  L  and  such  that  (1)  the  upper  distance*  of 
any  of  these  domains  from  the  product  of  L  and  that  domain  is  less  than  e, 
(2)  the  distance  between  any  pair  whatever  of  domains  of  this  collection  is  a 
positive  number,  (3)  the  boundary  of  this  collection  of  domains  contains  no  point 
of  K,  and  (4)  each  domain  contains  apointof  L.\ 

For  each  maximal  connected  subset  A  oi  L  there  exists,  by  Theorem  1, 
a  multiply  connected  Jordan  domain  Ha  such  that  no  point  of  the  boundary' 
of  this  domain  is  a  point  of  A',  and  the  upper  distance  of  11/  from  its  product 
with  L  is  less  than  e/6.  By  the  Heine-Borel-Lebesgue  Theorem  there  exists 
a  finite  sub-collection  Hi,  which  covers  L,  of  the  collection  [Ha].  Let  T 
be  the  set  of  all  points  which  belong  to  elements  of  Hi.  There  exist  then  a 
finite  number,  k,  of  maximal  connected  subsets,  Ti,  T2,  T3,  ■  ■  ■  ,  Tk,  of  T' . 
Let  J  be  a  positive  number  which  is  smaller  than  e/6,  and  is  also  smaller 
than  the  smallest  of  the  positive  numbers  d{Ti,  T,)/i,  where  i,j=\,  2,  3, 

■  ■  ■  ,  k,  and  i9^j.  By  an  argument  analogous  to  that  used  in  a  similar 
connection  in  the  proof  of  Theorem  1  it  can  be  shown  that  Ti  (j  =  l,  2,  3,. 

•  ■  •  ,  ^)  is  a  maximal  connected  subset  of  T  +  X;  hence,  by  Theorem  1, 
there  exists  a  multiply  connected  Jordan  domain  Ni  covering  T,  such  that 
no  point  of  Ni  is  at  a  distance  from  Ti  greater  than  d,  and  that  the  boundary 
of  Ni  contains  no  point  of  T-\-^.  Then  2Ii*=i  ^>  is  a  collection  of  domains 
satisfying  the  conclusion  of  the  theorem. 

Theorem  3.  //  K  is  a  closed  point  set,  L  is  a  closed  and  bounded  point  set 
which  is  the  sum  of  a  collection  of  tnaximal  connected  subsets  of  K,  d  is  a  positive 
number  such  that  no  maximal  connected  subset  of  L  has  a  diameter  greater  than 
d,  and  e  is  any  positive  number  whatever,  then  there  exists  a  finite  collection  of 
Jordan  domains  covering  L  such  that  (1)  no  domain  in  this  collection  has  a 
diameter  greater  than  e+d;  (2)  if  D  and  D  are  any  two  domains  whatever  in 
this  collection,  then  d{D,  D)>0;  (3)  the  boundaries  of  these  domains  have  no 

*  By  Ihe  upper  distance  from  M  to  N,  written  u{M,  N),  we  mean  the  upper  bound  of  the  set  of 
values  [d(A,  X)  ],  where  /i  is  a  variable  point  of  M.  Cf.  R.  L.  Moore,  Concerning  upper  semi-continu- 
ous collections  of  continua,  these  Transactions,  vol.27  (1925),  p. 416,  second  footnote.  A  collection  M 
of  domains  is  said  to  cover  a  point  set  K,  provided  every  point  of  K  belongs  to  some  element  of  the 
collection  M.  The  diameter  of  the  point  set  if  is  the  upper  bound  of  the  set  of  values  [d{A,  B)] 
where  A  and  B  are  points  of  M. 

t  Theorems  2  and  3  are  generalizations  of  results  stated  by  Schoenflies  and  Ker^kjSrto.  Cf. 
A.  Schoenflies,  Die  Enluickelung  der  Lehre  von  den  Punktmannigfalligkeilen,  Berlin,  Teubner,  1908, 
pp.  104-106;  and  B.  von  Kerejdrto,  Vorlesungen  ueber  Topologie,  Berlin,  Springer,  1923,  pp.  49-52 
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points  in  common  with  K;  (4)  each  domain  contains  a  point  of  L.  In  particular, 
if  the  point  set  L  is  totally  disconnected, '\  the  conclusion  holds,  if  the  number  d 
mentioned  in  the  hypothesis  is  zero. 

The  interior  of  a  simple  closed  curve  has  the  same  diameter  as  the  curve 
itself.  It  follows  by  Theorem  2  that  if  the  theorem  is  not  true,  there  must 
exist  a  positive  number/  and  a  sequence  of  positive  numbers,  ci,  cs,  ci,  ■  ■  ■  , 
e„,  •  ■  ■  ,  such  that  (1)  e„  approaches  zero  as  n  approaches  infinity;  (2)  for 
each  positive  integer  n  there  exists  a  finite  collection  H^  of  multiply  con- 
nected Jordan  domains  which  have,  with  respect  to  the  point  sets  L  and  K 
and  the  positive  number  e„,  the  properties  (1),  (2),  (3),  and  (4)  mentioned  in 
the  conclusion  of  Theorem  2;  (3)  for  each  n  the  collection  Hn  contains  a 
domain  //„  of  diameter  greater  than  d+f.  It  can  readily  be  shown  that  the 
collection  [//„]  has  an  infinite  sub-collection  which  has  a  closed  and  con- 
nected limiting  set,t  and  that  this  limiting  set  has  a  diameter  not  less 
than  d+f.  Since  L  is  closed,  this  limiting  set  is  a  subset  of  L.  Hence  the 
supposition  that  the  theorem  is  not  true  leads  to  a  contradiction  of  the  hy- 
pothesis that  L  has  no  connected  subset  of  diameter  greater  than  d. 

Theorem  4.  Given  that  A  and  B  are  distinct  points  and  G  is  a  hounded 
collection  of  point  sets  such  that  (1)  if  e  is  a  positive  niimher,  there  exist  at  most 
a  finite  number  of  elements  of  G  having  a  diameter  greater  than  e;  (2)  if  G* 
is  the  sum  of  the  elements  of  G,  and  g  is  an  element  of  G,  then  d{g,  G*  —g)  >0; 
and  (3)  for  each  element  g  of  G  there  exists  a  simple  continuous  arc  whose  end 
points  are  A  and  B,  and  which  contains  no  point  in  common  with  the  point  set  g. 
Then  there  exists  a  simple  continuous  arc  AWB  which  contains  no  point  in 
common  with  G.* 

It  follows  from  condition  (2)  of  the  hypothesis  that  the  elements  of  G 
are  countable  and  hence  can  be  put  in  a  one-to-one  correspondence  with 
the  set  of  positive  integers.  Let  ^i  be  the  lirst  element  of  G  in  this  ordering, 
and  let  hi  be  a  simple  continuous  arc  which  contains  no  point  of  gi  and  whose 
end  points  are  A  and  B.  For  i  an  integer  greater  than  unity,  let  gi  be  the  first 


t  A  point  set  is  said  to  be  totally  disconnected  if  it  has  no  connected  subset  containing  more  than 
one  point. 

X  Cf.  S.  Janiszewski,  Sur  les  continus  irreductibles  entre  deux  points.  Journal  de  I'Ecole  Poly- 
technique,  (2),  vol.  16  (1912),  p.  97.  By  the  limiting  set  of  a  collection  G  of  point  sets  we  mean  the 
set  of  all  points  P  such  that  every  domain  containing  P  contains  points  of  infinitely  many  elements  of 
the  collection  G.  Cf.  Janiszewski,  loc.  cit.,  p.  93,  last  four  lines;  A.  Schoenflies,  Beitrdge  ztir  Theorie 
der  Punktmengen,  Mathematische  Annalen,  vol.  59  (1904),  p.  139,  paragraphs  III  and  IV,  and 
Bemerkung  zu  meinem  zweitem  Beitrag  zur  Theorie  der  Punktmengen,  Mathematische  Annalen,  vol. 
65  (1908),  pp.  431-432. 
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element  in  G  distinct  from  the  elements  in  the  collection  ^'jZ^gj  which 
contains  points  in  common  with  Ih,  and  let  hi  be  an  arc  whose  end  points  are  A 
and  B,  and  which  contains  no  points  in  common  with  gi.  Let  Fq  be  a  closed 
point  set  which  contains  no  points  in  common  with  G*.  If  i  is  a  positive 
integer,  it  follows  by  part  (2)  of  the  hypothesis  that  if  g*  is  a  maximal  con- 
nected subset  of  gi,  then  it  is  a  maximal  connected  subset  of  G*.  Hence,  by 
Theorem  2,  there  exists  for  each  positive  integer  i  a  finite  collection  Fi^fa 
+fi2+  ■  ■  ■  +finf  of  multiply  connected  Jordan  domains  covering  gi  and 
such  that  (1)  the  upper  distance  of  F,-  from  gi  is  less  than  one  half  the  smallest 
of  the  three  positive  numbers  l/i,  d{gi,  G*  —  gi),  and  d{gi,'^'jZ^  Fj);  (2)  the 
distance  between  any  two  distinct  elements  of  Fi  is  a  positive  number;  (3)  the 
boundary,  5„  of  Fi  contains  no  point  of  G*.  Let  E  be  the  set  of  all  points  of 
the  arc  hi  belonging  to  S  — 2^r=i  Si=i/'j !  l^t  d  be  the  set  of  all  points  common 
to  Fi  and  the  arc  //;;  and  let  A'  =  £+2^"=i  (Bi  +  C,).  It  may  readily  be  seen 
that  A'  is  a  closed,  bounded  point  set  containing  no  point  of  G*.  Let  A'l  be 
the  maximal  connected  subset  of  K  containing  the  point  A .  If  A'l  does  not 
contain  B  there  exists,  by  Theorem  1,  a  simple  closed  curve  /,  containing  no 
point  of  A',  such  that  one  of  the  complementary  domains  of  /  contains  A  and 
the  other  contains  B.  Hence,  /  contains  no  points  in  common  with  the  point 
set^f=i  Bi  and  thus  either  (1)  must  be  a  subset  of  some  domain /<;  of  the 
collection  ^T=i  J^Jii  /,/  or  (2)  must  be  entirely  without  all  the  domains  of 
this  collection.  The  first  case  is  impossible;  for  the  arc  //,•  contains  the  points 
A  and  B,  and  thus  contains  a  point  Xi  on  J;Xi  belongs  to  Ft,  and  hence  to  d 
and  A,  thus  contradicting  the  definition  of  /.  Similarly,  in  the  second  case, 
/  must  contain  a  point  of  hi  which  is  also  a  point  of  E  and  of  A.  Thus,  the 
supposition  that  A'l  does  not  contain  B  leads  to  a  contradiction. 

Hence,  A'l  is  a  closed,  connected,  bounded  point  set  containing  .4  and  B, 
but  containing  no  point  of  G*.  It  may  readily  be  shown  with  the  help  of  a 
theoremf  due  to  R.  L.  Moore  and  a  theoremj  of  Sierpinski's  that  A'l  is 
connected  im  kleinen  at  all  of  its  points.  It  follows  that  Ki  is  a  continuous 
curve  and  that  there  exists  within  A'l  a  simple  continuous  arc  whose  end 
points  are  A  and  B.§ 


t  Cf.  Moore,  Report  on  continuous  curves  from  the  viewpoint  of  analysis  situs,  Bulletin  of  the  Ameri- 
can Mathematical  Society,  vol.  29  (1923),  pp.  296-297,  §3. 

I  Cf.  W.  Sierpiiiski,  Un  thcoreme  sitr  les  continus,  Tohoku  Mathematical  Journal,  vol.  13  (1918), 
pp.  300-303. 

§  Cf .  R.  L.  Moore,  A  theorem  concerning  continuous  curves.  Bulletin  of  the  American  Mathematical 
Society,  vol.  23  (1917),  pp.  233-236;  S.  Mazurkiewicz,  Sur  les  lignes  de  Jordan,  Fundamenta  Mathe- 
maticae,  vol.  1  (1920),  pp.  196-209;  and  R.  Tietze,  Uebcr  stclige  Kiirven,  Jordansche  Kurvcnbogen, 
und  geschlossene  Jordanschc  Kurvcn,  Mathematische  Zeitschrift,  vol.  5  (1919),  pp.  284-291. 
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Theorem  5.  If  M  is  a  closed  and  bounded  point  set,  G  is  the  aggregate  of 
g's,  where  the  symbol  g  represents  a  maximal  connected  subset  of  M ,  K  is  a 
bounded  continuum  containing  at  least  one  point  in  common  ivith  each  element 
of  G,  and  for  each  g,  hg  is  the  point  set  g-  {K  —  K-M)  and  Eg  is  a  continuum 
containing  hg,  then  if  {K  —  KM+  [Hg])  is  bounded,  it  is  a  continuum. 

The  theorem  follows  from  Theorem  1  if  If  is  connected.  We  shall  suppose 
that  G  contains  more  than  one  element.  Let  g  be  a  definite  element  of  G, 
and  e  be  a  positive  number  which  is  less  than  u{K,  g).  It  can  be  shown  with 
the  help  of  Theorem  1  that  there  exist  points  of  K—KM  within  a  distance 
of  e  from  g.  It  follows  that  hg  is  non-vacuous. 

Let  N  =  {K-K-M-\-[Hg]).  If  N  is  not  connected,  there  exists,  by 
Theorem  1,  a  simple  closed  curve  /  having  no  points  in  common  with  N 
and  such  that  its  interior  Di  and  its  exterior  D^  both  contain  points  in 
common  with  N.  If  a  point  set  hi  contains  points  in  one  of  these  domains, 
evidently  Hi,  and  therefore  hi,  is  a  subset  of  that  domain.  Let  Mi  and  M^ 
respectively  be  the  sums  of  all  those  elements  g  of  G  for  which  the  correspond- 
ing Hg'?,  are  subsets  of  Z>i  and  D^  respectively.  The  point  set  Mi  is  closed. 
For,  let  2  be  a  limit  point  of  Mi  which  does  not  belong  to  Mi.  Since  the 
elements  of  G  are  closed,  there  must  exist  an  infinite  sub-collection  Gi  of 
elements  of  G,  such  that  (a)  the  sum  of  the  elements  of  Gi  is  a  subset  of  Mi, 
(b)  every  infinite  sub-collection  of  Gi  has  a  limiting  set  containing  z,  and  (c) 
no  element  of  Gi  contains  s.  The  limiting  set  F  of  Gi  is  closed  and  connected,  t 
It  follows  that  F  is  a  subset  of  an  element  of  G.  Let  hi  be  the  collection  of 
the  hi's  corresponding  to  the  elements  of  Gi.  We  have  shown  that  this  collec- 
tion is  non-vacuous.  The  limiting  set  of  hi  is  evidently  a  subset  of  F  and  of 
Di.  But  this  hmiting  set  is  also  a  subset  of  the  //  of  that  element  of  G  which 
contains  F,  since  every  point  in  it  is  a  limit  point  of  K  —  KM.  Hence  F 
is  a  subset  of  an  element  of  Gi.  It  follows  that  Mi  and  Mi  are  closed  and 
mutually  separated. 

Let  A'l  and  A'2  be  those  subsets  of  (K  —  K-M)  which  are  subsets  of  Di 
and  D2  respectively.  Since  an  "h"  corresponding  to  an  element  of  Gi  is  a 
subset  of  Di,  K2  can  have  no  point  or  limit  point  in  Mi.  By  definition  Mi  can 
have  no  limit  point  in  A'j.  It  may  readily  be  seen  that  the  point  sets  [Mi  +  Ki) 
and  {M2+K0)  are  mutually  separated.  But  this  contradicts  the  fact  that 
M+K=^{Mi-\-Ki)  +  {M2+K2)  is  connected.  Hence,  the  supposition  that 
N  is  not  connected  has  led  to  a  contradiction. 

Definitions.  If  A',  Mi,  and  M2  arc  point  sets,  A  has  no  points  in  common 
with  M1+M2  and  no  connected  subset  ol  S  —  K  contains  points  of  both  Mi 

t  Cf.  Janiszewski,  loc.  cit. 
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and  Mi,  then  we  say  that  Mi  and  M2  are  separated  by  K  or  that  K  separates 
Ml  from  Mi.  If  A'  and  M  are  mutually  exclusive  point  sets  and  M  is  not  a 
subset  of  any  connected  subset  of  S  —  K,  then  we  say  that  A'  separates  M. 
If  A,  H,  and  T  are  point  sets,  H  and  A  are  mutually  exclusive,  and  for  every 
positive  number  e  and  every  point  P  ol  T  there  exists  a  positive  number 
dep  such  that  any  two  points  of  A  whose  distance  from  P  is  less  than  dep 
can  be  joined  by  a  connected  subset  h,p  oiS  —  H,  whose  upper  distance  from 
P  is  less  than  e,  then  we  say  that  A  is  not  separated  by  H  near  T.\  If  A  and 
T  are  point  sets,  then  K  is  said  to  be  connected  near  T,  provided  that  for  every 
point  P  of  r  and  every  positive  number  e  there  exists  a  positive  number 
dep,  such  that  any  two  points  of  A  whose  distances  from  P  are  each  less  than 
deP  are  subsets  of  a  connected  point  set  h^p  which  is  a  subset  of  A  and  which 
is  at  an  upper  distance  less  than  e  from  P.  If,  in  the  preceding  two  definitions, 
it  be  specified  that  the  connected  point  set  h^p  be  a  continuum,  then  we  say 
that  K  is  strongly  not  separated  by  H  near  T,  and  K  is  strongly  connected  near 
T,  respectively.  If  there  exists  for  each  positive  number  e  a  positive  number 
deP,  which,  for  the  case  of  the  definitions  given  in  the  preceding  sentences, 
is  independent  of  P,  then  we  say  respectively  that  A  is  uniformly  not  sepa- 
rated by  H  near  T,  and  A  is  connected  near  T  uniformly.  If  the  point  set  T 
is  closed  and  bounded,  then,  by  an  argument  similar  to  that  used  in  proving 
that  a  function  which  is  continuous  over  a  closed  and  bounded  point  set  is 
uniformly  continuous  over  that  point  set,  it  may  be  shown  that  if  A  is  con- 
nected near  T,  or  is  not  separated  by  H  near  T,  then  it  has  these  properties 
uniformly  over  T.  If  H  is  closed  and  A  is  not  separated  by  H  near  T,  then 
A  is  strongly  not  separated  by  H  near  T;  but  this  conclusion  does  not  follow 
if  H  is  not  closed,  as  the  following  example  will  show.  For  O^a;^  1  let  Ax, 
Bz,  Cx,  Dx,  and  Ex  be  the  points  with  coordinates  (0,  x),  (1,  x),  {x,  0),  (x,  1), 
and  {x,  2)  respectively;  and  let  A  =  ^o5o+CoZ?o£o+S.-li  Ci/,-  Dm  Em, 
and  \tt  H = S  —  {K — A^ .  Then  A— ^0  is  not  separated  by  H  near  ^0,  but 
it  is  not  true  that  A  — ylo  is  strongly  not  separated  by  H  near  ^o-  Further- 
more, A'  — ylo  is  connected  near  A  a,  but  it  is  not  true  that  A  — ^0  is  strongly 
connected  near  A  0. 

If  A  is  connected  near  T,  and  T  =  K,  then  A  is  everywhere  connected 
im  kleinen.  If  A  and  H  are  mutually  exclusive,  and  T  is  any  subset  of  5  —  //, 
then  A  is  not  separated  by  H  near  T.  If  A  is  connected  near  T,  and  A  and 
H  are  mutually  exclusive,  then  A  is  not  separated  by  H  near  T.  If  A  is  not 
separated  by  H  near  T,  then  neither  is  any  subset  of  A.  jj 

t  Zarankiewicz,  Sur  les  coiipures  locales  failes  par  les  continus,  Bulletin  de  I'Acad^mie  Polonaise 
des  Sciences  et  des  Lettres,  Classe  des  Sciences  Mathfimatiques  et  Naturelles,  SCrieA:  Sciences 
Mathematiques,  1927,  p.  194,  defines  a  concept  with  some  similarity  to  ours  but  less  general. 
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Theorem  6.  If  K  is  a  bounded  continuum,  T  is  a  closed  subset  of  the 
boundary  of  S  —  K,  T  docs  not  separate  K—T,  and  S  —  K  is  connected  near  T, 
then  K  —  T  is  strongly  connected. 

If  the  theorem  is  not  true,  there  must  exist  a  pair  of  points  x  and  y  of 
K  —  T,  such  that  any  closed  subset  oi  K  —  T  containing  x  and  y  is  not  con- 
nected. Since  T  is  closed,  it  can  be  proved,  with  the  help  of  Theorems  10 
and  15  of  the  paper  F.  A.,  that  there  exists  a  simple  continuous  arc  xty 
containing  no  point  of  T.  Let  Q<e<^d{xty,  T).  Since  Tis  closed,  and  5  — A' 
is  connected  near  T,  S  —  K  has  this  property  uniformly  over  T;  and  there 
exists  a  positive  number  d  less  than  e,  such  that  if  P  is  a  point  of  T,  and  Xi 
and  X2  are  apairof  pointsof  5  — A'  whose  distances  fromP  are  each  less  than 
d,  then  Xi  and  Xi  belong  to  a  connected  subset  ol  S  —  K  whose  upper  distance 
from  P  is  less  than  e. 

By  Theorem  2  the  point  set  T  can  be  covered  by  a  finite  collection 
H  =  hi  +  hi-\-h%-\-  ■  ■  ■  -\-hk  of  multiply  connected  Jordan  domains,  such 
that  if  m  and  n  are  distinct  positive  integers  then  (1)  T  contains  no  point  of 
the  boundary  of  /;„,,  (2)  no  point  of  /?,„  is  at  a  distance  from  Thm  greater 
than  d/\Q,  (3)  the  distance  between  h^  and  //„  is  positive.  Let  A*  be  the  set 
of  all  points  belonging  to  K  which  are  not  covered  by  this  collection  of 
domains.  The  point  set  A*  is  closed.  Let  A'  be  the  maximal  connected  sub- 
set of  A*  containing  the  point  x.  Clearly  X  does  not  contain  y.  By  Theorem 
1  there  exists  a  simple  closed  curve  Jy  which  separates  x  from  y,  and  contains 
no  point  of  A*.  Suppose  that  the  interior,  Di,  of  this  curve,  contains  y,  and 
that  its  exterior,  Ei,  contains  x.  In  the  order  xty  on  the  arc  xty  let  v  be  the 
first  point  common  to  A  and  D\;  in  the  order  vx  on  the  interval  vx  of  this  arc 
let  2  be  the  first  point  common  to  Ji  and  xty,  and  w  be  the  first  point  common 
to  this  interval  and  the  product  of  A  and  Ei.  Let  Zi  be  a  point  in  the  order 
wziz  such  that  the  interval  wzi  of  wzv  contains  no  point  of  Ji.  It  is  easily 
shown  that  there  exists  a  simple  closed  curve  z^qizqzi  which  has  in  common 
with  the  arc  xty  the  two  points  z  and  Si,  encloses  the  segment  Si2  of  xty,  but 
encloses  or  contains  no  other  points  of  xty  or  of  A.  Let  D  be  the  complemen- 
tary domain  containing  v  of  the  sum  of  the  simple  closed  curves  Ji  and 
Ziqizqzi.  Its  boundary  /  is  a  simple  closed  curve,  f   Then  x  is  in  the  exterior 


t  J.  Pdl  in  Om  Planeus  Topologi,  Matematisk  Tidskrift  B,  1923,  pp.  66-72  (Festskrift  til  J. 
Hjelmslev),  states  the  following  theorem:  If  the  (simple,  closed,  plane)  Jordan  curves  a  and  b  have  at 
least  two  points  in  common,  then  every  complementary  domain  of  Ihcir  sum  is  bounded  by  a  simple  closed 
curoe.  This  result,  while  not  explicitly  stated  by  R.  L.  Moore,  is  easily  derived  from  theorems  he  has 
proved;  cf.  either  F.  A.,  Theorem  41,  p.  155,  or  On  the  Uc-Riemann-n elmholtz-H ilbcrt  problem  of 
the  foundations  of  geometry,  American  Journal  of  Mathematics,  vol.  41,  pp.  299-319,  Theorem  26, 
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E  oi  J,  J  contains  in  common  with  ivzv  only  the  point  2,  and  contains  no 
points  of  A'*.  Also,  the  arc  wzv  contains  in  common  with  A'  only  the  points 
w  and  V. 

Let  Ki  be  the  product  of  ///  and  A".  Let  S2  and  S3  be  two  distinct  points  of 
/  distinct  from  2.  In  the  order  22523  on  /  let  A  be  the  first  point  common  to  / 
and  A'l,  and  let  B  be  the  first  point  on  /  in  the  order  2S3S2  common  to  /  and 
A'l.  Let  AzB  be  the  interval  AzB  of  /.  Since  ///  is  connected,  there  exists  a 
■  finite  chain  of  points  a;i(  =  yl),.T2,  a's,  •  ■  •  ,  x„(  =  5)  belonging  to ///,  such  that 
the  distance  between  any  two  consecutive  points  in  this  sequence  is  less  than 
d/lO.  Let  Ti  be  the  product  of  lu  and  T.  From  the  definition  of  hi  it  follows 
that,  for  every  value  of  i  in  the  sequence  1,  2,  3,  ■  ■  ■  ,  m  within  a  distance 
d/10  of  Xi  there  exists  a  point  jt  of  Ti.  Furthermore,  since  Ti  belongs  to  the 
boundary  of  S  —  K,  there  exists,  within  a  distance  3d/lO  of  yi,  a  point  ti 
belonging  to  S  —  K.  It  is  possible  to  select  ti  and  („,  in  such  a  way  that  ti 
belongs  to  the  segment  ^s  of  the  arc  AzB,  and  that  /„  belongs  to  the  segment 
zB  of  this  arc;  for,  since  the  curve  /  contains  no  points  in  common  with  K*, 
the  points  yl  and  B  are  limit  points  of  the  product  oiAzB  and  S  —  K. 

.  For  i  =  \,  2,  i,  ■■  ■  ,  m  —  \,  the  points  ti  and  ti+i  are  each  at  a  distance 
less  than  d  from  the  point  3',  of  Ti.  There  exists  a  connected  subset  {ti, 
/i+i)  of  S  —  K,  whose  upper  distance  from  y,-  is  not  greater  than  e.  Then 
F=X^^  (/i,  ti+i)  is  a  connected  subset  of  S  —  K  and  its  distance  from  the 
arc  yzw  is  greater  than  e.  It  can  be  proved  with  the  help  of  Theorems  10 
and  15,  F.  A.,  that  there  exists  a  simple  continuous  arc  tittn  which  is  a  subset 
oi  S  —  K  and  contains  no  point  whose  distance  from  vzw  is  less  than  \e. 
The  sum  of  the  interval  /ic/,„  of  /  and  the  arc  tiU,n  has  as  a  subset  a  simple 
closed  curve  Ci  which  (1)  has  no  point  in  common  with  K*-\-K\,  (2)  has  an 
interval  EizFi  in  common  with  /,  and  (3)  has  in  common  with  the  arc  vzw 
the  point  z  and  this  point  only.  By  a  similar  argument,  this  time  using  the 
curve  Ci  instead  of  J ,  we  can  show  the  existence  of  a  simple  closed  curve  d 
which  has  no  point  in  common  with  A*  +  A'l + A'a  and  which  has  the  properties 
(2)  and  (3)  above.  If  we  continue  this  process  we  get  after  k  steps  a  simple 
closed  curve  Ck  which  (1)  contains  no  point  in  common  with  K  =  K* 
+X],tiAi,  (2)  has  an  interval  EkzFk'f  in  common  with  J,  (3)  has  in  common 
with  the  arc  vzw  the  point  z  and  the  point  z  only.  Since  the  arc  vzw  intersectsj 
the  arc  EuzFk  at  2,  v  is  in  one  complementary  domain  of  d,  and  w  is  in  the 
other.  Since  Ck  has  no  point  in  common  with  A',  and  A  is  connected,  we  have 
a  contradiction.  Hence,  A  —  T  is  strongly  connected. 


t  Our  notation  implies  that  s  is  not  an  end  point  of  Ei^Ft. 

X  We  shall  say  that  a  point  set  .li  intersects  a  point  set  Az  at  a  point  P  provided  that  .4i  — .4]  -A^ 
is  separated  by  .1;  near  P. 


i 
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Theorem  7.  //  T  is  a  closed  subset  of  a  bounded  continuum  K,  K  —  T  is 
connected,  and  K  —  T  is  strongly  connected  near  T,  then  K  —  T  is  strongly  con- 
nected.'\ 

Let  :k  be  a  point  of  A"  —  T.  Let  A'  be  the  set  of  all  points  oiK  —  T  which  can 
be  joined  to  ;c  by  a  closed  and  connected  subset  oi  K  —  T.  Let  Y  =  K  —  T  —  X. 
If  Y  is  vacuous,  the  theorem  must  be  true.  If  Y  is  non-vacuous,  there  must 
exist  a  point  z  which  belongs  to  one  of  the  point  sets  X  and  F,  and  is  a  limit 
point  of  the  other. 

Suppose,  first,  that  z  belongs  to  X.  Then  s  is  the  sequentialj  limit  point 
of  a  sequence  of  points  yi,  y^,  ya,  ■  ■  ■  belonging  to  Y.  For  each  integer  i 
let  h{y,)  be  the  set  of  all  points  in  K  —  T  which  can  be  joined  to  y.-  by  a  con- 
tinuum which  is  a  subset  of  A'  — r.  The  point  set  h{yi)  must  have  at  least  one 
limit  point  in  r.§ 

By  a  theoremll  of  Janiszewski's  the  limiting  set  iof  2^,"=-i  ^(^i)  is  closed 
and  connected.  Since  T  is  closed  and  bounded,  A'  — T  is  strongly  connected 
near  T,  uniformly.  Hence,  if  e  =  ^d{z,  T),  there  exists  a  positive  number  d 
less  than  e,  such  that  if  P  is  a  point  of  T,  and  Wi  and  w^  are  two  points  of 
K  —  T,  each  of  whose  distances  from  P  is  less  than  d,  then  there  exists  a 
closed  and  connected  subset  of  K  —  T  containing  Wi  and  102  whose  upper 
distance  from  P  is  less  than  e.  Let  Ai  be  the  maximal  connected  subset 
containing  2  of  the  point  set  consisting  of  all  points  of  A  whose  distance  from 
T  is  not  less  than  ^d.  By  an  argument  similar  to  that  used  in  the  preceding 
paragraph  it  follows  that  Ai  is  closed,  connected,  and  contains  a  point  Vi 
whose  distance  from  T  is  Id.  As  Vi  belongs  to  the  limiting  set  of  X^r=i^(3'«)) 
there  must  exist  an  integer  j  such  that  //(vy)  contains  a  point  V2  whose 
distance  from  vi  is  less  than  ^d.  There  exist  in  A  — A  three  continua,  ki,  ki, 
and  ^3,  such  that  ki  contains  Vi  and  v^,  k^  contains  v^  and  yj,  and  h  contains 


t  The  conclusions  of  this  theorem  and  of  Theorem  9  do  not  follow  if  the  word  "strongly"  be 
omitted  from  the  statement  "K  —  T  is  strongly  connected  near  T"  as  the  following  example  will 
show.  Let  K  be  the  point  set  A'  mentioned  in  the  paragraph  preceding  the  statement  of  Theorem  6, 
and  let  T  be  the  point  A  0  there  mentioned.  Note,  however,  that  this  point  set  satisfies  the  h>'pothesis 
of  Theorem  8. 

The  condition  that  K  —  The  connected  near  T  is  not  necessary  for  the  conclusion  of  Theorem  7. 
Consider  the  set  A'  mentioned  above,  but  let  T  be  the  point  £0.  Then  K—T  is  strongly  connected, 
but  is  not  connected  near  T. 

X  The  point  P  is  the  sequential  limit  point  of  a  sequence  Pi,  P2,  P3,  •  ■  ■  of  points,  provided 
that  every  domain  containing  P  contains  all  except  a  finite  number  of  the  points  of  the  given  sequence. 
Cf.  F.  A.,  p.  134. 

§  Cf.  R.  L.  Wilder,  Concerning  continuous  curves,  Fundamenta  Mathematicae,  vol.  7,  p.  372, 
lines  17-33. 

II  Cf.  Janiszewski,  loc.  cit. 
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z  and  X.  Then  ki  +  k^  +  ks  +  Li  is  a  continuum  which  contains  x  and  y,-,  and 
is  a  subset  oi  K  —  T.  This  contradicts  the  definition  of  y,-.  Hence  s  must 
belong  to  F. 

Hence  there  exists  a  sequence  Xi,  x^,  Xs,  ■  •  •  of  points  belonging  to  X 
having  z  as  a  sequential  limit  point.  For  each  positive  integer,  i,  there 
exists  in  X  a  continuum  h  containing  both  Xi  and  x.  Let  Zj  be  the  limiting 
set  of  Xir=i  ^•-  I^  ^2  contains  no  points  of  T,  then  there  exists  in  S  —  K  a 
continuum  £2  containing  x  and  2,  contrary  to  the  fact  that  s  belongs  to  F. 
If  Li  contains  points  in  common  with  T,  we  get  a  contradiction  precisely  as 
in  the  preceding  paragraph.  Thus  F  is  vacuous,  and  K  —  T  is  strongly  con- 
nected. 

Theorem  8.  If  T  is  a  set  of  condensation  of  a  bounded  continuum  K,  and 
K  —  T  is  connected  near  T,  then  K—T  is  connected. \ 

li  K—T  is  not  connected  it  is  the  sum  of  two  mutually  separated,  non- 
vacuous  point  sets  M  and  A^.  Then,  since  A'  is  a  continuum,  M  contains  a 
hmit  point  2  of  A'  —  M.  Every  point  of  T  belonging  to  A  —  M  is  a  limit  point 
of  N.  Since  K  —  M  is  a  subset  of  N-\-T,  z  is  a  point  or  a  limit  point  of  N; 
also,  z  is  a  point  or  limit  point  of  M.  It  follows  from  the  hypothesis  that  there 
exists  a  circle  about  z,  the  interior  of  this  circle  containing  a  point  of  M  and  a 
point  of  N,  these  two  points  being  joined  by  a  connected  subset  of  K  —  T. 
Thus  the  supposition  that  K  —  T  is  not  connected  has  led  to  a  contradiction. 

Theorem  9.  If  T  is  a  closed  set  of  condensation  of  a  hounded  continuum  K, 
and  K—T  is  strongly  connected  near  T,  then  K—T  is  strongly  connected. 

This  theorem  is  a  consequence  of  Theorems  8  and  7. 

Theorem  10.  Given  that  P  is  a  point  on  the  boundary  H  of  a  domain  D,  and 
that  there  exists  a  circle  (A)  with  center  at  P,  and  an  infinite  collection  Di, 
•O2,  D3,  ■  ■  ■  of  mutually  exclusive  maximal  sub-domains  of  the  product  of 
D  and  the  interior  of  (A),  and  that  P  belongs  to  the  limiting  set  of  Di,  D2,  D3, 
■  ■  ■  .  Then  if  (C)  and  (A)  are  two  circles  concentric  with  such  a  circle,  (C)  is 
within  (A),  and  (A')  is  within  (C),  there  exists  on  (C)  an  interval  AE  and  on 
(K)  an  interval  BF  such  that  (1)  there  exists  on  the  interval  AE,  in  the  order 
indicated,aninfinitesequenceAi,A2,A3,  ■  ■  ■  of  points  having  A  as  a  sequential 


t  This  theorem  was  suggested  and  proved  by  Dr.  H.  M.  Gehman  during  a  discussion  of  the 
proof  of  my  Theorem  9.  A  point  set  T  is  said  to  be  a  set  of  condensation  of  a  point  set  A',  if  every 
point  of  r  is  a  limit  point  of  K  —  K-  T.  If  K  is  closed,  K  contains  T.  Janiszewski,  loc.  cit.,  p.  102, 
defines  in  an  analogous  manner  a  continuum  of  condensation. 


f 
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limit  point,  and  on  the  interval  BF,  in  the  order  indicated,  an  infinite  sequence 
Bi,  Bi,  B3,  ■  •  of  points  having  B  as  a  sequential  limit  point;  (2)  for  each 
positive  integer  i  there  exists  a  simple  continuous  arc  A  iBi  which  is  a  subset  of 
Di,  and  contains  in  common  with  (C)  only  the  point  Ai  and  in  common  with 
(K)  only  the  point  Br,  (3)  if  AiAi+i  and  BiBi+i  are  the  intervals  AiAi+i  and 
BiBi+i,  respectively,  of  EA  and  FB,  respectively,  Ji  is  the  simple  closed  curve 
AiAi+i  Bi+i  BiAi,  and  £<  is  the  interior  of  this  curve,  then  Ei  is  a  subset  of  the 
annular  domain  bounded  by  (C)  and  (K)  and  if  iy^j,  then  Ei  and  Ej  have  no 
points  in  common;  (4)  for  each  i  there  exists  a  sub-continmim  Hi  of  H,  such 
that  Hi  is  a  subset  of  El ,  and  contains  at  least  one  point  in  common  with 
A  iA  i+i  and  at  least  one  point  in  common  with  BiBt+i ;  (5)  the  collections  Xlr=i  Hi 
and  ^r=i  A  i^i  have  a  common  sequential  limiting  set  L,  which  is  a  sub-continu- 
um of  H;  (6)  no  two  elements  in  the  collection  Xir=i  ^tJ^i  can  be  joined  by  a 
connected  subset,  which  is  entirely  within  (K),  of  the  domain  D;  (7)  if  x  and  y 
are  points  of  two  distinct  elements  of  the  collection  I.+Xr=i  Hi>  ^^^^^  ^^^^^'^  exists 
no  connected  subset  of  S  —  D  lying  wholly  within  the  annular  domain  bounded 
by  (C)  and  (K),  and  containing  both  x  and  y. 

We  leave  the  proof  of  this  theorem  to  the  reader ;  we  refer  him  in  particular 
to  Theorem  1,  and  to  an  argument  used  by  R.  L.  Wilder f  in  another  con- 
nection. 

Theorem  11.  If  P  is  a  point  on  the  boundary  of  a  domain  D,  then  a 
necessary  and  sufficient  condition  that  P  be  accessibleX  from  D  is  that  there 
exist  a  subset  K  of  D  which  is  connected  nearP  and  hasP  as  a  limit  point. 

Obviously  the  condition  is  necessary.  We  will  proceed  to  show  that  it  is 
sufficient.  It  follows  from  the  hypothesis  that  there  exists  a  sequence  of 
points  Xi,  X2,  Xs,  ■  ■  ■  belonging  to  K  such  that  P  is  the  sequential  limit 
point  of  this  sequence,  and  such  that  for  each  positive  integer  i  there  exists 
a  connected  subset  of  A'  containing  both  Xi  and  a;,+i,  the  upper  distance  of 
this  connected  subset  fromP  being  less  than  1/i.  It  follows  by  Theorems  10 
and  15,  F.  A.,  that  there  exists  a  simple  continuous  arc  a^.x.+i,  whose  upper 
distance  from  P  is  less  than  2/i,  and  which  is  a  subset  of  D.  It  follows  by  an 


t  Loc.  cit.,  pp.  343-346. 

t  The  point  P  on  the  boundary  of  a  domain  D  is  said  to  be  accessible  from  that  domain  provided 
that  for  every  point  x  oi  D  there  exists  a  simple  continuous  arc  xP,  whose  end  points  are  x  and  P, 
and  which,  except  for  the  point  P,  is  a  subset  of  D.  If  for  any  simple  continuous  arc  AB  whatever, 
such  that  the  segment  ^B  is  a  subset  of  D,  the  point  P  is  accessible  from  every  maximal  domain  of 
D—DAB,  which  has  P  on  its  boundar>-,  then  P  is  said  to  be  accessible  from  all  sides  from  D.  Cf. 
Schoenflies,  Entwickelung,  loc.  cit.,  p.  176. 
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argument  given  by  Wilderf  and  Theorem  15,  F.  A.,  that  P  is  accessible  from 

D.  f 

Theorem  12.  //  B  is  the  boundary  of  a  domain  D,  P  is  a  point  of  B,  and 
D  is  not  connected  near  P,  then  either  (1)  the  hypothesis  of  Theorem  10  is  satis- 
fied at  P  with  respect  to  the  domain  D  and  its  boundary,  or  (2)  the  point  set 
B  —P  is  not  connected,  and  there  exists  a  simple  closed  curve  J  which  contains 
P,  separates  B  —P,  and,  except  for  the  point  P,  is  a  subset  of  D. 

Suppose  that  the  hypothesis  of  Theorem  10  is  not  satisfied.  Then  if  M 
is  any  circle  about  P,  there  exists  a  circle  N*  with  the  same  center  such  that 
there  exist  at  most  a  finite  number  of  maximal  sub-domains  of  the  product 
of  D  and  the  interior  of  M  containing  points  within  N*  Hence  at  least  one 
of  these  domains  contains  P  on  its  boundary.  Let  Hi  be  such  a  domain 
with  respect  to  a  definite  circle  /i  having  its  center  atP,  a.ndHo  =  D.  It  is 
impossible  for  Hi  and  a  circle  Q  within  /i  and  concentric  with  it  to  satisfy 
the  hypothesis  of  Theorem  10  at  P;  for,  if  they  did,  D  and  Q  would  do  the 
same,  and  this  involves  a  contradiction  of  our  hypothesis.  As  above,  it 
follows  that  the  product  of  Hi  and  the  interior  of  Q  has  at  least  one  sub- 
domain  having  P  on  its  boundary.  By  a  continuation  of  this  process  it  is 
possible  to  select  a  sequence  Ji,  J2,  J3,  ■  ■  ■  of  circles  with  centers  at  P  and 
with  radii  approaching  zero  monotonically  as  n  approaches  infinity,  and  such 
that  for  each  n  there  exists  a  maximal  sub-domain  H„  of  the  product  of 
Hn-i  and  the  interior  of  /„  having  P  on  its  boundary.  Let  yn  be  a  point  of 
H„  such  that  if  i9^j  then  yi^^y,--  There  exists  in  Hn  a  simple  continuous  arcj 
joining  }'„  and  y„+i.  It  follows  by  Theorem  11  that  there  exists  a  simple 
continuous  arc  yitP  which  has  end  points  yi  and  P,  except  for  P  is  a  subset  of 
D,  and  for  every  n  has  in  common  with  Hn  a  segment  having  P  as  an  end  point. 

Consider  the  following  proposition:  There  exist  two  integers  i  and  j,  i 
a  positive  integer  andj  a  positive  integer  or  zero,  -such  that  Hj  and  the  interior  of 
Ji  have  in  common  at  least  two  maximal  sub-domains  each  of  which  has  P  on 
its  boundary.  Suppose  the  proposition  is  false,  and  let  A'^  be  a  definite  value  of 
j  and  e  be  a  positive  number.  Let  m>N  be  so  chosen  that  u{H„,  P)  <e. 
If  Hs  —  Hm  hadP  as  a  limit  point,  it  would  follow  from  the  facts  established 
at  the  beginning  of  the  proof  that  Hn  —  H„  and  the  interior  of  /„  would  have 
in  common  a  maximal  sub-domain  having  P  as  a  boundary  point,  and  thus 
that  Hn  and  the  interior  of  /„  would  contain  two  such  domains;  this  contra- 
dicts the  assumption  that  the  proposition  stated  at  the  beginning  of  this 


t  Loc.  cit.,  pp.  343-344,  Case  1. 
%  Cf.  F.  A.,  Theorem  IS. 
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paragraph  is  false.  It  follows  that  there  exists  a  circle  with  center  at  P  and 
containing  no  points  of  Hn  —  H^.  Since  Hm  is  a  connected  subset  of  Hn 
and  its  upper  distance  from  P  is  less  than  e,  where  e  is  independent  of  N, 
it  follows  that  Hn  is  connected  near  P.  But  this  involves  a  contradiction  of 
our  hypothesis  that  Ho  =  Dis  not  connected  near  P. 

It  follows  that  there  exists  an  arc  yiUP  of  which  yi  and  P  are  the  end 
points  such  that  yiwP—PcD,  the  product  of  VitP  and  yiwP  is  their  end 
points,  and  that  for  n  sufificiently  large  yiwP  contains  no  point  of  H„.  Let 
N  be  such  an  integer,  and  /  be  the  sum  of  yitP  and  yiwP.  Then  /  is  a  simple 
closed  curve.  There  exists  a  Jordan  domain  Fy  which  is  a  common  subset  of 
the  interiors  of  Jn  and  /,  and  whose  boundary  is  a  subset  of  Jn+J  and 
contains  P.  It  is  easily  seen  that  the  boundary  of  Fm  contains  points  in 
common  with  each  of  the  segments  y^tP  and  y^wP  of  /.  Hence,  since  Fn  is 
connected  and  is  not  a  subset  of  D,  it  must  contain  a  boundary  point  of  D. 
Similarly,  the  exterior  of  J  contains  points  of  B.  The  truth  of  the  theorem  is 
thus  established. 

Theorem  13.  If  a  point  on  the  boundary  of  a  domain  is  not  accessible  from 
all  sides  from  that  domain,  then  the  hypothesis  of  Theorem  10  is  satisfied  at 
that  point. 

Given  a  domain  Di,  whose  boundary  Hi  contains  a  point  P  which  is  not 
accessible  from  all  sides  from  Di.  Then  there  must  exist  a  pair  of  points  A 
and  B  belonging  to  Z)i,  a  simple  continuous  arc  AXB,  which,  except  for  A 
and  B,  is  a  subset  of  Di,  and  a  sub-domain  D  of  Di  whose  boundary  H  con- 
tains P,  and  isasubset  of //i-|-^A'5,  the  point  P  being  not  accessible  from  D. 
It  is  easily  seen  that  all  of  the  segment  AXB  belongs  to  //,  and  that  if  P  is 
either  A  or  B  then  P  is  accessible  from  D.  Suppose  that  P  is  not  a  point  of 
AXB.  Then  there  exists  a  circle  A'l  enclosing  P  but  no  point  of  AXB.  It 
can  be  shown,  with  the  help  of  Theorems  11  and  12,  that  there  exists  within 
A'l  a  circle  (A')  which  has  with  reference  to  P,  H,  and  D  the  properties  men- 
tioned in  Theorem  10.  It  is  easily  seen  that  these  properties  hold  also  with 
reference  toP,  Hi,  and  Di. 

Theorem  14.  In  order  that  a  bounded  domain  be  connected  near  its  boun- 
dary it  is  necessary  and  sufficient  that  it  be  uniformly  connected  im  kleinen. 

It  is  easily  seen  that  if  a  domain  is  uniformly  connected  im  kleinen,  then 
it  is  connected  near  its  boundary.  Let  Z>  be  a  bounded  domain  which  is 
connected  near  its  boundary,  B.  If  D  is  not  uniformly  connected  im  kleinen, 
there  must  exist  a  positive  number  e  and  an  infinite  sequence  of  pairs  of 
points,  Xi,  yi,  X2,  yi,  x^,  ya,  ■  ■  -  ,  x„,  >>„,•■■,  such  that  if  n  is  any  positive 
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integer,  then  d{xn,  >'„)  <l/«,  but  .t„  and  y^  cannot  be  joined  by  a  connected 
subset  of  D,  of  diameter  less  than  e.  The  set  of  x's  has  a  limiting  set  contain- 
ing at  least  one  point,  P.  Evidently  P  belongs  to  B.  There  exists  a  number 
dep  such  that  if  x  and  y  are  both  points  of  Z)  at  a  distance  less  than  dep  from 
P,  then  X  and  y  both  belong  to  a  connected  subset  of  D,  whose  upper  distance 
from  P  is  less  than  e/3.  Also,  there  exists  an  integer,  n,  such  that  the  dis- 
tances of  x„  and  y„  from  P  are  each  less  than  d^p.  Thus,  the  supposition  that 
D  is  not  uniformly  connected  im  kleinen  has  led  to  a  contradiction. 

Theorem  15.  In  order  that  a  domain  be  a  Jordan  domain  it  is  necessary 
and  sufficient  that  it  be  simply  connected, '\  bounded,  and  connected  near  its 
boundary. 

The  theorem  follows  from  Theorem  14  and  a  theorem  by  R.  L.  Moore.  | 

Theorem  16.  If  K  is  a  bounded  continuum,  D  is  a  complementary  domain 
of  K,  H  is  a  bounded  subset  of  D,  and  H  =  II  +  T,  where  T  is  a  totally  discon- 
nected subset  of  K,  then  in  order  that  there  exist  a  simple  closed  curve,  J,  con- 
taining T,  and  separating  K  —  T  from  II,  and  such  that  J  —  T  is  a  subset  of 
D,  it  is  necessary  and  sufficient  that  K  should  not  separate  H  near  T. 

■*-*-  We  shall  first  prove  the  sufficiency  of  the  condition.    Consider  the  case 

where  H  is  a.  continuum,  and  H  is  connected  near  T.  Since  T  is  closed  and 
bounded,  H  is  connected  near  T,  uniformly  over  T.  It  follows,  with  the  help 
of  Theorem  3,  that  for  each  positive  integer  n  there  exist  a  pair  of  point  sets 
C„  and  E„  defined  as  follows:  Ci  is  a  circle,  whose  interior  Ei  contains  K-\-H; 
for  n  greater  than  unity  E„  consists  of  the  sum  of  a  finite  collection  of  Jordan 
domains  covering  T  such  that  (1)  each  domain  of  this  collection  contains 
at  least  one  point  of  T,  and  its  diameter  is  less  than  l/«;  (2)  the  distance 
between  any  two  domains  in  this  collection  is  a  positive  number;  (3)  the 
boundary,  C„,  of  £„  contains  no  point  of  T\  (4)  each  domain  of  £„  plus  its 
boundary  is  a  subset  of  exactly  one  domain  of  £„_i;  (5)  if  /i  and  t2  are  points 
of  H  in  or  on  the  boundary  of  a  maximal  domain  D*  of  £„,  then  there  exists 
within  that  domain  of  £„_i  containing  D*  a  connected  subset  tit^  of  H 
containing  ti  and  t^.  If  P  is  a  point  of  T,  let  D{n,  P)  be  that  maximal  domain 
of  £„  which  contains  P,  and  let  J{n,  P)  be  the  boundary  of  D{n,  P).  Let  x 
and  y  be  definite  points  of  K—T  and  H  respectively.  Let  m  be  an  integer 
greater  than  10  such  that  £„'  contains  neither  x  nor  y.   Let  K*  be  the  sum 


^\ 


t  A  domain  is  said  to  be  simply  connected  if  its  boundary  is  connected. 

I  Cf .  R.  L.  Moore,  .-1  characterization  of  Jordan  regions  by  properties  having  no  reference  to  their 
boundaries,  Proceedings  of  the  National  Academy  of  Sciences,  vol.  4  (1918),  pp.  364-370. 
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of  all  those  complementary  domains  of  Ki  =  K+^^^„Ci  which  have  no 
limit  points  in  fl'.  Let  K*  =  (K^+K)  -  T . 

No  limit  point  of  K*  belongs  to  H.  For,  suppose  H  contains  such  a  limit 
point  Q.  Then  there  exists  a  Jordan  domain  q  containing  Q  but  having  no 
point  or  limit  point  in  common  with  A',  and  containing  points  of  not  more 
than  one  simple  closed  curve  belonging  to  the  collection  X^.-li  Ci.  If  Q  belongs 
to  no  such  curve  we  may  suppose  that  q  contains  no  point  of  Ki.  Then  Q 
is  a  limit  point  of  K*.  If  9  is  a  subset  of  some  domain  which  is  a  subset  of 
K*,  this  domain  has  a  limit  point  in  H,  contrary  to  its  definition.  If  q 
contains  points  of  at  least  two  such  domains,  it  must  contain  a  boundary 
point  of  one  of  these  domains,  contrary  to  the  hypothesis  that  q  contains  no 
point  of  Ki.  Hence  Q  must  belong  to  some  simple  closed  curve  /i  of  some  Ci 
of  the  collection  Yl?=i^i-  Suppose  again  that  q  contains  no  point  of  K  or  of 
any  simple  closed  curve  of  some  C^of  the  collection  ^"=1  C,-,  distinct  from  Ji. 
Then  there  exists  within  /i  a  Jordan  region  i?i  and  without  /i  a  region  R2 
such  that  the  boundaries  of  these  regions  have  in  common  a  segment  hQk 
of  Ji,  containing  the  point  Q,  and  such  that  Ri  and  R2  are  subsets  of  q. 
It  follows  that  either  Ri  or  R2  must  contain  points  of  K*.  But,  by  an  argu- 
ment used  above,  it  can  be  shown  that  this  is  impossible.  Since  all  limit 
points  of  H,  except  those  belonging  to  T,  belong  to  H,  the  argument  just 
given  shows  that  K*  contains  no  points  or  limit  points  of  H.  Hence  H  and 
K*  are  mutually  separated.  It  is  easily  seen  that  K*  =  K*  +  T  is  a  continuum. 

By  Theorem  8,  H  is  connected.  Let  D*  be  that  complementary  domain 
of  K*  which  contains  H,  and  let  Ka^^S  —  D*.  It  is  easily  seen  that  A'2  con- 
tains K*  and  is  connected. 

If  D*  is  not  connected  near  T,  there  exists  a  point  P  of  T,  and  a  circle 
K3  about  P  such  that  within  every  circle  concentric  with  K3,  but  having  a 
smaller  radius,  there  exist  a  pair  of  points  of  D*  which  cannot  be  joined  by 
a  connected  subset,  lying  entirely  within  K3,  of  D*.  Since  H  is  connected 
near  T,  there  exists  within  K3  a  circle  ^4,  concentric  with  K3,  such  that  any 
two  points  of  H  within  A'4  can  be  joined  by  a  connected  subset  of  H,  lying 
entirely  within  K3.  There  exists  an  integer  n  greater  than  m  +  l  such  that 
J{n,  P)  is  a  subset  of  the  interior  of  A'4.  There  exists  within  D{;n,  P)  a  pair, 
h  and  h,  of  points  of  D*  which  cannot  be  joined  by  a  connected  subset  of 
D*,  lying  entirely  within  A3.  The  points  h  and  h  are  points  or  boundary 
points  of  two  domains  di  and  d^,  respectively,  which  are  complementary 
domains  of  the  point  set  Ai,  and  which  are  therefore  subsets  of  D{n,  P). 
From  the  definition  of  Ai*  it  follows  that  there  exist  a  pair  of  points  wi  and 
Wt  of  H,  which  are  points  or  limit  points  of  di  and  d^  respectively.    There 
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exists  a  connected  subset  WiW2  of  H,  containing  wi  and  w^,  and  lying  entirely 
within  A'3.  The  point  set  ti+di+WiWi+di+h  is  a  connected  subset  of  D*, 
and  lies  entirely  within  A'3.  Thus,  the  supposition  that  D*  is  not  connected 
near  T  has  led  to  a  contradiction. 

By  Theorem  6,  K^  —  T  is  connected.  By  a  theorem  of  Moore'sf  there 
exists  a  simple  closed  curve  /  which  separates  H  from  A'2  —  T,  contains  T, 
and,  except  for  T,  is  a  subset  of  D. 

We  have  thus  established  the  conclusion  for  the  case  where  fl^  is  a  con- 
tinuum and  H  is  connected  near  T.  We  shall  next  show  that  if  H  is  any 
point  set  whatever  satisfying  the  hypothesis,  then  there  exists  a  point  set 
H*  having  the  properties  we  have  so  far  assumed  for  H.  Let  E„,  C„,  y,  and 
m  have  the  same  significance  as  before,  with  the  exception  that  the  fifth  part 
of  the  definition  of  C„  and  £„  read  as  follows:  (5')  If  ti  and  h  are  points  of  H 
in  or  on  the  boundary  of  a  maximal  domain  D*  of  E„,  then  there  exists  within 
that  domain  of  £„_i  containing  D*  a  connected  subset  /i4  of  D  containing  t\ 
and  ti.  By  the  Heine-Borel-Lebesgue  Theorem  there  exists  within  D  a  closed 
point  set,  Am+2,  consisting  of  a  finite  number  of  circles  plus  their  interiors, 
such  that  all  points  of  H  without  £„+2  belong  to  A  m+2.  There  exist  at  most  a 
finite  number  of  maximal  connected  subsets  of  A,n+2.  There  exists  within  D 
a  finite  collection,  Fm+i,  of  simple  continuous  arcs,  such  that  A„i+->-{-Fn+2 
is  connected.  There  exists  in  Z)  a  finite  collection,  Gm+2,  of  arcs,  such  that 
3^m+2+F„+2  +  Gm+2  Is  conucctcd,  and  that  every  maximal  domain  of  £m+2 
contains  a  point  common  to  H  and  to  Gm+i-  There  exists  a  sequence  ni{  =  m 
+2),  «2,  «3,  •  •  ■  of  positive  integers,  such  that  for  each  positive  integer  i, 
«,  +  2<w,+i,  and  such  that  if  di  is  a  maximal  domain  of  the  collection  .£„<, 
then  di  contains  a  point  of  H  which  does  not  belong  to  any  domain  of  the 
collection  £n,+,.  Let  Mni  be  the  set  of  all  points  which  belong  to  some  do- 
main of  the  collection  £„,•  or  the  boundary  of  such  a  domain,  but  belong  to 
no  domain  of  the  collection  £„,•+,.  The  set  of  points  common  to  A!„i  and  H 
is  closed  and  can  be  covered  by  a  finite  set  of  Jordan  regions,  each  region 
containing  a  point  of  H  ■  Mni  such  that  if  ^  „i  denotes  the  sum  of  these  regions 
plus  their  boundaries,  then  .4 nils  a  subset  of  both  Z)and  M„i_,+Mni+M„i^,. 
There  exists  by  part  (5)  of  the  definition  of  E„  and  Theorems  10  and  IS, 
F.  A.,  a  finite  collection  of  simple  continuous  arcs,  whose  sum  F„,  is  a  subset 
of  D,  and  contains  no  point  without  £„i_i,  such  that  if  J,  is  a  maximal  domain 
of  E„i  and  Ri  and  Aj  are  connected  subsets  of  yl„,  containing  points  in 
common  with  di,  then  there  exists  a  closed  and  connected  subset  oi  Ani+F„. 


t  See  Theorem  2,  Concerning  the  separation  of  point  sets  by  curves,  loc.  cit. 
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containing  i?i  and  i?2,  and  lying  entirely  within  that  maximal  domain  of 
£n,_i  which  contains  di.  Let 

B*    =    Am+2    +     Fm+i    +    G„,+2    +    /  .?-^AA„i  +  F„^. 

Then  H*  contains  H,  is  a  subset  of  D,  is  connected,  and  is  connected  near  T; 
also,  H*  =  H*  +  T.  Hence,  the  condition  in  our  theorem  is  sufficient.  It  follows 
from  Theorem  15  that  the  condition  is  also  necessary. 

Theorem  17.  If  K  and  H  are  bounded  continua  which  have  in  common  a 
totally  disconnected  point  set  T,  then  a  necessary  and  sufficient  condition  that 
there  exist  a  simple  closed  curve  which  separates  K  —  T  from  H  —  T  is  that  H  —  T 
is  not  separated  by  K  near  T. 

By  a  method  of  argument  analogous  to  that  used  in  proving  Theorem  8 
it  can  be  shown  that  H  —  T  is  a,  subset  of  a  complementary  domain  of  D. 
The  truth  of  the  theorem  follows  from  Theorem  16. 

Theorem  18.  If  T  is  a  closed,  totally  disconnected  subset  of  a  bounded  con- 
tinuum K,  and  K—T  =  Ki-\-K2,  where  A'l  and  K2  are  mutually  separated 
point  sets,  x  is  a  point  of  A'l  and  y  of  K2,  then  there  exists  a  simple  closed  curve 
which  separates  x  from  y  and  contains  in  common  with  K  only  points  of  T 
which  are  limit  points  of  Ki. 

Let  Ti-=TKi.  Then  K-Ti  =  Ki+K2  +  T-Ti.  It  follows  that  T,  is 
closed  and  totally  disconnected  and  that  A'l  and  Kn  +  T  —  Ti  are  mutually 
separated  point  sets.  Let  Fy  be  a  simple  continuous  arc  containing  no  point 
of  jRTi,  and  having  end  points  y  and  F,  where  F  is  a  point  of  S  —  K.  Let  C 
be  a  circle  with  center  at  F,  whose  interior  contains  no  point  of  A',  /  be  an 
inversion  of  the  plane  with  respect  to  the  circle  C,  and  H*,  A*,  T*,  r*,  x*, 
and  y*  be  the  transforms  under  this  inversion  of  K2+T  —  T1,  A'l,  Ti,  Fy  —  F, 
X,  and  y.  By  methods  similar  to  those  used  in  the  proof  of  Theorem  2  of 
Moore's  paper  Concerning  the  separation  of  point  sets  by  curves,^  we  can 
show  the  existence  of  a  simple  closed  curve  /*  which  separates  x*  from  y*, 
encloses  x*,  and  contains  no  points  of  II*+K*  —  T*.  It  is  to  be  noted  that 
both  our  hypothesis  and  our  conclusion  are  weaker  than  Moore's,  and  that 
we  are  not  concerned  with  the  latter  part  of  his  argument.  The  inverse 
under  /  of  J*  will  be  a  simple  closed  curve  of  the  type  specified  in  the  con- 
clusion of  the  theorem. 

Theorems  19-24,  following,  are  corollaries  of  Theorem  18. 


t  Loc.  cit.,  pp.  470-471. 
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Theorem  19.  The  conclusion  of  the  preceding  theorem  remains  true  if  the 
condition  that  K  be  bounded  is  removed,  and  the  curve  J  be  allowed  to  be  either 
a  simple  closed  curve  or  an  open  curve. 

Theorem  20.  //  K  is  a  closed  point  set  which  consists  of  a  collection  of  un- 
bounded continua,  and  K  =  Ki-\-Ki,  where  A'l  and  Kt  are  mutually  separated, 
and  X  is  a  point  of  A'l  and  y  is  a  point  of  A'2,  then  there  exists  an  open  curve  which 
separates  xfrom  y  and  contains  no  point  of  K. 

Theorems  19  and  20  may  be  proved  by  performing  an  inversion  of  the 
plane  about  some  sufficiently  small  circle  with  center  at  a  point  P  which  does 
not  belong  to  K,  and  applying  Theorem  18. 

Theorem  21.  If  K  is  a  hounded  continuum  and  P  is  a  cut  pointy  of  K, 
then  there  exists  a  simple  closed  curve  which  separates  K  —P;  if  K  is  an  unboun- 
ded continuum  there  exists  either  a  simple  closed  curve  or  an  open  curve  which 
separates  K—P. 

Theorem  22.  A  cut  point  of  a  continuum  is  accessible  from  some  comple- 
mentary domain  of  that  continuum. 

Theorem  23.  J  If  D  is  a  simply  connected  domain,  B  is  the  boundary  of  D, 
and  P  is  a  cut  point  of  B,  then  there  exists  either  (1)  a  simple  closed  curve  J  which 
separates  B—P,  and  which,  except  for  P,  is  a  subset  of  D,  or  (2)  an  open  curve 
C  which  separates  B  —P  such  that  one  ray  on  C  from  P  is,  except  for  P,  a  subset 
of  D.  If  B  is  bounded,  then  condition  (1)  of  the  conclusion  holds. 

Theorem  24.  A  cut  point  of  the  boundary  of  a  simply  connected  domain  is 
accessible  from  that  domain. 


t  The  point  P  is  a.  cut  point  of  a  connected  point  set  K,  if  K—P  is  not  connected. 
t  Cf.  Theorem  12. 


i  Cf.  Theorem  12 
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CONCERNING  CONTINUA  IN  THE  PLANE* 

BY 

GORDON  T.  WHYBURN 

In  this  paper  a  study  will  be  made  of  plane  continua.  Part  I  deals  with 
continua  which  constitute  the  boundary  of  a  connected  domain  and  is 
concerned  in  particular  with  (1)  properties  of  domains  which  are  conse- 
quences of  certain  conditions  imposed  upon  their  boundaries,  (2)  properties 
of  the  boundaries  of  domains  which  are  consequences  of  conditions  imposed 
upon  the  domains,  and  (3)  conditions  under  which  the  boundary  of  a  domain 
is  accessible  from  that  domain.  Part  II  is  concerned  with  the  cut  points  and 
end  points  of  continua. 

I  wish  to  acknowledge  my  indebtedness  to  Professor  R.  L.  Moore,  to 
whom  the  success  of  this  investigation  should  be  largely  attributed.  Credit 
is  due  him  for  the  suggestion  of  most  of  the  problems  treated  in  Part  I; 
and  it  is  his  stimulating  personality,  constant  encouragement,  and  many 
helpful  suggestions  and  criticisms  which  have  attracted  my  interest  to  this 
field  of  mathematics  and  have  made  possible  the  solution  of  the  problems 
treated  in  this  paper. 

I.    Domains  and  their  boundaries 

Definitions.  A  domain  D  is  said  to  have  property  ^f  provided  it  is 
true  that  for  any  positive  number  e,  D  may  be  expressed  as  the  sum  of  a 
finite  number  of  connected  point  sets  each  of  diameter  less  than  e.  A  point 
set  K  will  be  said  to  be  uniformly  connected  im  kleinen  with  reference 
to  every  one  of  its  bounded  subsets  provided  it  is  true  that  if  M  is  any 
bounded  point  set  whatever  and  e  is  any  positive  number,  then  there  exists 
a  positive  number  6,  such  that  every  two  points  which  are  common  to  M  and 
K  and  whose  distance  apart  is  less  than  6,  lie  together  in  a  connected  subset 
of  K  of  diameter  less  than  e.  A  boundary  point  P  of  a  domain  D  is  accessible 
from  all  sides  from  DX  provided  it  is  true  that  if  A  and  B  are  any  two  points 


*  Various  parts  of  tlus  paper  were  presented  to  the  Society  under  different  titles,  December  29, 
1925,  February  27,  April  2,  May  1,  and  June  12,  1926;  it  was  received  by  the  editors  in  its  present 
form  in  June,  1926. 

t  Cf.  R.  L.  Moore,  Concerning  connectedness  im  kleinen  and  a  related  property,  Fundamenta 
Mathematicae,  vol.  3  (1922),  pp.  232-237. 

t  Cf.  A.  Schoenflies,  Die  Enlwickelung  der  Lehre  von  den  Piinktmannigfaltigkeilen,  zweiter  Teil, 
Jahresbericht  der  Deutschen  Mathematiker-Vereinigung,  Ergiinzungsbande,  vol.  2  (1908),  p.  21S 
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of  the  boundary  of  D  and  AXB  is  an  arc  such  that  AXB  —  {A  -\-B)  is  a  subset 
of  D  and  such  that  AXB  separates  D  into  two  domains  A  and  A,  then  P 
is  accessible  from  every  one  of  the  domains  D\,  D2  to  whose  boundary  it 
belongs.  Two  point  sets  will  be  said  to  be  mutually  separated  if  they  are 
mutually  exclusive  and  neither  contains  a  hmit  point  of  the  other.  The 
point  P  of  a  continuum  M  will  be  called  a  cut  point  of  M  provided  the  set 
M —P  is  not  connected,  i.e.,  is  the  sum  of  two  mutually  separated  sets. 

Notation.  In  this  paper  wherever  a  symbol  X  is  used  to  denote  a  point 
set,  the  symbol  A'  will  be  used  to  denote  the  set  X  plus  all  those  points  which 
are  limit  points  of  X.  And  wherever  a  symbol  AB  is  used  to  designate  a 
simple  continuous  arc,  the  symbol  {AB)  will  be  used  to  denote  the  point 
s&t  AB-{A+B). 

Theorem  1.  In  order  that  a  hounded  domain  D  should  have  property  S 
it  is  necessary  and  sufficient  that  every  point  of  the  boundary  of  D  should  be 
accessible  from  all  sides  from  D. 

Proof.  I  shall  first  show  that  the  condition  is  necessary.  Suppose  D  is 
a  domain  having  property  5  and  P  is  a  point  of  its  boundary.  Let  A  and  B 
be  two  points  of  the  boundary  of  D,  and  let  AXB  be  an  arc  from  A  to  B  such 
that  (^A'5)isasubsetof  Z),  and  such  that^A'5  separates  Z)  into  two  domains 
Di  and  A-  In  an  unpublished  paper,*  C.  M.  Cleveland  has  proved  the 
following  theorem.  In  order  that  a  bounded  domain  D  should  have  property 
S  it  is  necessary  and  sufficient  that  (1)  every  maximal  connected  subset  of 
the  boundary  of  D  should  be  a  continuous  curve,  and  (2)  for  any  given 
positive  number  e,  there  should  be  not  more  than  a  finite  number  of  these 
continuous  curves  of  diameter  greater  than  «.  Now  since  D  has  property  S, 
it  follows  that  the  boundary  of  D  satisfies  conditions  (1)  and  (2)  of  Cleve- 
land's theorem.  And  since  the  boundary  of  D  satisfies  these  conditions, 
it  can  easily  be  shown  by  methods  almost  identical  with  those  used  by  R.  L. 
Moore  to  prove  Theorem  4  of  his  paper  Concerning  connectedness  im  kleinen 
and  a  related  property]  that  the  boundary  of  Di,  and  also  that  of  A,  must 
satisfy  these  conditions.  Hence,  it  follows  by  Cleveland's  theorem  that 
each  of  the  domains  A  and  A  must  have  property  S.  Now  let  R  denote 
either  one  of  the  domains  Z>i,  Di  which  has  the  point  P  in  its  boundary.  It 
is  sufiicient,  then,  to  show  that  P  is  accessible  from  R. 


*  Cf.  an  abstract  of  a  paper  by  the  author  and  C.  M.  Cleveland,  Bulletin  of  the  American 
Mathematical  Society,  vol.  32  (1926),  p.  109. 
t  Log.  cit. 
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Let  R  be  expressed  as  the  sum  of  Mi  connected  point  sets  Ku,  Kn,  ■  ■  ■  , 
Kim,  ^11  of  diameter  less  than  1/3.  Let  Gi  denote  this  collection  of  point 
sets.  Let  Si  denote  the  collection  of  all  those  elements  of  d  which  have  P 
for  a  limit  point,  and  let  Ti  denote  the  sum  of  all  the  point  sets  of  the  collec- 
tion S\.  There  exists  a  circle  Ci  having  P  as  center  and  neither  containing 
nor  enclosing  any  point  of  i?  —  Ti.  Let  Xi  denote  a  point  common  to  Ti  and 
to  the  interior  of  Ci.  Let  /i  denote  the  sum  of  all  those  elements  of  Si  which 
can  be  joined  to  that  element  of  Si  which  contains  Xi  by  a  connected  subset 
of  R  lying  wholly  within  Ci.  Every  point  of  /i  which  is  a  limit  point  of 
R—Ii  lies  within  a  circle  c  such  that  c  plus  its  interior  belongs  to  R  and  is  of 
diameter  less  than  1/9.  Add  to  /i  the  interiors  of  all  such  circles  (c),  and  let 
Ri  denote  the  domain  thus  obtained.  Clearly  Ri  is  of  diameter  less  than  1, 
and  P  is  a  boundary  point  of  Ri.  Now  let  R  be  expressed  as  the  sum  of  «2 
connected  point  sets  K21,  K^,  K^s,  •  •  •  ,  K^n^,  all  of  diameter  less  than  1/6 
and  also  less  than  the  radius  of  Ci.  Let  G2  denote  this  collection  of  point  sets. 
And  let  T2  and  C2  be  point  sets  which,  with  respect  to  Gj,  correspond  to  Ti 
and  Ci  selected  previously  with  respect  to  d.  Let  X2  be  a  point  common  to 
Ti,  to  the  interior  of  C2,  and  to  Ii.  Let  I2  denote  the  sum  of  ail  those  elements 
of  52  which  can  be  joined  to  the  element  of  ^2  which  contains  X2  by  a  con- 
nected subset  of  R  lying  wholly  within  C2.  Clearly  h  is  a  subset  of  /i,  and 
hence  also  of  Ri.  Every  point  of  h  which  is  a  limit  point  ol  R  —  I2  lies  within 
some  circle  c  such  that  c  plus  its  interior  belongs  to  R  and  to  Ri  and  is  of 
diameter  less  than  1/18.  Add  to  h  the  interiors  of  all  such  circles  (c),  and 
let  ^2  denote  the  domain  thus  obtained.  Clearly  R2  is  a  subset  of  Ri,  is  of 
diameter  less  than  5,  and  has  the  point  P  in  its  boundary.  This  process  may 
be  continued  indefinitely,  and  thus  we  obtain  a  sequence  of  subdomains  of 
R  :  Ri,  Ri,  R3,  ■  ■■  ,  such  that  for  every  positive  integer  n,  i?„+i  has  P  in  its 
boundary  and  is  a  subset  of  R„,  and  such  that  the  diameter  of  Rn  approaches 
zero  as  a  limit  as  n  increases  indefinitely. 

Now  let  Q  denote  any  point  of  R.  For  each  positive  integer  n,  let  P„ 
denote  a  point  of  R„.  There  exists  an  arc  QPi  lying  in  R,  and  for  each  n, 
there  exists  an  arc  P  J'„+i  lying  in  R„.  It  is  easy  to  see*  that  the  point  set 
P+QPi+PiP2+P2Pi+  •is  closed  and  that  it  contains  as  a  subset  an 
arc  QP  such  that  QP-P  is  a  subset  of  R.  Hence,  P  is  accessible  from  R, 
and  since  R  is  either  one  of  the  domains  Di,  D2  which  has  P  in  its  boundary, 
it  follows  that  P  is  accessible  from  all  sides  from  D. 


*  Cf.,  for  example,  R.  L.  Moore,  On  the  foundations  of  plane  analysis  situs,  these  Transactions, 
vol.  17  (1916),  p.  155,  paragraph  beginning  with  line  five. 
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The  condition  is  also  sufficient.  Suppose  Z)  is  a  bounded  domain  such 
that  its  boundary,  M,  is  accessible  from  all  sides  from  D.  Condition  (I) 
will  be  said  to  exist  if  some  maximal  connected  subset  of  the  boundary  of  D 
fails  to  be  a  continuous  curve ;  Condition  (II)  will  be  said  to  exist  if  it  is  true 
that  for  some  positive  number  e,  there  exist  infinitely  many  maximal  con- 
nected subsets  of  M  of  diameter  greater  than  e.  Suppose  Condition  (II) 
exists,  and  let  G  denote  the  set  of  all  those  maximal  connected  subsets  of  M 
which  are  of  diameter  greater  than  t.  Since  the  sum  of  all  the  continua  of  G 
is  bounded  and  G  contains  infinitely  many  elements,  it  follows*  that  there 
exists  a  continuum  T  of  diameter  at  east  as  great  as  e  which  is  the  sequential 
limiting  set  of  some  sequence  Ti,  T^,  T3,  •  ■  ■  of  elements  of  G.  There  exist 
two  points  E  and  F  oi  T  whose  distance  apart  is  ^e.  Let  Ci  be  a  circle  with 
E  as  center  and  of  radius  j€.  Let  C2  be  a  circle  with  E  as  center  and  of  radius 
je.  Then  since  E  is  within  C2  and  F  is  without  Ci,  there  exists  a  positive 
integer  d  such  that  for  every  n>d,  T„  contains  a  point  Xn  within  d  and  a 
point  yn  without  Ci.  It  follows  from  a  theorem  due  to  Janiszewskif  that  for 
every  n>d,  T„  contains  a  subcontinuum  /„  which  contains  at  least  one 
point  on  each  of  the  circles  Ci  and  C2  and  is  a  subset  of  the  point  set  H 
consisting  of  the  circles  Ci  and  Cj  together  with  all  those  points  of  the  plane 
which  lie  between  Ci  and  C2.  For  every  positive  integer  i,  let  Mi  denote 
td+i-  The  continuum  T  contains  a  subcontinuum  If  „  which  has  at  least  one 
point  on  each  of  the  circles  Ci  and  C2,  is  a  subset  of  H,  and  is  the  sequential 
limiting  set  of  the  sequence  Mi,  Mi,  M3,  ■  ■  ■  .  Now  suppose  Condition  (I) 
exists.  It  follows  directly  from  a  theorem  of  R.  L.  Moore's|  that  there  exist 
circles  Ci  and  C2,  and  that  M  contains  a  countable  infinity  of  continua  M„, 
Ml,  Mi,  Ms,  •  ■  ■  ,  having  exactly  the  same  properties  as  the  point  sets  of 
the  same  notation  whose  existence  was  shown  as  a  consequence  of  Condition 
(II).  Hence,  we  see  that  the  existence  of  either  Condition  (I)  or  Condition 
(II)  leads  to  exactly  the  situation  described  above. 

Let  A  (Fig.  1)  denote  a  point  common  to  M„  and  d,  and  B  a  point  com- 
mon to  M„  and  Ci.  Since  M  is  accessible  from  D,  it  follows  that  there  exists 
an  arc  AB  such  that  (AB)  is  a  subset  of  D.  It  can  be  shown  that  there 
exists  a  bounded  complementary  domain  R  of  the  point  set  AB+M„  such 


•  See  an  abstract  of  a  paper  by  R.  G.  Lubben,  Concerning  limiting  sets,  Bulletin  of  the  American 
Mathematical  Society,  vol.  32  (1926),  p.  14. 

t  Sur  les  continus  irreduclibles  enlre  deux  points.  Journal  de  I'Ecole  Polytechnique,  (2),  vol.  16 
(1912). 

i  A  report  on  continuous  curves  from  the  viewpoint  of  analysis  situs,  Bulletin  of  the  American 
Mathematical  Society,  vol.  29  (1923),  pp.  296-297. 
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that  every  point  of  the  arc  AB  belongs  to  the  boundary  of  R.  It  can  be 
shown  that  the  arc  AB  separates  D  into  two  domains  Di  and  D2  such  that 
Di  lies  wholly  within  R,  and  Dt  lies  wholly  in  K,  the  unbounded  comple- 
mentary domain  of  the  boundary  of  R.  Since  no  member  of  the  sequence  of 
continua  Mi,  Mi,  M3,  ■  ■  ■  has  a  point  in  common  with  AB+M„,  it  follows 
that  for  every  positive  integer  i.  Mi  lies  either  wholly  in  R  or  wholly  in  K. 
Hence,  either  Rot  K  must  contain  infinitely  many  members  of  the  sequence 
Ml,  Mi,  Mi,  ■  ■  ■  . 


Fig.   1 

Suppose  R  contains  infinitely  many  members  of  this  sequence.  Then 
every  point  of  M„  is  a  limit  point  of  a  set  of  points  common  to  D  and  R. 
And  since  all  such  points  belong  to  Di,  it  follows  that  every  point  of  M^  is  a 
boundary  point  of  Di  and,  by  hypothesis,  is  therefore  accessible  from  Di. 
Let  0  be  a  point  of  K  and  let  P  be  a  point  of  M„  distinct  from  A  and  from  B. 
Then  since  the  arc  AB  does  not  of  itself  separate  the  plane,  there  exists  an 
arc  OP  which  contains  no  point  of  the  arc  AB.  On  OP,  in  the  order  from  0 
to  P,  let  z  denote  the  first  point  belonging  to  M„.  Then  the  point  set  Oz  —  z 
is  a  subset  of  K.  Now  either  (a)  there  exists  a  point  x  on  the  arc  Oz  such  that 
the  arc  zx  of  Oz  contains  no  point  of  M,  or  (b)  s  is  a  limit  point  of  a  set  of 
points  common  to  D  and  A'.  In  case  (b),  since  all  points  common  to  K  and  D 
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belong  to  Di,  then  s  is  a  boundary  point  of  A  and  is,  therefore,  accessible 
from  A-  Hence,  if  x  is  a  point  of  A,  there  exists  an  arc  xz  such  that  xz  —  z 
is  a  subset  of  A-  Hence,  in  either  case,  (a)  or  (b),  there  exists  an  arc  xz 
such  that  xz  —  z  is  a  subset  of  A'  and  contains  no  point  whatever  of  M. 
It  was  shown  above  that  z  is  accessible  from  Di.  Hence,  if  >>  is  a  point  of  A, 
there  exists  an  arc  yz  such  that  yz  —  z  is  a  subset  of  Di.  The  two  arcs  xz  and 
yz  can  have  in  common  only  the  point  s. 

Let  /  denote  the  point  set  consisting  of  if„  plus  all  of  its  bounded  comple- 
mentary domains.  Let  L  denote  the  closed  point  set /+il/i+l/2+lf  3+  •  ■  ■• 
It  can  easily  be  shown  that  neither  of  the  points  x  and  y  belongs  to  /.  Now  / 
does  not  separate  the  plane,  and  it  is  a  maximal  connected  subset  of  the 
closed  set  L.  By  a  theorem  of  R.  L.  Moore's*  it  follows  that  there  exists  a 
simple  closed  curve  /  such  that  /  encloses  I  and  contains  no  point  of  L,  and 
every  point  on  or  within  7  is  at  a  distance  from  some  point  of  /  less  than  the 
minimum  distance  from  x  to  I  and  also  less  than  the  minimum  distance 
from  y  to  I.  Hence  both  x  and  y  are  without  /.  On  the  arc  zx,  in  the  order 
from  2  to  X,  and  on  zy,  in  the  order  from  z  to  y,  let  A'  and  F  respectively  denote 
the  first  points  belonging  to  J .  Denote  the  two  arcs  of  /  from  X  to  F  by  XTY 
and  XSY  respectively,  and  let  Ri  and  R^  denote  the  interiors  of  the  closed, 
curves  XzYTX  and  XzYSX  respectively.  On  the  arc  XzY  there  exist 
points  E,  U,  H,  and  G  in  the  order  X,  E,  U,  z,  H,  G,  Y  such  that  within  some 
circle  which  has  z  as  center  and  which  neither  contains  nor  encloses  any 
point  of  the  arc  AB  there  exist  arcs  EFG  and  UCH  such  that  (EFG)  and 
(UCH)  are  subsets  of  Ri  and  R2  respectively.  Since  E  and  U  lie  in  A',  and 
H  and  G  lie  in  R,  it  follows  that  both  {EFG)  and  (UCH)  must  contain  a 
point  in  common  with  l/„.  But(£FG) belongs  to  Ri,  and  (t/C£^) belongs  to  R2. 
Hence  Ri  contains  a  point  u  of  M^,  and  R2  contains  a  point  v  of  M„.  Let 
C„  and  C,.  be  circles  having  u  and  v  respectively  as  centers  and  such  that 
Cu  belongs  to  Ri  and  C„  belongs  to  R2.  Now  since  /  encloses  M„  and  con- 
tains no  point  of  L,  there  exists  a  positive  number  di  such  that  for  every 
integer  n>di,  M„  lies  wholly  within  /.  There  exists  a  positive  number  d2 
such  that  for  every  integer  nydi,  M„  has  a  point  within  Cu  and  also  a  point 
within  Cv  Let  i  be  an  integer  which  is  greater  than  each  of  these  two  num- 
bers di  and  ^2-  Then  Mi  lies  wholly  within  /  and  contains  at  least  one  point 
in  each  of  the  domains  i?i  and  R2.  Hence,  since  it  is  connected.  Mi  must 
contain  a  point  p  of  the  arc  XzY.  Since  Mi  has  no  point  in  common  with 
M„,  therefore  p^^z.   Hence  p  must  belong  either  to  (sA')  or  to  (zY).   But  p 


*  Concerning  the  separation  of  point  sets  by  curves,  Proceedings  of  the  National  Academy  of 
Sciences,  vol.  11  (1925),  p.  469. 
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belongs  to  M,  and  neither  {zX)  nor  (sF)  contains  any  point  whatever  of  M. 
Thus  in  case  R  contains  infinitely  many  members  of  the  sequence  Mi,  Mi, 
Ml,  ■  ■  ■  ,  the  supposition  that  either  Condition  (I)  or  Condition  (II)  exists 
leads  to  a  contradiction.  In  an  entirely  similar  manner  the  same  supposition 
leads  to  a  contradiction  in  case  K  contains  infinitely  many  members  of  this 
sequence. 

Since  neither  Condition  (I)  nor  Condition  (II)  can  exist,  then  (1)  every 
maximal  connected  subset  of  the  boundary  of  Z)  is  a  continuous  curve,  and 
(2)  for  every  positive  number  e,  there  are  not  more  than  a  finite  number  of 
these  maximal  connected  subsets  of  diameter  greater  than  «.  Since  D  is 
bounded,  it  follows  from  Cleveland's  theorem  quoted  above  that  D  has 
property  5. 

Theorem  2.  //  the  domain  D  is  uniformly  connected  im  kleinen  with 
reference  to  every  one  of  its  bounded  subsets,  then  every  point  of  the  boundary  of 
D  is  accessible  from  D. 

Proof.    Let  P  denote  a  point  of  the  boundary  of  D.    Let  Ci  be  a  circle 
having  P  as  center  and  of  diameter  less  than  I.    For  every  point  x  common 
to  D  and  the  interior  of  Ci,  let  A'l  denote  the  greatest  connected  point  set 
which  contains  x  and  is  common  to  D  and  the  interior  of  Ci.    Let  d  denote 
the  collection  of  all  such  sets  {K^).     Since  D  is  uniformly  connected  im 
kleinen  with  respect  to  every  one  of  its  bounded  subsets,  it  follows  that  if 
C  is  any  circle  concentric  with  and  within  Ci,  then  there  are  not  more  than 
a  finite  number  of  elements  of  d  which  have  points  on  or  within  C  and  have 
a  limit  point  on  Ci.  Hence  there  exists  a  circle  ^i,  concentric  with  and  within 
Ci,  such  that  ^i  neither  contains  nor  encloses  any  point  of  any  element  of  d 
which  does  not  have  P  for  a  limit  point.    Let  Si  denote  the  finite  collection 
of  all  those  elements  of  d  which  have  points  on  or  within  ki,  and  let  Ti 
denote  the  sum  of  all  the  point  sets  of  this  collection.    Let  Xi  be  a  point 
common  to  Ti  and  the  interior  of  ki.  Let  Di  denote  the  element  of  Si  which 
contains  Xi.    Clearly  Di  is  a  domain  which  (1)  is  a  subset  of  D  and  of  the 
interior  of  Ci,  (2)  has  P  in  its  boundary,  and  (3)  contains  every  point  com- 
mon to  D  and  the  interior  of  Ci  which  can  be  joined  to  Xi  by  an  arc  which  is 
also  a  subset  of  D  and  of  the  interior  of  Ci.  Now  let  d  denote  a  circle  which 
is  concentric  with  Ci  and  of  diameter  less  than  I  and  also  less  than  the  radius 
of  ^1.  Let  Ci,  k2,  S2,  T2,  X2,  and  D2  be  collections  and  sets  which  with  respect 
to  C2  correspond  to  d,  ki,  Si,  Ti,  Xi,  and  Di  selected  above  with  respect  to 
Ci,  with  the  additional  condition  that  X2  shall  belong  to  Di.    Then  D2  is  a 
domain  which  (1)  is  a  subset  of  D,  of  Di,  and  of  the  interior  of  d,  (2)  has  P 
in  its  boundary,  and  (3)  contains  every  point  common  to  D  and  the  interior 
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of  Ci  which  can  be  joined  to  X2  by  an  arc  which  is  also  a  subset  of  D  and  of 
the  interior  of  d.  This  process  may  be  continued  indefinitely,  and  thus 
we  obtain  a  sequence  of  subdomains  of  D :  Di,  A,  D3,  ■  ■  ■  ,  such  that  for 
every  positive  integer  n,  Z)„+i  has  P  in  its  boundary  and  is  a  subset  of  D„, 
and  such  that  the  diameter  of  D„  approaches  zero  as  a  limit  as  n  increases 
indefinitely.  By  an  argument  which  is  identical  with  the  third  paragraph 
of  the  proof  of  Theorem  1,  it  follows  that  if  A  is  any  point  of  D,  then  there 
exists  an  arc  AP  such  that  AP—P  is  a  subset  of  D.  Hence,  every  point  of 
the  boundary  of  D  is  accessible  from  D. 

Theorem  3.  In  order  that  a  domain  D  should  he  uniformly  connected  im 
kleinen  with  reference  to  every  one  of  its  bounded  subsets  it  is  necessary  and 
sufficient  that  (1)  every  maximal  connected  subset  of  the  boundary  of  D  should 
be  either  a  point,  a  simple  closed  curve,  or  an  open  curve,  and  (2)  if  e  is  any 
positive  number  and  J  is  any  simple  closed  curve,  there  should  be  not  more  than 
a  finite  number  of  maximal  connected  subsets  of  the  boundary  of  D  which  have 
points  within  J  and  are  of  diameter  greater  than  e. 

Proof.  I  shall  show  that  the  conditions  are  necessary.  This  may  be  done 
with  the  use  of  methods  only  slightly  different  from  those  used  by  R.  L. 
Moore  in  his  paper  A  characterization  of  Jordan  regions  by  properties  having 
no  reference  to  their  boundaries]  to  prove  the  proposition  that  every  bounded, 
simply  connected,  and  uniformly  connected  im  kleinen  domain  is  bounded 
by  a  simple  closed  curve.  I  shall  simply  indicate  the  modifications  necessary 
in  his  argument  to  estabhsh  Theorem  3. 

Suppose  the  domain  D  is  uniformly  connected  im  kleinen  with  reference 
to  every  one  of  its  bounded  subsets.  Then  by  an  argument  almost  identical 
with  that  used  by  Moore  to  show  that  the  boundary  of  his  domain  in  the 
above  mentioned  proposition  is  a  continuous  curve,  it  follows  that  every 
maximal  connected  subset  of  the  boundary  of  Z)  is  a  continuous  curve,  and 
that  if  J  is  any  simple  closed  curve  and  e  is  any  positive  number,  then  there 
are  not  more  than  a  finite  number  of  these  maximal  connected  subsets  of  the 
boundary  of  D  which  have  points  within  J  and  are  of  diameter  greater  than  e. 
Now  let  M  denote  any  definite  maximal  connected  subset  of  the  boundary  of 
D  which  consists  of  more  than  one  point.  I  shall  show  that  M  must  be  either 
a  simple  closed  curve  or  an  open  curve.  Let  the  points  Pi,  P2,  Ps,  ■  ■  •  , 
the  arcs  AiBi,  A1B2,  A^Bz,  ■  ■  ■  ,  and  the  point  set  N*  be  selected  and  defined 
with  respect  to  M  exactly  as  was  done  by  Moore  in  the  paragraph  beginning 


t  Proceedings  of  the  National  Academy  of  Sciences,  vol.  4  (1918),  pp.  364^70. 
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near  the  bottom  of  page  366  of  his  paper.  I  shall  now  show  that  M  is  neither 
a  simple  continuous  arc  nor  a  ray  of  an  open  curve.  Suppose  the  contrary  is 
true.  Then  if  M  is  an  arc,  let  A  and  B  denote  its  end  points,  and  if  M  is  a 
ray,  let  A  denote  its  end  point.  Let  X  be  a  point  of  M  which  is  distinct  from 
A  and  from  B,  and  let  C  be  a  circle  with  A''  as  center  and  not  enclosing  or 
containing  either  A  or  B.  Within  C  and  on  M  there  exist  points  E,  U,  W, 
and  G  in  the  order  A,  E,  U,  X,  W,  G,  and  within  C  there  exist  arcs  EFG 
and  UVW  having  only  their  end  points  in  common  with  M  and  such  that 
if  Ri  and  i?2  denote  the  interiors  of  the  closed  curves  EFGWXUE  and 
UVWXU  respectively,  then  Ri  and  R2  are  mutually  exclusive  domains  each 
of  which  lies  wholly  within  C.  Since  under  this  supposition,  M  can  contain 
no  simple  closed  curve,  it  readily  follows  that  X  must  be  a  limit  point 
of  a  set  of  points  A'l  common  to  D  and  Ri  and  also  of  a  set  K2  common 
to  D  and  R2.  But  clearly  this  is  impossible,  since  D  is  uniformly  connected 
im  kleinen  with  reference  to  every  one  of  its  bounded  subsets.  It  follows, 
then,  that  M  is  neither  an  arc  nor  a  ray  of  an  open  curve. 

Now  suppose  M  is  bounded.  In  this  case,  since  M  cannot  be  an  arc, 
it  follows  by  exactly  the  same  argument  given  by  Moore  in  the  first  paragraph 
of  page  369  of  his  paper  that  M  is  a  simple  closed  curve.  Suppose  M  is 
unbounded.  Since  M  cannot  be  a  ray  of  an  open  curve,  it  readily  follows 
that  both  of  the  sequences  of  points  Ai,  A2,  A3,  ■  ■  ■  and  Bi,  B2,  B3,  •  ■  ■  must 
be  infinite  and  that  neither  of  these  sequences  can  have  a  limit  point.  It 
follows  that  A'*  is  a  closed  point  set  which  is  identical  with  M  and  which, 
evidently,  must  be  an  open  curve.    Hence  the  conditions  are  necessary. 

C.  M.  Clevelandf  has  proved  that  the  conditions  are  sufficient. 

Theorem  4.  //  K  denotes  the  set  of  all  the  cut  points  of  the  boundary  M 
of  a  complementary  domain  D  of  a  continuous  curve,  then  D-\-K  is  uniformly 
connected  im  kleinen. 

Proof.  By  a  theorem  due  to  Miss  Torhorst,J  M  is  a  continuous  curve. 
Suppose  D+K  is  not  uniformly  connected  im  kleinen.  Then,  for  some 
positive  number  e,  D  contains  two  infinite  sequences  of  points,  Xi,  ATj, 
A3,  •  •  •  and  Yx,  Yi,  Y3,  ■  ■  ■  ,  such  that  (1)  for  every  positive  integer  n,  the 
distance  from  X^  to  F„  is  less  than  1/m,  (2)  for  no  integer  n  is  it  true  that 
Xn  and  Yn  lie  together  in  some  connected  subset  of  D+K  of  diameter  less 
than  e,  and  (3)  there  exists  in  M  a  point  P  which  is  the  sequential  limiting 


t  In  unpublished  work 

}  Ueber  den  Rand  der  einjach  zusammenhdngenden  ebenen  Gebiele,  Mathematische  Zeitschrift, 
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set  of  each  of  these  two  sequences  of  points.  Let  C  be  a  circle  having  P  as 
center  and  of  diameter  e/2.  Let  us  first  suppose  that  D  is  bounded.  It 
follows  by  a  theorem  of  R.  L.  Moore's*  that  D  has  property  S.  Hence,  D  is 
expressible  as  the  sum  of  a  finite  number  of  connected  point  sets  Ki, 
Ki,  Ki,  •  ■  ■  ,  A' „,  all  of  diameter  less  thane/5.  Let  A'mi,  Kmt,  Km,,  ■  ■  •  ,  Kmm 
denote  those  sets  of  this  sequence  which  have  P  as  a  limit  point.  Clearly 
Kmi+Kmi+  ■  ■  ■  +Kmm  Is  a  subsct  of  the  interior  of  C.  Since  P  is  not  a 
limit  point  of  D  —  {Kmi+Km2+  ■  ■  ■  +Km,„),  there  exists  a  positive  integer  i 
such  that  both  Xi  and  F;  belong  to  Kmi+Km2+  ■  ■  ■  +Kmm-  Let  N^  and 
Ny  denote  sets  of  this  sequence  which  contain  Xi  and  Yi  respectively.  Let  Rx 
and  Ry  denote  the  maximal  connected  subsets  of  D  which  contain  N ^  and 
Ny  respectively  and  lie  within  C.  Clearly,  the  domains  Rx  and  Ry  can  have 
no  points  in  common.  The  point  P  belongs  to  the  boundary  of  each  of  these 
domains,  and  by  the  method  used  in  the  proof  of  Theorem  1,  it  can  be 
shown  that  P  is  accessible  from  each  of  them.  Hence,  there  exist  arcs  XiP 
and  YiP  such  that  XP—P  and  YiP—P  are  subsets  of  R^  and  Ry  respec- 
tively. There  exists  an  arc  t  from  A^,  to  F,  which  is  a  subset  of  D.  The 
point  set  t-\-XiP+YiP  contains  a  simple  closed  curve  /  which  contains 
P  and  lies,  except  for  the  point  P,  wholly  in  D.  Let  /  and  E  denote  the 
interior  and  exterior  respectively  of  /.  If  either  /  or  E,  say  I,  contains 
no  point  of  M,  then  since  D  contains  points  of  /,  it  follows  that  7  is  a  subset 
of  D,  and  clearly  in  this  case  Xi  and  Fj  can  be  joined  by  a  connected  subset 
of  D  of  diameter  less  than  e,  contrary  to  supposition.  And  if  both  /  and  E 
contain  points  of  M,  then  clearly  P  is  a  cut  point  of  M  and  belongs  to  K. 
And  in  this  case  Rx-\-Ry-\-P  is  a  connected  subset  of  D+K  which  contains 
both  Xi  and  Yi  and  is  of  diameter  less  than  e,  contrary  to  supposition.  Thus, 
in  any  case,  the  supposition  that  D+K  is  not  uniformly  connected  im  kleinen 
leads  to  a  contradiction.  The  case  where  D  is  unbounded  may  be  treated 
in  a  slightly  modified  manner. 

Theorem  5.  In  order  thai  the  simply  connected  hounded  domain  D  should 
become  uniformly  connected  im  kleinen  upon  the  addition  of  a  single  point  O 
of  its  boundary  B  it  is  necessary  and  sufficient  that  (1)  if  K  be  any  maximal 
connected  subset  of  B—0,  then  K-\-0  is  a  simple  closed  curve,  and  (2)  there 
be  not  more  than  a  finite  ntimber  of  these  curves  of  B  of  diameter  greater  than  any 
preassigned  positive  number. 

Proof.  The  conditions  are  necessary.  Suppose  Z?  is  a  bounded  domain 
with  connected  boundary  B,  and  0  is  a  point  of  B  such  that  D+0  is  uniformly 
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connected  im  kleinen.  Then  5  is  a  continuous  curve.  For  suppose  it  is  not. 
Then  B  contains  a  point  P  which  is  distinct  from  0  and  at  which  B  is  not 
connected  im  kleinen.  Then  by  an  argument  identical  with  that  used  by 
R.  L.  Moore  in  his  paper  A  characterization  of  Jordan  regions  by  properties 
having  no  reference  to  their  boundaries, '\  in  the  paragraph  beginning  at  the 
bottom  of  page  365,  with  the  additional  condition  that  the  circle  K  used 
in  his  argument  be  taken  of  radius  less  than  J  the  distance  between  0  and 
P,  it  can  be  shown  that  this  supposition  leads  to  a  contradiction.  Hence,  B 
is  a  continuous  curve. 

Let  A'  denote  a  maximal  connected  subset  of  B  —  0.  Then  since  B  —  K 
is  closed,  it  follows  that  A'  is  connected  im  kleinen.  Now  let  an  inversion  of 
the  plane  be  performed  about  some  circle  which  has  0  as  center.  Since  K+0 
is  closed  and  connected,  it  follows  that  A*,  the  image  of  A,  is  unbounded, 
closed,  connected,  and  connected  im  kleinen.  Since  the  inversion  does  not 
act  upon  the  point  0,  and  since  D  +  0  is  uniformly  connected  im  kleinen,  it 
can  readily  be  shown  that  D*,  the  image  of  D,  is  uniformly  connected  im 
kleinen  with  reference  to  every  one  of  its  bounded  subsets.  Therefore,  by 
Theorem  3,  it  follows  that  A*  is  an  open  curve,  and  hence,  that  A  +  0  is  a 
simple  closed  curve.  Therefore,  condition  (1)  is  necessary.  Now  since 
every  maximal  connected  subset  A  of  5—0  is  a  simple  closed  curve  minus 
one  point,  every  such  set  A  contains  an  arc  of  diameter  greater  than  §  the 
diameter  of  A.  By  a  theorem  of  R.  L.  Wilder's,J  B  cannot  contain,  for  any 
given  positive  number  «,  more  than  a  finite  number  of  mutually  exclusive 
arcs  all  of  diameter  greater  than  e.  In  view  of  this  result,  it  follows  that 
for  any  positive  number  e,  B  —  0  cannot  contain  an  infinite  number  of 
maximal  connected  subsets  each  of  diameter  greater  than  «.  Hence,  con- 
dition (2)  is  necessary. 

The  conditions  are  also  sufficient.  Suppose  D  is  a  bounded  domain  with 
connected  boundary  B  which  satisfies  conditions  (1)  and  (2)  in  the  statement 
of  this  theorem.  Clearly,  B  must  be  a  continuous  curve.  Unless  the  point 
0  is  a  cut  point  of  B,  then  B  is  a  simple  closed  curve  and  D  is  its  interior. 
In  this  case  D  itself  is  uniformly  connected  im  kleinen.  Hence,  unless  this 
theorem  is  true,  O  must  be  a  cut  point  of  B.  No  other  point  is  a  cut  point 
of  B.  For  let  P  denote  any  other  point  of  B.  Let  A  denote  the  maximal 
connected  subset  oi  B  —  0  which  contains  P,  and  let  J  denote  the  point 
set  A+0.  By  hypothesis,  7  is  a  simple  closed  curve.  Hence,  J—P  is  con- 
nected.   But  B  —  K  is  connected,  and  since  the  connected  sets  J—P  and 


t  Loc.  cit. 
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B  —  K  have  the  point  0  in  common,  their  sum  S  is  connected.  But  S=B—P. 
Hence,  P  is  not  a  cut  point  of  B.  It  follows  that  O  is  the  only  cut  point  of  B, 
and  therefore,  by  Theorem  4,  D-\-0  is  uniformly  connected  im  kleinen. 

Theorem  6.  In  order  that  a  continuous  curve  M  should  he  the  boundary  of 
a  connected  domain  it  is  necessary  and  sufficient  that  if  J  denotes  any  simple 
closed  curve  of  M,  then  (1)  M  is  a  subset  either  of  J+I  or  of  J+E,  where  I  and 
E  denote  the  interior  and  exterior  respectively  of  J,  and  (2)  if  A  and  B  are  any 
two  points  of  J,  then  Af  —  {A  +B)  is  not  connected. 

Proof.  The  conditions  are  necessary.  That  condition  (1)  is  necessary 
is  evident.  Now  let  A  and  B  denote  any  two  points  of  /,  where  /  is  any 
simple  closed  curve  contained  in  the  boundary  If  of  a  complementary 
domain  Z)  of  a  continuous  curve.  Since  A  and  B  are  accessible  from  D,  it 
readily  follows  that  there  exists  an  arc  AXB  such  that  (AXB)  is  a  subset  of 
D.  Now  M+D  lies  wholly  either  in  J  plus  its  interior  I,  or  in  /  plus  its 
exterior  E,  suppose  in  /+/.  Then  there  exists  an  arc  A  YB  such  that  {A  YB) 
is  a  subset  of  E.  Let  t  and  /'  denote  the  two  arcs  of  /  from  A  to  B.  Then 
the  simple  closed  curve  AX  BY  A  encloses  one  of  these  arcs  minus  A+B, 
say  t—{A+B),  and  neither  contains  nor  encloses  any  point  of  t'  —  {A+B). 
Since  M  has  in  common  with  the  curve  AXBYA  only  the  points  A  and  B, 
it  follows  that  M  —  {A+B)  is  not  connected.  Hence  the  conditions  are 
necessary. 

The  conditions  are  also  sufficient.  Let  M  denote  a  continuous  curve 
which  satisfies  conditions  (1)  and  (2)  of  this  theorem.  Let  K  denote  the 
unbounded  complementary  domain  of  M,  and  let  A'^  denote  its  boundary. 
Now  A'^  contains  a  simple  closed  curve  J,  or  otherwise  M\  is  the  boundary 
of  A'  and  the  theorem  is  true.  By  hypothesis,  M  is  a  subset  either  of  /+/ 
or  of  /  +  £,  where  /  and  E  denote  the  interior  and  exterior  respectively  of  J. 

Case  I.  Suppose  M  is  a  subset  of  J+E.  I  shall  show  that  in  this  case 
N  =  M,  i.e.,  that  M  is  the  boundary  of  K.  Suppose  M  contains  a  point  P 
which  does  not  belong  to  A'^.  Then  let  R  denote  the  complementary  domain 
of  N  which  contains  P  and  let  C  denote  its  boundary.  By  a  theorem  of 
R.  L.  Moore'sJ  it  follows  that  C  is  a  simple  closed  curve.  Since  R  is  bounded, 
C  encloses  P;  and  P  belongs  to  E,  the  exterior  of  /.  Hence,  /  contains  a 
point  Q  which  does  not  belong  to  C.  The  curve  C  does  not  enclose  Q,  for  Q 
is  a  boundary  point  of  K,  the  unbounded  complementary  domain  of  M. 


t  R.  L.  Moore,  Concerning  continuous  curves  in  the  plane,  Mathematische  Zeitschrift,  vol.  IS 
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Hence  Q  lies  in  the  exterior  of  C.  But  C  encloses  P  and,  by  hypothesis,  M 
is  a  subset  either  of  C  plus  its  interior  or  of  C  plus  its  exterior.  Thus  the 
supposition  that  Ny^M  leads  to  a  contradiction.  Hence  M  is  the  boundary 
of  the  connected  domain  A'. 

Case  II.  Suppose  M  is  a  subset  of  /+ 1.  With  the  aid  of  hypothesis  (2) 
it  is  shown  that  there  exists  a  point  O  which  does  not  belong  to  M  and  which 
is  within  /  but  is  not  within  any  other  simple  closed  curve  belonging  to  M. 
Let  C  be  a  circle  having  0  as  center  and  not  enclosing  or  containing  any  point 
of  M.  Let  an  inversion  of  the  plane  be  performed  about  C.  If  X  is  a  point 
set,  let  X'  denote  the  image  of  A'  under  this  inversion.  Now  M'  is  a  sub- 
set of  J'+I',  and  /'  is  the  exterior  of  /'.  Let  K'  denote  the  unbounded 
complementary  domain  of  M',  and  let  N'  denote  its  boundary.  Then 
N'  contains  /',  and  by  an  argument  identical  with  that  used  in  Case  I  it  can 
be  shown  that  M'  is  the  boundary  of  the  connected  domain  A".  Hence,  it 
follows  that  M  is  the  boundary  of  the  connected  domain  A,  where  K  is  the 
point  set  of  which  K'  is  the  image  under  this  inversion  of  the  plane. 

Theorem  7.  //  the  point  P  of  a  continuous  curve  M  belongs  to  the  boundary 
of  no  complementary  domain  of  M,  then  for  every  positive  number  e,  M  contains 
a  simple  closed  curve  which  encloses  P  and  is  of  diameter  less  than  e. 

Proof.  Let  P  denote  a  point  of  a  continuous  curve  M  which  belongs  to 
the  boundary  of  no  complementary  domain  of  M,  and  let  e  denote  any 
positive  number.  Let  C  be  a  circle  having  P  as  center  and  of  diameter  less 
than  6/2,  and  such  that  the  exterior  of  C  contains  at  least  one  point  of  M. 
Let  N  denote  the  maximal  connected  subset  of  M  which  contains  P  and  is 
contained  in  C  plus  its  interior.  By  a  theorem  of  H.  M.  Gehman's,*  A'^  is  a 
continuous  curve.  The  curve  A^  contains  a  point  A  which  belongs  to  C. 
Any  arc  whatever  from  ^  to  P  must  contain  at  least  one  point  of  N  which  is 
distinct  from  A  and  from  P.  For  suppose  there  exists  an  arc  t  from  A  to  P 
which  has  only  the  points  A  and  P  in  common  with  A'^.  Since  M  is  connected 
im  kleinen,  it  readily  follows  that  P  is  not  a  limit  point  of  M  —  N.  Hence, 
there  exists  a  point  A^  on  /  such  that  the  arc  PX  of  /  has  only  the  point  P  in 
common  with  M.  Hence,  the  connected  set  PX—P  belongs  to  some  comple- 
mentary domain  of  M,  and  P  must  be  a  boundary  point  of  that  domain. 
But  P  is  not  a  boundary  point  of  any  complementary  domain  of  M.  It 
follows,  then,  that  every  arc  from  .4  to  P  contains  a  point  of  N  which  is 


*  Concerning  the  subsets  of  a  plane  continuous  curve,  Annals  of  Mathematics,  (2),  vol.  27 
(1925),  pp.  29-46,  Theorem  4,  Lemma  B. 
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distinct  from  A  and  from  P.  By  a  theorem  proved  by  C.  M.  Cleveland,*  it 
follows  that  N  contains  a  simple  closed  curve  J  which  encloses  either  A  or  P. 
The  curve  /  cannot  enclose  A,  because  A  belongs  to  C,  and  7  is  a  subset  of  C 
plus  its  interior.  Hence  /  must  enclose  P.  Since  it  is  contained  in  C  plus  its 
interior,  J  is  of  diameter  less  than  e. 

II.     Cut  points  and  end  points 

In  this  section,  I  shall  make  a  study  of  the  properties  of  the  cut  points 
and  end  points  of  a  given  plane  continuum.  More  particularly,  I  shall 
study  the  connected  subsets  of  the  set  of  all  the  cut  points  and  end  points  of 
a  continuum,  and  I  shall  establish  some  very  fundamental  properties  of  such 
sets,  both  internal  properties  and  properties  relative  to  the  remainder  of 
the  continuum. 

Definitions.  The  term  cut  point  will  be  used  as  defined  in  Part  I.  The 
term  end  point,  as  applied  to  a  continuous  curve,  will  be  used  in  the  sense  as 
defined  by  R.  L.  Wilder,!  i.e.,  a  point  P  of  a  continuous  curve  M  will  be 
called  an  end  point  of  M  provided  it  is  true  that  if  /  is  any  arc  of  M  having  P 
as  one  of  its  extremities,  then  M—{t—P)  contains  no  connected  subset 
which  contains  P.  As  applied  to  continua  in  general,  I  shall  define  the  term 
end  poin  as  follows.  The  point  P  of  a  continuum  M  will  be  called  an  end 
point  of  M  provided  it  is  true  that  if  N  is  any  subcontinuum  of  M  which 
contains  P,  then  P  is  not  a  limit  point  of  any  connected  subset  of  M  —  N . 
It  is  obvious  that  this  definition  will  allow  as  many,  if  not  more,  points  of  a 
continuum  to  be  end  points  as  would  the  following  extension  of  Wilder's 
definition:  the  point  P  of  a  continuum  M  is  said  to  be  an  end  point  of  M 
provided  it  is  true  that  if  H  is  any  subcontinuum  of  M  which  contains  P, 
then  P  belongs  to  no  connected  subset  of  M  —  {H—P).  The  term  acyclic 
continuous  curve  will  be  used,  after  Gehman,  to  designate  a  continuous  curve 
which  contains  no  simple  closed  curve. 

R.  L.  Moore  has  shown  J  that  no  subcontinuum  A'  of  a  given  continuum 
M  can  contain  an  uncountable  set  of  points  each  of  which  is  a  cut  point  of 
M  but  not  of  A'.  It  follows  from  this  theorem  that  no  simple  closed  curve  A 
can  contain  more  than  a  countable  number  of  cut  points  of  any  continuum 


*  This  theorem  is  to  the  effect  that  if  A  and  P  are  distinct  points  of  a  continuous  curve  N  and 
every  arc  from  A  to  P  contains  at  least  one  point  of  N  distinct  from  A  and  from  P,  then  N  contains 
a  simple  closed  curve  which  separates  A  from  P.  Cf.  an  abstract  of  a  paper  by  C.  M.  Cleveland, 
Bulletin  of  the  .\merican  Mathematical  Society,  vol.  32  (1926),  p.  311. 

t  Concerning  continuous  curves,  Fundamenta  Mathematicae,  vol.  7  (1925),  p.  358. 

X  Concerning  the  cut  points  of  continuous  curves  and  of  other  closed  and  connected  point  sets.  Pro- 
ceedings of  the  National  Academy  of  Sciences,  vol.  9  (1923),  pp.  101-106. 
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which  contains  K.   Extensive  use  will  be  made  of  these  results  in  the  proofs 
given  in  this  section. 

Theorem  8.  If  H  is  any  connected  subset  of  a  continuum  M,  then  not 
more  than  a  countable  number  of  points  of  H  —  H  are  cut  points  of  M. 

Proof.  Let  T  denote  the  set  of  all  those  points  oi  H—H  which  are  cut 
points  of  M.  Clearly  no  point  of  T  is  a  cut  point  of  H.  Hence,  by  R.  L. 
Moore's  theorem  quoted  above,  it  follows  that  T  must  be  countable. 

Theorem  9.  //  K  denotes  the  set  of  all  the  cut  points  and  H  the  set  of  all  the 
end  points  of  a  continuxim  M,  and  if  T  is  any  countable  subset  of  M,  then  every 
bounded,  closed,  and  connected  subset  of  K-\-H-\-T  is  an  acyclic  continuous 
curve. 

Proof.  Let  N  denote  any  bounded  continuum  which  is  a  subset  of 
K+H-\-T.  I  shall  first  show  that  A'' is  a  continuous  curve.  Suppose  A^  is  not 
a  continuous  curve.  Then  by  R.  L.  Moore  and  R.  L.  Wilder's*  characteri- 
zation of  continua  which  are  not  continuous  curves  it  follows  that  there 
exist  two  concentric  circles  ^i  and  ^2  and  that  N  contains  a  countable  in- 
finity of  mutually  exclusive  continua  N„,  Ni,  N2,  N3,  ■  ■  ■  ,  such  that  (1) 
each  of  these  continua  contains  at  least  one  point  on  each  of  the  circles  ki 
and  ^^2,  (2)  the  set  N„  is  the  sequential  limiting  set  of  the  sequence  of  sets 
A'^i,  A'^2,  A'^3,  •  ■  ■  ,  and  (3)  there  exists  a  connected  subset  L  ol  N  which 
contains  all  of  the  sets  of  the  sequence  A'^i,  N^,  N3,  ■  ■  ■  ,  but  which  contains 
no  point  whatever  of  the  set  A'^^.  Now  clearly  L  —  L  contains  the  continuum 
A^„.  Hence,  by  Theorem  8,  N„  can  contain  not  more  than  a  countable  number 
of  points  of  A'.  And  since  every  point  of  A'^^  is  a  limit  point  of  L,  a  connected 
subset  of  M  —  N„,  it  follows  that  no  point  whatever  of  A''„  can  belong  to  H. 
Hence,  since  T  is  countable  and  A'^^  is  a  subset  of  K+H  +  T,  it  follows  that 
A^„  is  countable.  But  this  is  absurd.  Thus  the  supposition  that  A''  is  not  a 
continuous  curve  leads  to  a  contradiction. 

Now  suppose  A'^  contains  a  simple  closed  curve  /.  Then  clearly  no  point 
of  J  can  belong  to  H.  And  by  R.  L.  Moore's  theorem,  only  a  countable 
number  of  points  of  /  can  belong  to  K.  Hence,  since  T  is  countable,  /  must 
be  countable.  But  this  is  impossible.  It  follows,  then,  that  A^^  is  an  acycHc 
continuous  curve. 


*  See  R.  L.  Moore,  Proceedings  of  the  National  Academy  of  Sciences,  vol.  9   (1923),  p.  103, 
and  R.  L.  Wilder,  Fundamenta  Mathematicae,  vol.  7  (192S),  p.  371. 
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Theorem  10.  If  K  is  any  closed  and  connected  subset  of  the  set  of  all  the 
cut  points  of  a  bounded  continuum  M,  and  H  is  any  connected  subset  of  M  —  K, 
then  H  and  K  have  at  most  one  point  in  common.  And  if  H  is  a  maximal 
connected  subset  of  M  —  K,  then  H  and  K  have  exactly  one  point  in  common. 

Proof.  Suppose,  on  the  contrary,  that  for  some  closed  and  connected 
subset  K  of  the  set  of  all  the  cut  points  of  a  bounded  continuum  M,  M  —  K 
contains  a  connected  set  H  such  that  TI  and  K  have  two  points  A  and  B  in 
common.  Now  since,  by  Theorem  9,  X  is  a  continuous  curve,  it  follows  that 
K  contains  an  arc  /  from  A  to  B.  By  Theorem  8,  t  contains  only  a  countable 
number  of  points  of  H.  Hence,  t  contains  an  interior  point  O  which  does  not 
belong  to  Tl.  Let  C  denote  a  circle  enclosing  0  and  not  enclosing  or  containing 
any  point  of  TJ.  Within  C  there  exist  points  E,  G,  U,  and  W  on  /  in  the  order 
A,  E,  U,  0,  W,  G,  B,  and  arcs  EFG  and  UVW  having  only  their  end  points 
in  common  with  t  and  such  that  if  Di  and  D^  denote  the  interiors  of  the  closed 
curves  EFGWOUE  and  UVWOU  respectively,  then  Di  and  D2  are  mutually 
exclusive  domains  each  of  which  lies  within  C.  Let  N  denote  the  continuum 
H-\-t.  Let  X  and  Y  denote  points  of  Di  and  D2  respectively,  and  let  Z  denote 
a  point  belonging  to  the  unbounded  complementary  domain  of  M.  It  is 
readily  seen  that  every  arc  from  A'  to  Y  contains  at  least  one  point  of  N^ 
and  that  not  both  X  and  Y  can  be  joined  to  Z  by  an  arc  which  contains  no 
point  of  N.  Let  v  denote  one  of  the  points  X,  Y  which  cannot  be  so  Joined  to 
Z,  and  let  u  denote  the  other  one  of  the  points  X,  Y.  Let  i?„  denote  that 
complementary  domain  of  N  which  contains  v.  Let  /3  denote  the  boundary 
of  Rv.  Then  let  Ru  denote  that  complementary  domain  of  /3  which  contains 
M,  and  let  a  denote  its  boundary.  R.  L.  Moore  has  shown*  that  under  these 
conditions  a  contains  no  cut  point  of  itself.  But  since  R„  contains  that  one 
of  the  domains  Di  and  D2  which  contains  v  and  Ru  contains  the  one  which 
contains  m,  it  readily  follows  that  a  contains  the  arc  WOU  of  /.  But  WOU 
belongs  to  K,  and  every  point  of  X  is  a  cut  point  of  M.  Hence  a  contains  an 
uncountable  set  of  points  each  of  which  is  a  cut  point  of  M  but  not  of  a, 
and  since  a  is  a  continuum,  this  conclusion  is  contradictory  to  R.  L.  Moore's 
theorem  quoted  above.  Thus  the  supposition  that  Tl  and  K  have  more 
than  one  point  in  common  leads  to  a  contradiction. 

Now  if  H  is  any  maximal  connected  subset  of  M  —  K,  it  is  clear  that  K 
must  contain  at  least  one  limit  point  of  H.  And  in  view  of  the  above  argu- 
ment it  follows  that  H  and  K  must  have  exactly  one  point  in  common. 


*  Concerning  the  sum  of  a  coiinlable  number  of  mutually  exclusive  continua  in  the  plane,  Funda- 
menta  Mathematicae,  vol.  6  (1924),  p.  190. 
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Theorem  11.  If  L  denotes  the  set  of  all  the  cut  points  of  a  bounded  con- 
tinuum M,  T  is  any  countable  subset  of  M,  K  is  any  closed  and  connected  subset 
of  L+T,  and  H  is  any  connected  subset  of  M  —  K,  then  K  contains  at  most  one 
limit  point  of  H. 

Theorem  11  may  be  proved  by  an  argument  only  slightly  different  from 
that  given  in  the  proof  of  Theorem  10. 

Theorem  12.  In  order  that  the  point  P  of  a  continuous  curve  M  should  be 
an  end  point  of  M  it  is  necessary  and  sufficient  that  no  arc  of  M  should  have  P 
as  one  of  its  interior  points. 

Proof.  The  condition  is  sufficient.  Let  P  denote  any  point  of  M  which 
is  not  an  end  point  of  M.  I  will  show  that  every  such  point  is  an  interior 
point  of  some  arc  of  M.  From  the  definition  of  an  end  point  it  follows  that 
M  contains  some  arc  t  having  extremities  at  P  and  some  other  point  A  oi  M 
and  such  that  M—{t—P)  contains  a  connected  set  N  which  contains  P. 
Let  X  denote  a  point  of  N  which  is  distinct  from  P.  Let  K  denote  the 
maximal  connected  subset  of  M  —  t  which  contains  X.  I  will  show  that  P  is 
a  limit  point  of  A'.  Suppose,  on  the  contrary,  that  P  is  not  a  limit  point  of  K, 
Let  T  denote  the  set  of  points  common  to  N  and  K.  Since  M  is  connected  im 
kleinen  at  every  one  of  its  points  and  t  is  closed,  it  readily  follows  (1)  that 
N—T  contains  no  limit  point  of  T,  and  (2)  that  T  contains  no  limit  point 
of  N  —  T.  Hence,  N  is  expressible  as  the  sum  of  two  mutually  separated  point 
sets  T  and  N  —  T.  But  this  is  impossible,  because  N  is  connected.  It  follows, 
then,  that  P  is  a  limit  point  of  K.  Now  A'  is  a  domain  with  respect  to  M,t 
for  /  is  a  closed  set  of  points.  And  the  boundary  U  of  A'  with  respect  to  M 
is  a  subset  of  t.  Hence  U  contains  no  continuum  of  condensation.  By  a 
theorem  of  R.  L.  Wilder'sJ  it  follows  that  every  point  of  U  is  accessible  in 
M  from  A.  I  have  just  shown  that  P  belongs  to  U.  Hence,  if  B  denotes  a 
point  of  A,  there  exists  an  arc  BP  such  that  BP  —  P  is  a  subset  of  A.  The 
arcs  t  and  BP  have  in  common  only  the  point  P.  Hence,  their  sum,  t+BP, 
is  an  arc  APB  from  A  to  B  which  contains  P  as  an  interior  point.  I  have 
shown,  then,  that  every  point  of  M  which  is  not  an  end  point  of  M  is  an 
interior  point  of  some  arc  of  M.  It  follows  that  every  point  of  M  which  is 
not  an  interior  point  of  any  arc  of  M  is  an  end  point  of  M. 

The  condition  is  also  necessary. §  For  suppose  some  arc  APB  of  M  con- 
tains as  an  interior  point  the  point  P  which  is  an  end  point  of  M.    Clearly 

t  Cf.  R.  L.  Wilder,  Concerning  coniinuous  curves,  loc.  cit.,  Section  I. 
t  Loc.  cit.,  Tiieorem  1. 

§  R.  L.  Wilder  gives  a  proof  of  this  part  of  the  theorem  for  the  special  case  of  an  acyclic  con- 
tinuous curve.   His  method  of  argument,  however,  is  not  applicable  to  the  general  case  here  treated. 
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this  is  impossible,  because  the  arc  PB  of  APB  is  a  connected  subset  of 
M  —  (AP—P)   which   contains  P. 

I  will  remark  that  Theorem  12  shows  the  equivalence  of  Wilder's  defini- 
tion of  an  end  point  of  a  continuous  curve  and  the  following  one  :  the  point 
P  of  a  continuous  curve  AI  is  said  to  be  an  end  point  of  M  provided  it  is 
true  that  if  /  is  any  arc  of  M  having  P  as  one  of  its  extremities,  then  P  is  not 
a  limit  point  of  any  connected  subset  of  M  —  t.  This  latter  definition  for  the 
case  of  a  continuous  curve  is  analogous  to  the  one  I  have  given  above  for 
continua  in  general. 

Theorem  13.  //  K  is  a  connected  subset  of  the  set  of  all  the  cut  points 
of  a  continuous  curve  M,  then  in  order  that  K  shoidd  be  an  acyclic  continuous 
curve  it  is  necessary  and  sufficient  that  every  point  of  K  should  be  either  a  cut 
point  or  an  end  point  of  M. 

Proof.  That  the  condition  is  suflficient  is  a  corollary  to  Theorem  9. 
I  will  show  that  it  is  necessary.  Suppose  A"  is  a  connected  set  of  cut  points 
of  a  continuous  curve  M  such  that  A'  is  an  acyclic  continuous  curve.  Let 
P  denote  a  point  of  A  which  is  not  an  end  point  of  M.  I  will  show  that  P  is  a 
cut  point  of  M.  Let  U  denote  a  point  of  K  which  is  distinct  from  P.  Then 
A  contains  an  arc  /  from  U  to  P.  Every  point  of  /,  e.xcept  possibly  the  point 
P,  is  a  cut  point  of  M.  For  suppose  /  contains  an  interior  point  0  which  is 
not  a  cut  point  of  M.  Then  0  does  not  belong  to  A.  Since,  by  a  theorem  of 
R.  L.  Wilder's,*  every  connected  subset  of  an  acyclic  continuous  curve  is 
arcwise  connected,  it  follows  that  A+P  contains  an  arc  4  from  U  to  P  which 
does  not  contain  O.  Then  the  sum  of  the  arcs  to  +  t  contains  a  simple  closed 
curve,  contrary  to  the  hypothesis  that  A  is  acyclic.  Hence,  every  point  of  t, 
except  possibly  the  point  P,  is  a  cut  point  of  M.  Now  since  P  is  not  an  end 
point  of  M,  it  follows  by  Theorem  12  that  M  contains  an  arc  APB  having  P 
as  one  of  its  interior  points.  Not  both  of  the  arcs  AP  and  PB  of  APB  can 
contain  an  interval  in  common  with  /  which  contains  P,  because  P  is  an 
end  point  of  /.  Suppose  AP  has  no  interval  in  common  with  t  which  contains 
P.  Then  AP  and  /  have  in  common  only  the  point  P.  For  suppose  they 
have  in  common  a  point  V  which  is  distinct  from  P.  The  interval  VP  of 
AP  contains  a  point  Q  which  does  not  belong  to  t.  In  the  order  from  Q  to  P 
and  from  Q  to  A  respectively  on  AP,  let  X  and  V  denote  the  first  points 
belonging  to  t.  The  simple  closed  curve  formed  by  the  arc  XY  of  /  plus  the 
arc  XQY  of  AP  contains  a  segment  XY  every  point  of  which  is  a  cut  point 


'  Concerning  continuous  curves,  loc.  cit.,  Theorem  20. 
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of  M.    Clearly  this  is  impossible.    Hence,  it  follows  that  AP  and  /  have  in 
common  only  the  point  P. 

Now  suppose,  contrary  to  this  theorem,  that  P  is  not  a  cut  point  of  M. 
Then  by  a  theorem  of  R.  L.  Moore's,*  M—P  contains  an  arc  b  from  U  to  A. 
The  sum  of  the  arcs  AP+t+b  contains  a  simple  closed  curve  J  which  con- 
tains a  segment  of  /,  every  point  of  which  is  a  cut  point  of  M.  This  is  absurd, 
and  thus  the  supposition  that  P  is  not  a  cut  point  of  M  leads  to  a  contradic- 
tion. It  follows,  then,  that  every  point  of  K  is  either  a  cut  point  or  an  end 
point  of  M. 

Theorem  14.  //  K  denotes  the  set  of  all  the  cut  points  of  a  continuous  curve 
M,  then  for  every  positive  number  e,  K  contains  not  more  than  a  finite  number  of 
mutually  exclusive  conlinua  each  of  diameter  greater  than  e. 

Proof.  Suppose  Theorem  14  is  not  true.  Then  there  exists  a  positive 
number  e  such  that  K  contains  infinitely  many  mutually  exclusive  continua 
each  of  diameter  greater  than  e.  Since  by  Theorem  9,  every  closed  and 
connected  subset  of  A"  is  a  continuous  curve,  it  follows  that  K  contains 
infinitely  many  mutually  exclusive  arcs  each  of  diameter  greater  than  «. 
Let  ti,  ti,  ts,  •  ■  •  denote  some  sequence  of  these  arcs  which  has  a  sequential 
limiting  set  t.  It  is  evident  that  t  contains  two  points  A  and  B  whose  distance 
apart  is  ^e.  Now  since  M  is  uniformly  connected  im  kleinen,  there  exists 
a  positive  number  6.  such  that  every  two  points  of  M  whose  distance  apart 
is  less  than  5,  are  end  points  of  an  arc  of  M  of  diameter  less  than  Jt .  There 
exists  a  positive  number  d  such  that  for  every  integer  n>d,  t„  contains  a 
point  Xn  and  a  point  F„  whose  distances  from  A  and  B  respectively  are  less 
than  |6,.  Let  i  and  j  denote  two  integers  greater  than  d.  Then  A';  and  Xj 
and  also  Yi  and  Y;  can  be  joined  by  an  arc  of  M  of  diameter  less  than  56. 
Let  XiXj  and  YiYj  denote  these  two  arcs.  It  is  readily  seen  that  the  sum 
of  the  arcs  ti+tj+XiXj+YiYj  contains  a  simple  closed  curve  /  which 
contains  an  interval  of  the  arc  ti.  But  every  point  of  ti  is  a  cut  point  of  M. 
Thus  the  supposition  that  Theorem  14  is  false  leads  to  a  contradiction. 

Theorem  15.  If  K  is  any  closed  and  connected  subset  of  the  set  of  all  the 
cut  points  of  a  continuous  curve  M,  then  for  every  positive  number  e,  M  —  K 
contains  not  more  than  a  finite  number  of  maximal  connected  subsets  of  diameter 
greater  than  e. 

Proof.  Suppose  Theorem  15  is  not  true.  Then  there  exists  a  positive 
number  6  such  that  M  —  K  contains  an  infinite  collection  G  of  maximal 


*  Concerning  continuous  curves  in  the  plane,  Mathematische  Zeitschrift,  vol.  IS  (1922),  p.  255. 
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connected  subsets  each  of  diameter  greater  than  e.  By  Theorem  10,  K 
contains  exactly  one  limit  point  of  each  set  of  the  collection  G.  For  each  set 
g  of  G  let  X  denote  the  limit  point  of  g  which  belongs  to  K,  and  let  H  denote 
the  set  of  all  such  points  (A')  thus  defined.  Now  if  H  contains  infinitely 
many  distinct  points,  then  K  contains  a  point  A  which  is  a  limit  point  of  H. 
And  if  H  contains  only  a  finite  number  of  points,  then  H  contains  a  point 
A  which  is  a  limit  point  of  each  of  an  infinite  number  of  distinct  sets  of  the 
collection  G.  Let  us  first  suppose  that  ^  is  a  limit  point  of  H.  Then  H  con- 
tains an  infinite  sequence  of  points  A'l,  X2,  A'3,  •  ■  •  which  has  A  as  its 
sequential  limit  point.  For  every  positive  integer  w,  let  G„  denote  an  element 
of  G  which  has  A^„  as  a  limit  point.  The  sequence  of  sets  d,  G2,  G3,  ■  ■  ■  have 
a  sequential  limiting  set  L  which  contains  A.  And  since  every  element  of  G 
is  of  diameter  greater  than  e,  it  follows  that  L  contains  a  point  B  whose 
distance  from  A  is  ^e/3.  Now  since  M  is  connected  im  kleinen,  it  can  easily 
be  shown  that  B  must  belong  to  K.  Let  Ci  and  d  be  circles  having  A  and  B 
respectively  as  centers  and  each  of  diameter  less  than  e/lO.  The  sequence  of 
points  A'l,  X2,  Xs,  ■  ■  ■  contains  an  infinite  subsequence  X^,  A'„j,  X„^,  ■  ■  ■ 
every  point  of  which  is  within  Ci.  There  exists  a  circle  Cb  having  B  as  center 
and  such  that  every  point  of  M  which  is  enclosed  by  Ch  can  be  joined  to  B 
by  an  arc  common  to  M  and  to  the  interior  of  C2.  There  exists  an  integer  i  ■ 
such  that  Gni  contains  a  point  V  within  Cb.  Hence,  M  contains  an  arc  t 
from  F  to  5  which  lies  within  Ci.  On  t,  in  the  order  from  V  to  B,  let  E  denote 
the  first  point  belonging  to  A'.  Then  £  is  a  limit  point  of  G^.  But  A''„,  is 
also  a  limit  point  of  G„v,  and  Xni  lies  within  C\.  Hence,  K  contains  two  dis- 
tinct limit  points  of  G„i.  But  this  is  contrary  to  Theorem  10.  A  similar 
conclusion  is  reached  when  it  is  assumed  that  yl  is  a  limit  point  of  each  of 
an  infinite  number  of  distinct  elements  of  G.  Thus  the  supposition  that 
Theorem  15  is  false  leads  to  a  contradiction. 

Theorem  16.  //  the  hounded  continuum,  M  has  the  property  that  every 
connected  subset  of  M  is  arcwise  connected,  and  K  is  any  maximal  connected 
subset  of  the  set  of  all  the  cut  points  of  M,  and  H  denotes  the  set  of  all  those  limit 
points  of  K  which  K  does  not  contain,  then  every  point  of  H  is  an  end  point  of  M. 

Proof.  Suppose,  on  the  contrary,  that  H  contains  a  point  P  which  is  not 
an  end  point  of  M.  Now  by  a  theorem  of  R.  L.  Wilder's,*  Af  is  a  continuous 
curve.  Hence  by  Theorem  12  M  contains  an  arc  APB  having  P  as  one  of 
its  interior  points.  Let  U  denote  a  point  of  A'.  By  hypothesis  K+P  contains 
an  arc  t  from  U  to  P.  Now  P  is  not  a  cut  point  of  M,  for  otherwise  it  would 


*  Concerning  continuous  curves,  loc.  cit.,  Theorem  18. 
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belong  to  K.  In  view  of  this  fact,  it  follows  by  an  argument  almost  identical 
with  the  latter  part  of  the  proof  of  Theorem  13,  beginning  with  the  fifteenth 
sentence,  that  this  situation  leads  to  an  absurdity.  Hence,  every  point  of  H 
is  an  end  point  of  M. 

Theorem  17.  Under  the  same  hypothesis  as  in  Theorem  16,  K+H  is  an 
acyclic  continuous  curve,  and  every  point  of  H  is  an  end  point  both  of  M  and 
of  the  curve  {K+H). 

Theorem  18.  If  K  is  any  closed  and  connected  subset  of  the  set  of  all  the 
cut  points  of  a  continuum  M,  then  K  contains  at  least  one  subcontinuum  which 
belongs  to  the  boundary  of  some  single  complementary  domain  of  M. 

Proof.  The  complementary  domains  of  M  are  countable.  Let  them  be 
ordered  Di,  A,  D^,  •  ■  ■  ,  and  let  their  respective  boundaries  be  ordered 
Bi,  Bi,  Bi,  ■  ■  ■  .  It  is  a  consequence  of  a  theorem  of  R.  L.  Moore's*  that  K 
is  a  subset  of  the  point  set  5i+52+53+  •  •  ■  .  Let  A^,  Ai,  Az,  ■  ■  ■  denote 
the  point  sets  common  to  Bi,  B^,  Bz,  ■  ■■  respectively,  and  to  K.  Then  for 
every  positive  integers,  .4  „  is  a  closed  point  set.  Nowiv  =yli+42+^3+  •  ■  •  • 
It  is  well  known  that  no  continuum  is  expressible  as  the  sum  of  a  countable 
number  of  closed  point  sets  each  of  which  is  totally  disconnected.  Hence 
for  some  positive  integer  i,  Ai  is  not  totally  disconnected  and  therefore 
contains  a  continuum  H.   The  continuum  H  belongs  to  Bi,  the  boundary  of 

Theorem  19.  In  order  that  the  point  P  of  a  bounded  continuum  M  should 
be  a  cut  point  of  M  it  is  necessary  and  sufficient  that  P  should  be  a  cut  point  of 
the  boundary  of  some  complementary  domain  of  M. 

Proof.  R.  L.  Moore  has  shownf  that  this  condition  is  necessary.  I  shall 
show  that  it  is  sufficient.  Suppose  P  is  a  cut  point  of  the  boundary  A'^  of  a 
complementary  domain  Z)  of  a  bounded  continuum  M. 

Case  I.  Suppose  D  is  bounded.  Then  let  B  denote  the  outer  boundaryj 
of  jD.  R.  L.  Moore  has  shown§  that  B  has  no  cut  point.  Hence,  B—P,  in 
case  P  belongs  to  B,  or  B,  in  case  P  does  not  belong  to  B,  must  be  a  subset 


*  Concerning  the  common  boundary  of  two  domains,  Fundamenta  Mathematicae,  vol.  6  (1924). 
pp.  203--213. 
p  t  Loc.  cit. 

t'  t  If  D  is  a  bounded  domain,  the  older  boundary  of  D  is  the  boundary  of  the  unbounded  com- 
plementary domain  of  D.  If  A  and  D2  are  mutually  exclusive  domains,  the  outer  boundary  of  A 
■with  respect  to  Dt  is  the  boundary  of  that  complementary  domain  of  Di  which  contains  Di.  Ci.  R.  L. 
Moore,  Concerning  the  separation  0/  point  sets  by  curves,  loc.  cit.,  footnote  to  p.  475. 

§  Concerning  the  sum  0/  a  countable  number  of  mutually  exclusive  continua  in  the  plane,  loc.  cit. 
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either  of  Si  or  of  52,  where  Sj.  and  ^2  denote  two  mutually  separated  point 
sets  into  which,  by  hypothesis,  N  is  divided  by  the  omission  of  the  point  P. 
Suppose  it  belongs  to  5i.  Then  let  R  denote  the  complementary  domain 
of  the  continuum  Si+P  which  contains  D.  Since  no  point  of  S2  belongs  to 
Si-\-P,  and  since  every  point  of  ^2  is  a  limit  point  of  D,  it  follows  that  R 
contains  S2.  Then  S2+P  is  a  continuum  which  lies,  except  for  the  point  P, 
wholly  in  R.  By  a  theorem  of  R.  L.  Moore's,*  there  exists  a  simple  closed 
curve  /  which  contains  P,  encloses  52,  and  lies,  except  for  the  point  P, 
wholly  in  R.  The  curve  /  does  not  enclose  or  contain  any  point  of  B—P. 
Since  /  encloses  ^2,  it  follows  that  J—P  contains  a  point  of  D.  And  since 
J—P  is  connected  and  contains  no  point  of  A'^,  then  J—P  must  be  a  subset 
of  D.  Hence,  J—P  contains  no  point  whatever  of  M.  But  ^2  belongs  to  the 
interior  of  J,  and  B  —P  to  the  exterior  of  /,  and  /  contains  in  common  with 
M  only  the  point  P.   It  readily  follows  that  P  is  a  cut  point  of  M. 

Case  II.  Suppose  D  is  unbounded.  It  is  easily  shown  that  there  exists 
a  ray  r  of  an  open  curve  which  has  exactly  one  point  A,  distinct  from  P, 
in  common  with  A'^  and  lies  except  for  the  point  A  wholly  in  D.  Now  by 
hypothesis,  N—P  is  expressible  as  the  sum  of  two  mutually  separated  point 
sets  Si  and  52,  one  of  which,  say  Si,  contains  the  point  A.  The  set  D—{r  —  A) 
is  connected.  Let  R  denote  that  complementary  domain  of  the  continuum 
5i+r+P  which  contains  D  —  {r  —  A).  The  domain  R  is  simply  connected 
and  contains  52.  Then  by  R.  L.  Moore's  theorem  quoted  above  there  exists 
a  simple  closed  curve  J  which  encloses  52,  contains  P,  and  lies  except  for  the 
point  P  wholly  in  R.  Just  as  in  Case  I  it  follows  that  J—P  is  a  subset  of 
D  and  therefore  contains  no  point  of  M.  But  J  encloses  52  and  does  not 
enclose  or  contain  the  point  A.  It  follows  that  P  is  a  cut  point  of  M,  and  the 
theorem  is  proved. 

Theorem  20.  In  order  that  the  point  P  of  a  continuous  curve  M  should  he  an 
end  point  of  M  it  is  sufficient  {but  not  necessary)  that  P  should  be  an  end  point 
of  the  boundary  of  some  complementary  domain  of  M. 

Proof.  Let  P  denote  a  point  of  M  which  is  an  end  point  of  A'",  the  boundary 
of  some  complementary  domain  D  of  M.  Suppose,  contrary  to  this  theorem, 
that  P  is  not  an  end  point  of  M.  Then,  by  Theorem  12,  M  contains  an  arc 
APB  having  P  as  one  of  its  interior  points.  Now  either  (1)  each  of  the 
segments  (AP)  and  (PB)  of  APB  contains  a  point  of  N,  or  (2)  one  of  these 
segments  contains  no  point  whatever  of  A^.  I  will  show  that  in  either  case  P 
must  belong  to  some  simple  closed  curve  of  M.    Suppose  case  (1)  is  true. 


*  Concerning  the  separation  of  point  sets  by  curves,  loc.  cit.,  Theorem  3. 
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Then  let  X  and  Y  denote  points  of  A^  which  belong  to  the  segments  AP  and 
PB  respectively  of  APB.  Since  P  is  not  a  cut  point  of  N,  it  follows  that  N —P 
contains  an  arc  /  from  -Y  to  Y.  The  sum  of  the  arcs  t  and  APB  contains  a 
simple  closed  curve  which  contains  P.  Now  suppose  case  (2)  is  true.  Let 
S  denote  one  of  the  segments  {AP),  {PB)  of  the  arc  APB  which  contains 
no  point  of  N .  Then  5  belongs  to  some  complementary  domain  R  of  N. 
It  follows  from  a  theorem  of  R.  L.  Moore's*  that  the  boundary  of  /?  is  a 
simple  closed  curve  which  belongs  to  M.  Clearly  this  curve  must  contain  P. 
Hence,  in  any  case,  M  contains  a  simple  closed  curve  J  which  contains  P. 
Let  /  and  E  denote  the  interior  and  exterior  respectively  of  J .  Then  D  is 
a  subset  either  of  /  or  of  E,  say  of  /.  Let  A"  denote  the  complementary 
domain  of  N  which  contains  E.  By  R.  L.  Moore's  theorem  just  cited,  the 
boundary  C  of  A'  is  a  simple  closed  curve  which  belongs  to  N.  Clearly  C 
must  contain  P.  But  by  hypothesis  P  is  an  end  point  of  N ,  and  therefore, 
by  Theorem  12,  can  belong  to  no  simple  closed  curve  of  N .  Thus  the  suppo- 
sition that  P  is  not  an  end  point  of  M  leads  to  a  contradiction,  and  the 
theorem  is  proved. 

Theorem  21.  The  set  of  all  the  end  points  of  a  continuous  curve  is  totally 
disconnected. '\ 

Proof.  Let  K  denote  the  set  of  all  the  end  points  of  a  continuous  curve  M. 
Suppose  K  contains  a  connected  set  H  which  consists  of  more  than  one 
point.  Then  from  Theorem  12  and  Theorem  7  it  follows  that  every  point  of 
H  must  belong  to  the  boundary  of  some  complementary  domain  of  M. 
Let  Di  denote  a  complementary  domain  of  M  which  has  the  point  A  oi  H 
on  its  boundary.  Now  if  //  is  a  subset  of  the  boundary  of  Di,  then  by  a 
theorem  of  R.  L.  Wilder's,|  H  is  arcwise  connected,  and  it  easily  follows  that 
some  point  of  H  must  be  an  interior  point  of  some  arc  of  M,  contrary  to 
Theorem  12.  Hence,  there  exists  a  complementary  domain  A  of  M  which 
has  on  its  boundary  a  point  B  oi  H  which  does  not  belong  to  the  boundary 
of  Di.  Let  N  denote  the  boundary  of  Di.  Let  R  denote  the  complementary 
domain  of  N  which  contains  A-  By  R.  L.  Moore's  theorem  mentioned 
above,  the  boundary  of  A  is  a  simple  closed  curve  /.  It  is  easily  seen  that 
/  separates  A  from  B.   Hence,  since  H  is  connected,  /  must  contain  a  point 


*  Concerning  continuous  curves  in  the  plane,  loc.  cit.,  Theorem  4. 

t  My  attention  has  been  called  to  the  fact  that  K.  Menger  has  recently  proved  a  proposition 
similar  to  Theorem  21.  However,  he  uses  the  term  end  point  in  a  different  sense.  Cf.  K.  Menger, 
Crundziige  einer  Theorie  der  Kurven,  Mathematische  Annalen,  vol.  95  (1925),  pp.  272-306. 

I  Loc.  cit..  Theorem  20. 
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of  H.   But  this  is  contrary  to  Theorem  12.   It  follows  that  K  is  totally  dis- 
connected. 

Theorem  22.  If  K,  H,  and  N  respectively  denote  the  set  of  all  the  cut  points, 
end  points,  and  simple  closed  curves  of  a  continuous  curve  M,  then  K+H+N  = 
M. 

Proof.  Let  P  denote  a  point  of  M,  if  there  be  any,  which  is  neither  a 
cut  point  nor  an  end  point  of  M.  I  shall  show  that  P  belongs  to  a  simple 
closed  curve  of  M  and  therefore  belongs  to  N.  Since  P  is  not  an  end  point  of 
M,  it  follows  by  Theorem  12  that  P  is  an  interior  point  of  some  arc  APB 
of  M.  And  since  P  is  not  a  cut  point  of  M,  it  follows  by  R.  L.  Moore's  theorem 
mentioned  above  that  M—P  contains  an  arc  t  from  A  to  B.  On  the  arcs 
PA  and  PB  of  APB,  in  the  order  from  P  to  ^  and  from  P  to  B  respectively, 
let  X  and  Y  respectively  denote  the  first  points  which  belong  to  t.  The 
simple  closed  curve  formed  by  the  arc  XY  oi  t  plus  the  arc  XPY  of  APB 
contains  the  point  P.  Hence,  P  belongs  to  A",  and  it  follows  that  K+H  +  N  = 
M. 

Theorem  23.  IfN  denotes  the  point  set  consisting  of  the  sum  of  all  the  simple 
closed  curves  contained  in  a  continuous  curve  M,  then  every  connected  subset  of 

M  —  N  is  arcwise  connected. 

Proof.  Let  L  denote  any  definite  connected  subset  of  M  —  iV.  It  follows 
from  Theorem  22  that  every  point  of  L  is  either  a  cut  point  or  an  end  point 
of  M.  And  since,  by  Theorem  21,  the  set  of  all  the  end  points  of  M  is  totally 
disconnected,  L  must  contain  at  least  one  point  P  which  is  a  cut  point  of  M. 
By  the  part  of  Theorem  19  established  by  R.  L.  Moore,  P  belongs  to  the 
boundary  B  of  some  complementary  domain  D  of  M.  I  will  show  that  L  is 
a  subset  of  B.  Suppose,  on  the  contrary,  that  L  contains  a  point  Q  which 
does  not  belong  to  B.  Then  Q  lies  in  a  complementary  domain  R  of  B.  By 
R.  L.  Moore's  theorem,  the  boundary  /  of  i?  is  a  simple  closed  curve  which 
belongs  to  B.  Since  L  contains  no  point  of  N,  J  contains  neither  P  nor  Q. 
Now  R  is  either  the  interior  or  the  exterior  of  J.  And  if  R  is  the  interior  [ex- 
terior] of  /,  then  Q  belongs  to  the  interior  [exterior]  of  /,  and  P  belongs  to 
the  exterior  [interior]  of  J .  Hence,  in  any  case  P  and  Q  are  separated  by  /. 
Therefore,  L  contains  a  point  of  /,  contrary  to  hypothesis.  Thus  the  suppo- 
sition that  L  contains  a  point  which  does  not  belong  to  B  leads  to  a  contra- 
diction. Hence,  i  is  a  subset  of  B,  and  by  a  theorem  of  R.  L.  Wilder's* 
it  follows  that  L  is  arcwise  connected. 

•  Loc.  cit. 
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Theorem  24.  Under  the  same  hypothesis  as  in  Theorem  23,  if  L  is  any 
connected  subset  of  M  —  N,  then  L  is  an  acyclic  continuous  curve  which  belongs 
to  the  boundary  of  some  single  complementary  domain  of  M,  and  every  point  of 
L  is  either  a  cut  point  or  an  end  point  of  M. 

Proof.  From  the  proof  of  Theorem  23  it  follows  that  L  belongs  to  the 
boundary  B  of  some  complementary  domain  D  of  M.  Now  since,  by  R.  L. 
Wilder's  theorem,  every  connected  subset  of  B  is  arcwise  connected,  and 
since  every  point  of  L  — Z  is  a  limit  point  of  L  by  definition,  it  can  easily  be 
shown  by  methods  identical  with  those  used  in  the  proof  of  Theorem  16 
that  every  point  of  L  — I,  is  either  a  cut  point  or  an  end  point  of  B.  Now, 
by  Theorem  19,  every  cut  point  of  5  is  a  cut  point  also  ol  M ;  and  by  Theorem 
20,  every  end  point  of  B  is  an  end  point  also  of  M.  Hence,  since  by  Theorem 
22,  every  point  of  L  is  either  a  cut  point  or  an  end  point  of  M,  every  point 
of  L  is  either  a  cut  point  or  an  end  point  of  M.  By  Theorem  9  and  the  above 
argument,  it  follows  that  L  is  an  acyclic  continuous  curve  which  satisfies  all 
the  conditions  of  Theorem  24. 

Theorem  25.  //  M  is  the  complete  boundary  of  two  mutually  exclusive 
domains  Di  and  A,  then  no  point  of  M  is  an  end  point  of  any  continuum  which 
contains'M. 

Proof.  It  is  sufficient  to  show  that  M  contains  no  end  point  of  itself. 
Suppose,  on  the  contrary,  that  there  exists  a  point  P  which  is  an  end  point 
of  M.  Then  P  belongs  to  no  continuum  of  condensation  of  M.  For  let  H 
be  any  subcontinuum  of  M  which  contains  P.  R.  L.  Moore  has  shown* 
that  M  —  H  is  connected.  Hence,  since,  by  supposition,  P  is  an  end  point  of 
M,  P  is  not  a  limit  point  of  M  —  H.  Therefore  P  belongs  to  no  continuum 
of  condensation  of  M.  By  a  theorem  of  R.  L.  Wilder'sf  it  follows  that  P  is 
accessible  from  each  of  the  domains  Di  and  D2.  Hence,  if  A  and  B  are  points 
of  Di  and  A  respectively,  there  exist  arcs  AP  and  BP  such  that  AP—P  and 
BP—P  are  subsets  of  Di  and  A  respectively.  Since  for  any  continuum  H 
of  M  which  contains  P,  P  is  not  a  limit  point  oi  M  —  H,  it  can  easily  be  shown 
that  there  exists  an  arc  EFG  from  a  point  £  of  ^P —P  to  a  point  G  of  BP  —P 
which  contains  no  point  whatever  of  M.  This  is  impossible,  because  E  belongs 
to  Di,  and  G  belongs  to  A,  and  A  and  A  are  mutually  exclusive  domains 
by  hypothesis.  Thus  the  supposition  that  M  contains  an  end  point  leads 
to  a  contradiction,  and  the  theorem  is  proved. 

Theorem  26.  No  end  point  of  a  continuum  M  can  be  a  boundary  point  of 
more  than  one  complementary  domain  of  M. 

*  Concerning  the  common  boundary  of  two  domains,  loc.  cit.,  Theorem  2. 
t  Loc.  cit.,  Theorem  2. 
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Proof.  Suppose,  on  the  contrary,  that  an  end  point  P  oi  M  belongs  to 
the  boundary  of  each  of  two  mutually  exclusive  domains  Di  and  D2  which 
are  complementary  to  M.  Let  N  denote  the  outer  boundary  of  A  with 
respect  to  Di.  By  a  theorem  of  R.  L.  Moore's*  N  is  the  complete  boundary 
of  each  of  two  mutually  exclusive  domains  Ri  and  Rt  which  contain  Di  and 
Di  respectively.  And  since  P  is  a  limit  point  both  of  Ri  and  R2,  P  must 
belong  to  N.  But  P  is  an  end  point  of  M,  and  by  Theorem  25,  it  cannot 
belong  to  any  point  set  which  belongs  to  M  and  is  the  complete  boundary  of 
two  mutually  exclusive  domains.  Thus  the  supposition  that  P  belongs  to 
the  boundary  of  more  than  one  complementary  domain  of  M  leads  to  a 
contradiction. 

Theorem  27.  The  collection  G  oj  all  the  continua  (X)  contained  in  the 
boundary  M  of  a  simply  connected  hounded  domain  D  such  that  X  is  the  complete 
boundary  oJ  some  two  mutually  exclusive  domains,  is  countable. 

Proof.  Let  A"  denote  the  unbounded  complementary  domain  of  M,  and 
let  B  denote  its  boundary.  For  every  element  X  of  G,  I  shall  define  a  domain 
R,  as  follows.  (1)  When  X=B,  let  R,  =  K.  (2)  For  every  element  {X}  of 
G  such  that  B  is  not  a  subset  of  A^,  the  unbounded  complementary  domain 
of  A'  contains  D.  For  every  such  element  A'  of  G  let  Rx  denote  one  bounded 
domain  which  has  A'  as  its  boundary.  (3)  For  every  element  (X)  of  G  such 
that  Bt^X  but  such  that  5  is  a  subset  of  X,  it  is  true  that  X  is  the  complete 
boundary  of  at  least  two  bounded  mutually  exclusive  domains,  because  for 
every  such  element  X,  the  unbounded  complementary  domain  of  X  is 
identical  with  A',  and  A'  is  not  the  complete  boundary  of  K.  Not  both  of 
these  bounded  domains  can  contain  points  of  D.  Then  for  every  such  element 
A"  of  G  let  Rx  denote  one  of  the  bounded  domains  of  which  A'  is  the  boundary 
and  which  contains  no  point  whatever  of  D. 

Clearly,  for  every  element  A^  of  G  there  corresponds  a  domain  Rx  as 
above  defined.  It  is  evident  that  for  every  element  A',  Rj.  is  a  complementary 
domain  of  M.  It  is  well  known  that  the  collection  T  of  all  such  domains  (Rz) 
is  countable.  Since  every  element  of  G  is  the  boundary  of  at  least  one  domain 
of  the  collection  T,  it  follows  that  G  is  countable. 

I  will  remark  here  that  Theorem  27  is  a  generalization  of  a  theorem  of 
R.  L.  Wilder's  to  the  effect  that  the  collection  of  all  the  simple  closed  curves 
contained  in  the  boundary  of  a  complementary  domain  of  a  continuous 
curve  is  countable. 


*  Loc.  cit.,  Theorem  1. 
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Theorem  28 .  //  A'  denotes  the  set  of  all  the  cut  points  of  a  hounded  continuum 
M,  G  denotes  the  collection  of  all  the  continua  {X)  of  M  such  that  X  is  the 
complete  boundary  of  two  mutually  exclusive  domains,  and  T  denotes  the  point 
set  obtained  by  adding  together  all  the  point  sets  of  the  collection  G,  then  the  set 
of  points  common  to  K  and  T  is  countable. 

Proof.  Let  H  denote  the  set  of  points  common  to  K  and  T.  Let  the 
complementary  domains  of  M  be  ordered  A,  A,  D^,  ■  ■  ■  ,  and  their  bound- 
aries denoted  by  Bi,  B2,  B3,  ■  •  •  ,  respectively.  Now  by  the  part  of  Theorem 
19  established  by  R.  L.  Moore,  K  is  a  subset  of  the  point  set  Bi+B^+Bs 
+  •  •  •  .  Hence,  if  for  every  i,  Ai  denotes  the  set  of  points  common  to  H  and 
Bi,  then  H  =  Ai+Ai+A3+  •  •  ■  .  I  will  show  that  for  every  positive  integer  i, 
Aiis  a.  countable  set  of  points.  Let  P  denote  a  point  of  Ai.  Then  P  belongs 
to  some  element  X  of  G,  and  X  is  the  complete  boundary  of  two  domains 
i?i  and  i?2.  One  of  these  domains,  say  Ri,  contains  no  point  whatever  of  Z),-. 
Let  F  denote  the  outer  boundary  of  Di  with  respect  to  Ri.  Then  Y  is  an  ele- 
ment of  G  which  contains  P  and  is  a  subset  of  Bi.  Let  G;  denote  the  collection 
of  all  those  elements  of  G  which  are  subsets  of  Bi.  Then  by  Theorem  27, 
G.  is  countable.  It  was  just  shown  that  every  point  of  Ai  belongs  to  some 
element  of  Gi.  Since  by  R.  L.  Moore's  theorem,  no  element  of  G  contains 
any  cut  point  of  itself,  it  follows  that  no  element  of  G,  contains  more  than  a 
countable  number  of  points  of  K.  It  follows,  then,  that  Ai  is  countable, 
and  therefore  H  is  countable. 

Theorem  29.  If  K  denotes  the  set  of  all  the  cut  points  and  N  denotes  the 
point  set  consisting  of  the  sum  of  all  the  simple  closed  curves  of  a  continuous 
curve,  then  the  set  of  points  common  to  K  and  N  is  countable. 

Theorem  29  is  a  corollary  to  Theorem  28. 

Theorem  30.  Every  continuum  M  in  a  plane  S  is  connected  im  klcinen  at 
every  one  of  its  end  points  which  is  accessible  from  some  point  of  S  —  M. 

Proof.  Suppose  P  is  any  end  point  of  M  which  is  accessible  from  S  —  M. 
There  exists  an  arc  /  having  P  as  one  of  its  extremities  and  such  that  t  —  P 
is  a  subset  of  S  —  M.  Suppose,  contrary  to  this  theorem,  that  M  is  not 
connected  im  kleinen  at  P.  Then  there  exists  a  circle  C'  having  center  at  P 
and  such  that  every  circle  which  is  concentric  with  C'  encloses  a  point  X 
which  belongs  to  M  but  which  lies  in  no  connected  subset  of  M  which  con- 
tains P  and  is  enclosed  by  C .  Let  C  be  a  circle  concentric  with  C  and  of 
diameter  less  than  5  the  diameter  of  C  and  also  less  than  \  the  diameter  of  t. 
Then  M  contains  a  countable  infinity  of  continua  M^,  Mi,  Mi,  M3,  ■  ■  ■ 
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such  that  (1)  each  of  these  continua  has  at  least  one  point  on  C  and  is  con- 
tained in  C  plus  its  interior,  (2)  no  two  of  these  continua  have  a  point  in 
common,  and,  indeed,  no  one  of  them,  save  possibly  M„,  is  a  proper  subset 
of  any  connected  point  set  common  to  M  and  to  C  plus  its  interior,  (3)  no 
point  of  the  set  M1+M2+M3-J-  ■  ■  ■  lies  together  with  P  in  any  connected 
subset  of  M  which  is  enclosed  by  C,  and  (4)  M^  contains  the  point  P  and  is 
the  sequential  limiting  set  of  the  sequence  of  continua  Mi,  Mi,  Ms,  •  •  ■  .* 
Let  /  denote  lf„  plus  all  the  bounded  complementary  domains  of  M„. 
It  is  clear  that  7  is  a  maximal  connected  subset  of  the  closed  point  set 
I  +  M1+M2+M3+  ■  ■  ■  ,  and  that  /  neither  separates  the  plane  nor  contains 
any  point  of  t—P.  Hence,  by  a  theorem  of  R.  L.  Moore'sf  there  exists  a 
simple  closed  curve  /  which  encloses  I,  contains  no  point  of  the  point  set 
1/1+^1/2-1-^3+  •  •  •  ,  is  a  subset  of  the  interior  of  C,  and  is  such  that  its 
exterior  contains  at  least  one  point  ^  0  of  /.  Let  B  (see  Fig.  2)  denote  a  point 


Fig.  2 


*  For  indications  of  the  proof  of  this  statement  see  papers  by  R.  L.  Moore:  Continuous  sets 
■which  have  no  continuous  sets  of  condensation,  Bulletin  of  the  American  Mathematical  Society,  vol.  25 
(1919),  pp.  174-176,  and  A  characterization  of  Jordan  regions  by  properties  having  no  reference  to 
their  boundaries,  loc.  cit. 

t  Concerning  the  separation  of  point  sets  by  curves,  loc.  cit. 
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which  is  common  to  M„  and  C.  The  point  set  Af «  contains*  a  continuum  H 
which  is  irreducible  between  P  and  B.  Let  H'  denote  the  point  set  obtained 
by  adding  to  H  all  of  its  bounded  complementary  domains.  Now  in  the 
order  from  P  to  ^o  on  /,  let  A  denote  the  first  point  belonging  to  /.  It  is 
readily  shown  that  there  exists  an  arc  BOE  from  5  to  a  point  E  ol  J  such 
that  {BOE)  is  common  to  the  interior  of  /  and  to  the  exterior  of  C.  Let  AXE 
and  A  YE  respectively  denote  the  two  arcs  of  /  from  A  to  E.  The  continuum 
consisting  of  H'  plus  the  arc  PA  of  t  plus  the  arc  BOE  divides  the  interior 
of  J  into  just  two  domains  Di  and  A.  One  of  these  domains,  say  Di,  has  AXE 
in  its  boundary,  and  the  other,  D2,  has  A  YE  in  its  boundary.  It  follows  that 
one  of  these  domains,  say  Di,  contains  infinitely  many  of  the  continua 
Ml,  Mi,  Mi,  Mi,  •  •  •  . 

Now  let  us  consider  the  maximal  connected  subsets  of  M  —  H.  It  is 
evident  that  each  of  the  continua  Mi,  M2,  If  3,  •  •  •  must  belong  to  one  such 
subset  oi  M  —  H.  And  since  P  is  an  end  point  of  M,  it  follows  that  no  maxi- 
mal connected  subset  oi  M  —  H  can  contain  more  than  a  finite  number  of 
these  continua.  Hence,  it  is  true  that  there  exists  an  infinite  sequence  of 
distinct  maximal  connected  subsets  of  M  —  H,  each  of  which  contains  at 
least  one  of  the  continua  Mi,  Mi,  if  3,  •  •  •  •  Let  one  such  sequence  be  ordered 
K\,  Ki,  Kz,  ■  ■  •  .  For  every  positive  integer  i,  H  contains  at  least  one 
limit  point  of  Ki.  Let  Ci  be  a  circle  having  P  as  center  which  lies  entirely 
within  J  and  is  of  diameter  less  than  5  the  diameter  of  C.  From  a  theorem 
of  Janiszewski'sf  it  follows  that  H  contains  a  continuum  Li  which  contains 
P  and  a  point  of  Ci  and  which  is  the  maximal  connected  subset  of  H  which 
contains  P  and  which  belongs  to  Ci  plus  its  interior.  By  a  theorem  of  Miss 
Mullikin's,t  the  continuum  H  contains  a  connected  set  Q  which  contains 
neither  the  point  B  nor  any  point  of  Li  but  which  has  B  for  a  limit  point 
and  has  at  least  one  limit  point  in  Li.  Now  since  H  is  irreducible  between 
P  and  B,  it  readily  follows  that  if  Hi  denotes  the  point  set  Q+B,  then 
H  =  Ui-\-Lx.  Since  P  is  an  end  point  of  M,  it  follows  (1)  that  P  is  not  a 
limit  point  of  Hi,  and  (2)  that  for  not  more  than  a  finite  number  of  positive 
integers  {i)  does  Tli  contain  a  limit  point  of  Ki.  Hence,  there  exists  a  positive 
integer  Wi  such  that  Hi  contains  no  limit  point  of  K^.  Hence  since  // 
contains  at  least  one  limit  point  of  A'„,,  Li  must  contain  a  point  Xi  which 
is  a  limit  point  of  K^.  Now  from  condition  (3),  above,  which  the  sequence  of 
sets  Ml,  M2,  Mi,  •  ■  ■  satisfies,  it  follows  that  for  every  positive  integer  i,  Ki 
contains  at  least  one  point  in  common  with  /.    Hence,  by  Miss  Mullikin's 

*  Cf.  Janiszewski,  loc.  cit. 

t  Loc.  cit. 

X  These  Transactions,  vol.  24  (1922),  pp.  144-162. 
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theorem  mentioned  above,  iv'n,  contains  a  connected  set  A'^i"  which  contains 
no  point  of  either  of  the  continua  Li  and  J -\-BOE  but  is  such  that  each 
of  these  continua  contains  at  least  one  limit  point  of  iVi".  Clearly,  Ni^  is 
a  subset  either  of  Di  or  of  A-  And  since  Di  contains  infinitely  many  of 
the  continua  Mi,  M^.,  M3,  ■  •  •  ,  of  which  only  a  finite  number  can  con- 
tain points  in  common  with  A'^i",  it  can  be  shown  that  Ni"  cannot  belong 
to  -Di,  and  therefore,  must  belong  to  D2.  Let  Ni  denote  the  point  set  ob- 
tained by  adding  to  Ni"  all  of  its  limit  points.  It  has  already  been  shown 
that  A^i  must  be  a  subset  of  D^+Li  +  the  arc  AYEOB.  It  is  evident  that 
Ni  divides  D2  into  at  least  two  domains,  one  of  which  must  have  the  arc 
AP  of  /  in  its  boundary.  Let  Ri  denote  the  one  which  has  AP  in  its  boun- 
dary. It  is  clear,  then,  that  no  point  of  Hi  —  Li'Hi  is  a  limit  point  of  i?i  and, 
therefore,  that  the  boundary  of  Ri  is  a  subset  of  A'^i-l-ii  +  the  arc  PA  YEOB. 

Let  C2  be  a  circle  concentric  with  Ci  which  encloses  and  contains  no 
point  of  either  iVi  or  Hi  and  which  is  of  diameter  less  than  ^  the  diameter 
of  Ci.  Let  Lo  be  a  subcontinuum  of  H  which  bears  the  same  correspondence 
to  C2  as  Li  bears  to  Ci.  Let  sets  H2,  K„^,  N^",  and  N2  be  selected  and  defined 
with  respect  to  C2  and  L2  just  as  the  corresponding  sets  Hi,  K„^,  Ni",  and  A'^i 
were  defined  with  respect  to  Ci  and  Li.  Again,  No"  must  be  a  subset  of  D2. 
Hence,  A'^2  contains  a  point  A2  on  the  arc  AYEOB.  And  since  Ni  and  Ni 
can  have  no  point  in  common,  it  can  easily  be  shown  that  on  AYEOB,  in 
the  order  from  A  to  B,  A2  precedes  every  point  which  belongs  to  A'^i.  Hence, 
N2°  is  a  subset  of  Ri.  Let  R2  denote  that  complementary  domain  of  the 
continuum  Z,2  +  A'^2  +  the  arc  PAYEOB  which  is  a  subset  of  Ri  and  has  the 
SLXcPA  of  t  in  its  boundary.  Again,  H2  —  L2'  H2  contains  no  limit  point  of  R2. 
This  process  may  be  continued  indefinitely,  and  it  follows  that  there  exists 
an  infinite  sequence  of  continua  Ni,  N2,  N3,  ■  ■  ■  ,  having  the  properties  as 
above  indicated.  Also  there  exists  a  sequence  of  domains  Ri,  R2,  R3,  ■  ■  , 
such  that  for  every  positive  integer  n,  i?„  has  the  arc  PA  of  /  in  its  boundary, 
contains  Rn+\,  and  contains  iV„-l-iV„+i+  ■  •  •  .  And  there  exist  two  sequences 
of  connected  point  sets  Zi,  L2,  L3,  ■  ■  ■  and  Hi,  H2,  H3,  •  ■  ■  ,  such  that  for 
every  positive  integer  n,  L„-{-7I„  =  H,  such  that  if  r  denotes  the  radius  of  C, 
then  Ln  contains P  and  is  of  diameter  less  than  3r/«,  and  such  that  //„  —  Ln'Hn 
contains  no  limit  point  whatever  of  /?„. 

-Let  N  denote  the  limiting  set  of  the  sequence  of  continua  Ni,  N2,  N3,  ■  ••  . 
It  readily  follows  from  the  above  properties  of  this  sequence  that  N  contains 
P  but  contains  no  other  point  whatever  of  H.  The  set  A''  contains  at  least 
one  point  U  of  /.  Now  A''  is  a  continuum.  Let  7V„  denote  the  maximal 
connected  subset  of  N—P  which  contains  U.  Then  clearly  P  is  a  limit 
point  of  iVu.   But  P  is  an  end  point  of  AI,  and  is,  therefore,  not  a  limit  point 
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of  any  connected  subset  of  M  —  H.  Thus  the  supposition  that  M  is  not 
connected  im  kleinen  at  P  leads  to  a  contradiction,  and  the  theorem  is  proved. 
The  following  example  demonstrates  that  the  conclusion  of  Theorem  30 
does  not  necessarily  remain  valid  if  the  restriction  that  the  end  point  of  M 
in  question  shall  be  accessible  from  S  —  M  is  removed.  Let  /  be  the  straight 
line  interval  from  (0,0)  to  (1,0).  And  for  every  integer  n  such  thatM  =  (2)', 
where  i  takes  on  all  positive  integral  values  from  1  to  oo ,  let  L,  denote  the 
broken  line  through  the  points  (l/n,0),  (1/m,-1/m),  (-1/w,-1/«),  (-1/«, 
l/«),  (1,1/m),  (1,3/4m),  and  (0,3/4m)  in  the  order  named.     (See  Fig.  3.) 


Fig.  3 

If  M  denotes  the  continuum  I+L1+L2+L3+  ■  ■  ■  ,  andP  denotes  the  point 
(0,0),  then  P  is  an  end  point  of  M,  but  M  is  not  connected  im  kleinen  at  P. 

Theorem  31.  If  a  continuum  M  is  irreducible  between  some  pair  of  points 
A,  B,  then  M  is  connected  im  kleinen  at  every  one  of  its  end  points. 

Proof.  Let  P  denote  an  end  point  of  M.  Let  us  first  suppose  that  either 
P  =  A  ox  P=B,  say  P=5.  Then  by  Janiszewski's  theorem  mentioned  above 
it  follows  that  if  C  denotes  any  circle  having  P  as  center,  then  C  encloses  a 
subcontinuum  H  of  M  which  consists  of  more  than  one  point  and  which 
contains  B  but  not  A.  From  Miss  Mullikin's  theorem  it  follows  immediately 
that  M  —  H  contains  a  connected  set  N  which  contains  A  and  which  has  at 
least  one  limit  point  in  H.  Since  M  is  irreducible  between  A  and  P,  clearly 
M  =  H  +  N.  And  sincePisan  end  point  of  M,  Pis  not  a  limit  point  of  M  —  F. 
Hence,  there  exists  a  circle  K  concentric  with  and  within  C  which  encloses  no 
point  oi  M  —  H.  Any  point  of  M  which  is  interior  to  A'  lies  together  with  P 
in  a  closed  and  connected  subset  of  M  which  is  enclosed  by  C,  namely,  in 
H  itself.   Hence,  M  is  connected  im  kleinen  at  P. 

Now  in  case  neither  P=^  nor  P  =  5,  then  M  is  the  sum  of  two  continua 
K^  and  Kt,  irreducible  between  A  and  P,  and  B  and  P  respectively.   By  the 
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above  argument,  both  Ka  and  Kh  are  connected  im  kleinen  at  P.   It  follows 
that  their  sum,  M,  is  connected  im  kleinen  at  P. 

In  his  paper  Concerning  the  cut  points  of  continuous  curves  and  of  other 
closed  and  connected  point  sets,  R.  L.  Moore  proves  the  following  results. 

I.  In  order  that  a  bounded  continuum  M  should  be  an  acyclic  con- 
tinuous curve  it  is  necessary  and  sufficient  that  every  subcontinuum  of  M 
should  contain  uncountably  many  points  each  of  which  is  a  cut  point  of  M. 

II.  In  order  that  the  continuous  curve  M  should  contain  no  simple  closed 
curve  it  is  necessary  and  sufficient  that  if  A'  denotes  the  set  of  all  those  points 
of  M  that  are  not  cut  points  of  M,  then  no  subset  of  K  disconnects  M  even 
in  the  weak  sense. 

In  Theorem  32,  below,  I  shall  establish  a  generalization  of  R.  L.  Moore's 
result   (II)   quoted  here. 

Theorem  32.  In  order  that  the  bounded  continuum  M  should  be  an  acyclic 
continuous  curve  it  is  necessary  and  sufficient  that  if  K  denotes  the  set  of  all 
those  points  of  M  which  are  not  cut  points  of  M,  then  no  subset  of  K  disconnects 
M  even  in  the  weak  sense. 

Proof.  The  condition  is  sufficient.  For  suppose  a  bounded  continuum  M 
satisfies  the  condition  but  is  not  an  acyclic  continuous  curve.  Then  by  result 
(I),  above,  of  R.  L.  Moore's,  it  follows  that  M  contains  a  subcontinuum  A'^ 
which  does  not  contain  more  than  a  countable  number  of  cut  points  of  M. 
Let  A  and  B  denote  two  points  of  A^.  By  hypothesis,  M—  [K  —  {A+B)]  is 
connected  in  the  strong  sense.  Hence,  it  contains  a  continuum  H  which 
contains  A  and  B.  Since  every  point  of  H,  except  possibly  the  points  A  and 
B,  is  a  cut  point  of  M,  it  follows  by  Theorem  9  that  H  is  a.  continuous  curve. 
Therefore,  H  contains  an  arc  t  from  A  to  B.  Since  A^  contains  not  more  than 
a  countable  number  of  cut  points  of  M,  there  exist  points  E  and  F  on  /  in 
the  order  A,  E,  F,  B  such  that  the  interval  EF  of  t  contains  no  point  what- 
ever of  A'^.  Since  A'^  contains  both  A  and  B,  it  follows  by  Miss  Mullikin's 
theorem  that  A^  contains  a  connected  set  Q  containing  no  point  of  /  and  such 
that  each  of  the  intervals  AE  and  FB  of  /  contains  at  least  one  limit  point  of 
Q.  But  /  is  a  continuum  every  point  of  which,  save  possibly  two,  is  a  cut 
point  of  M,  and  ^  is  a  connected  subset  of  M  —  t.  Hence,  by  Theorem  11, 
t  can  contain  at  most  one  limit  point  of  Q.  Thus  the  supposition  that  M  is 
not  an  acyclic  continuous  curve  leads  to  a  contradiction. 

It  follows  by  R.  L.  Moore's  theorem  II  quoted  above  that  the  condition 
is  necessary. 
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In  their  paper  On  the  most  general  plane  closed  point  set  through  which  it 
is  possible  to  pass  a  simple  continuous  arc,  R.  L.  Moore  and  J.  R.  Klinef 
prove  that  it  is  possible  to  pass  a  simple  continuous  arc  through  every  closed 
and  bounded  set  M  having  the  property  that  every  closed  and  connected 
subset  of  M  is  either  a  single  point  or  an  arc  t  such  that  no  point  of  t,  with  the 
exception  of  its  end  points,  is  a  limit  point  of  M  —  t.  It  is  clear,  however, 
that  in  order  that  a  simple  continuous  arc  may  be  drawn  in  such  a  way  as 
to  contain  at  least  one  point  of  every  maximal  connected  subset  of  a  point 
set  M,  it  is  not  necessary  that  the  set  M  be  of  the  particular  type  satisfying 
their  theorem.  In  this  paper  I  shall  make  a  study  of  certain  conditions  which 
a  point  set  must  satisfy  in  order  that  a  simple  continuous  arc  or  an  open 
curve  may  be  drawn  in  such  a  way  that  the  set  in  question  plus  that  arc  or 
curve  will  be  connected. 

Lemma  I.  //  M  is  any  closed  and  bounded  point  set.  then  there  exists  a 
countable  number  of  arcs  ti,  ti,  ts,  ■  ■  ■  ,  such  that  for  every  positive  integer  n,  t„ 
contains  at  least  one  point  of  every  maximal  connected  subset  of  M  which  is 
of  diameter  greater  than  l/n. 

Let  n  denote  any  definite  positive  integer.  Since  M  is  bounded,  there 
exists  a  square  5  which  encloses  M  ;  5  plus  its  interior  can  be  divided  by  a 
finite  number  of  straight  lines  parallel  and  perpendicular  to  the  bases  of  5 
into  a  finite  number  of  squares  plus  their  interiors  in  such  a  way  that  the 
diameter  of  each  of  these  squares  is  less  than  l/n  and  such  that  the  interiors 
of  no  two  of  them  have  a  point  in  common.  Let  G  denote  this  finite  set  of 
squares  (not  including  their  interiors),  and  let  T  denote  the  point  set  obtained 
by  adding  together  all  the  point  sets  of  the  set  G.  Then  since  the  interior  of 
every  square  of  the  set  G  is  of  diameter  less  than  l/n,  every  maximal  connected 
subset  of  M  which  is  of  diameter  greater  than  l/n  must  contain  at  least  one 
point  in  common  with  T.  Let  F  denote  the  set  of  all  points  common  to  M 
and  T.  From  each  maximal  connected  subset  F  of  F  select  exactly  one  point 

•  Presented  to  the  Society,  April  2,  1926;  received  by  the  editors  in  April,  1926. 
t  Annals  of  MathemaUcs,  (2),  vol.  20  (1919),  pp.  21&-223. 
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X  ;  and  let  P  denote  the  set  of  all  such  points  (X)  thus  selected.  Then  since 
F  is  closed  and  has  no  continuum  of  condensation,  it  follows  that  P  is  a 
closed  and  totally  disconnected  point  set.*  It  follows,  then,  from  the  above 
mentioned  theorem  of  Moore  and  Klinef  that  P  is  a  subset  of  a  simple 
continuous  arc  t„.  Clearly  t„  contains  at  least  one  point  of  every  maximal 
connected  subset  of  M  which  is  of  diameter  greater  than  1/n. 

Theorem  1.  If  M  is  a  closed  and  bounded  point  set,  a  necessary  and 
sufficient  condition  that  there  should  exist  a  simple  continuous  arc  which  contains 
at  least  one  point  of  every  maximal  connected  subset  of  M  is  that  for  every  con- 
tinuum K  of  M  which  consists  of  more  than  one  point  there  should  exist  a 
positive  number  tk  such  that  K  is  not  the  limiting  set  of  any  collection  of  maximal 
connected  subsets  of  M  each  of  diameter  less  than  e^. 

(I).  The  condition  is  sufficient.  For  since  M  satisfies  the  conditions  of 
Lemma  I,  there  exists  a  countable  set  of  arcs  ti,  ti,  tz,  ■  ■  ■  ,  having  the  same 
property  with  respect  to  M  that  the  corresponding  set  of  arcs  in  Lemma  I 
has  with  respect  to  the  set  M  of  Lemma  I.  Let  Ki  denote  the  set  of  points 
common  to  ti  and  M  ;  let  K2  denote  the  set  common  to  t^  and  to  those  maximal 
connected  subsets  of  M  which  have  no  point  in  /i ;  A'3  the  set  common  to  tz 
and  to  those  maximal  connected  subsets  of  M  which  have  no  point  in  /1+/2 ; 
in  general,  let  K„  denote  the  set  of  points  common  to  <„  and  to  those  maximal 
connected  subsets  of  M  which  have  no  point  in  /i+/2+<3+i4+  •  ■  •  +t„-i. 
Let  K  denote  the  point  set  A'i+/\:2+A'3+A'4+  •  •  • .  I  will  proceed  to  show 
that  A  contains  no  continuum  of  condensation.  Suppose,  on  the  contrary, 
that  A  contains  a  continuum  of  condensation  H.  Then  H  is  also  a  continuum 
of  condensation  of  M  ;  and  by  hypothesis  there  exists  a  positive  number  en 
STich  that  H  is  not  the  limiting  set  of  any  set  of  maximal  connected  subsets 
of  M  each  of  diameter  less  than  €«.  Now  the  elements  of  A  have  been  so 
selected  that  for  any  given  positive  number,  say  in,  there  exists  a  positive 
number  5(€//)  such  that  for  every  integer  n>h{tH),  A„  contains  points  of 
only  those  maximal  connected  subsets  of  M  which  are  of  diameter  less  than 
tH-  Let  i  denote  an  integer  greater  than  K'^h)-  ThenX)n=<+i  A„  contains  points 
of  only  those  maximal  connected  subsets  of  M  which  are  of  diameter  less 
than  ««.  It  follows  that  not  every  point  of  .ff  is  a  limit  point  of  X)n=«+i  -^n- 
Let  G  denote  the  collection  of  point  sets  Ki,  K2,  Ag,  •  •  ■  ,  A^.   Let 

n  =  t  n=oo 

A  =    X)  ^n,  and  let  .B  =    X)  ^"- 

n=l  n=t+l 

•  In  this  paper  wherever  a  symbol  X  is  used  to  denote  a  point  set,  the  symbol  X  will  be  used  to 
denote  the  set  X  plus  all  those  points  which  are  limit  points  of  X. 
t  R.  L.  Moore  and  J.  R.  Kline,  loc.  cit. 


748  G.  T.  WHYBURN  [October 

Then  K  =  A  -\-B.  Let  P  denote  a  point  of  H  which  is  not  a  limit  point  of  B\ 
and  let  C  be  a  circle  enclosing  P  and  not  enclosing  or  containing  any  point 
whatever  of  B.  From  a  theorem  due  to  Janiszewski,*  it  follows  that  C 
plus  its  interior  contains  a  subcontinuum  D  of  H.  Then  Z>  is  a  subset  of  the 
closed  set  A.  Let  K^  and  Kh  denote  any  two  elements  of  G,  Ka  denoting  the 
one  of  lower  subscript.  I  will  show  that  A'a  and  Kb  have  at  most  a  closed  and 
totally  disconnected  set  in  common.  Suppose,  on  the  contrary,  that  A'a 
and  Kb  have  in  common  a  continuum  /  which  consists  of  more  than  one  point. 
Then  /  is  a  subset  both  of  ta  and  of  lb ;  hence  /  is  an  arc.  Let  E  and  F  denote 
the  end  points  of  /.  Since  t  is  a  subset  of  ta,  and  since  ta  precedes  tb,  then  no 
point  of  /  can  belong  to  Kb-  And  since  no  point  of  t  except  the  points  E 
and  F  can  be  a  limit  point  of  tb  —  t,  then  no  points  of  t  except  E  and  F  can 
belong  to  A'^.  But  by  supposition,  /  is  a  subset  of  Kb-  It  follows  that  Ka 
and  Ai,  have  at  most  a  closed  and  totally  disconnected  set  in  common.  Let 
U  denote  the  set  of  all  points  (X)  of  A  such  that  for  some  two  elements 
Ka  and  Kb  of  G,  X  is  common  to  Ka  and  Kb-  Since  U  is  the  sum  of  a  finite 
number  of  closed  and  totally  disconnected  point  sets,  U  itself  must  be  closed 
and  totally  disconnected.  Hence  D,  a  continuum  consisting  of  more  than  one 
point,  cannot  be  a  subset  of  U -  Therefore,  there  exists  a  point  P  oi  D  such 
that  for  some  element  Kp  of  G,  P  belongs  to  Kp  and  is  not  a  limit  point  of 
A  —  Kp.  It  follows  from  the  above  mentioned  theorem  of  Janiszewski'sf 
that  Kp  contains  a  continuum  I  oi  D  such  that  no  point  of  /  is  a  limit  point 
of  A  —  Kp.  But  /  is  a  subset  of  tp.  Hence  /  is  an  arc,  and  no  points  of  /  except 
its  end  points  can  be  limit  points  of  Kp  —  l.  Hence  if  0  is  an  interior  point  of 
/,  0  is  not  a  limit  point  of  K  —  L  But  /,  by  supposition,  belongs  to  H,  a  con- 
tinuum of  condensation  of  K.  Thus  the  supposition  that  K  contains  a  con- 
tinuum of  condensation  leads  to  a  contradiction. 

Now  from  each  maximal  connected  subset  F  of  A  let  us  select  exactly 
one  point  X.  Let  N  denote  the  set  of  all  the  points  (A')  thus  selected.  Since 
K  contains  no  continuum  of  condensation,  it  readily  follows  that  N  isa  closed 
and  totally  disconnected  set.  It  is  clear  that  xV  contains  at  least  one  point 
of  every  maximal  connected  subset  of  M  which  is  of  diameter  greater  than  0. 
Let  Q  denote  the  set  of  all  those  maximal  connected  subsets  of  M  which 
have  no  point  in  common  with  N.  Then  since  every  maximal  connected 
subset  of  ()  is  a  single  point,  it  follows  from  our  hypothesis  that  Qis  a.  closed 
and  totally  disconnected  point  set.     Let  R  denote  the  point  set  N+Q. 


*  Sur  Ics  conlinus  irriductibles  entre  deux  points,  Journal  de  I'Ecole  Polytechnique,  (2),  vol.  16 
(1912),  p.  109. 
t  Loc.  cit. 
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Clearly  R  is  closed  and  totally  disconnected ;  accordingly,  there  exists  a 
simple  continuous  arc  To  which  contains  R  ;  To  contains  at  least  one  point 
of  every  maximal  connected  subset  of  M. 

(II).  The  condition  is  also  necessary.  Suppose,  on  the  contrary,  that 
there  exists  a  closed  and  bounded  point  set  M  and  a  simple  continuous  arc 
T  such  that  T  contains  at  least  one  point  of  every  maximal  connected  subset 
of  M,  but  such  that  M  does  not  satisfy  the  condition  of  Theorem  1.  Then  M 
contains  some  continuum  K  consisting  of  more  than  one  point  and  such  that 
for  every  positive  number  e,  K  is  the  limiting  set  of  a  set  of  maximal  con- 
nected subsets  of  M  each  of  diameter  less  than  e.  I  will  show  that  every 
point  of  K  must  be  a  limit  point  oiT  —  K  T.  For  suppose  K  contains  a  point 
P  whichisnotalimitpointofT  — A'  ■  T.  LetCbeacirclehavingPascenterand 
not  enclosing  any  point  oiT  —  K  ■  T  and  of  radius  less  than  5  of  the  diameterof 
A'.  Let  r  denote  the  radius  of  C.  By  hypothesis  there  exists  a  set  L  of  maximal 
connected  subsets  of  M  each  of  which  is  of  diameter  less  than  Jr  such  that 
K  is  the  limiting  set  of  L.  Since  P  belongs  to  K,  there  exists  an  element 
gol  L  which  contains  a  point  whose  distance  from  P  is  less  than  \r  ;  and  since 
g  is  of  diameter  less  than  \r,  g  must  lie  wholly  within  C.  But  g  must  contain 
at  least  one  point  Q  of  T.  Now  since  A  is  of  diameter  ^  3r,  K  cannot  be  an 
element  of  L.  Hence  Q  does  not  belong  to  A,  and  therefore  must  belong  to 
T—K  ■  T.  But  Q  lies  within  C,  and  C,  by  supposition,  encloses  no  point  of 
T—K  ■  T.  It  follows,  then,  that  every  point  of  A  is  a  limit  point  of  T  — A  •  T. 
It  is  easily  seen  that  A  must  be  a  subset  of  T ;  and  since  A  is  closed  and 
connected  and  consists  of  more  than  one  point,  A  must  be  an  arc.  And  if  0 
denotes  an  interior  point  of  A,  then  0  is  not  a  limit  point  of  T  —  K.  But 
we  have  just  shown  that  every  point  of  A  is  a  limit  point  of  T  —  K.  Thus 
the  hypothesis  that  the  condition  of  Theorem  1  is  not  necessary  leads  to 
a  contradiction,  and  the  theorem  is  proved. 

Definition.  A  point  set  M  will  be  said  to  satisfy  Condition  L  provided 
it  is  true  that  if  A  is  any  continuum  whatever  consisting  of  more  than  a 
single  point,  then  there  exists  a  positive  number  e^  such  that  A  is  not  a 
subset  of  the  limiting  set  of  any  collection  of  maximal  connected  subsets  of 
M  each  of  diameter  less  than  ex. 

Theorem  2.  If  M  is  any  closed  point  set,  then  in  order  that  there  should 
exist  a  simple  continuous  arc  which  contains  at  least  one  point  of  every  maximal 
connected  subset  of  M  it  is  necessary  and  sufficient  (1)  that  there  should  exist  a 
bounded  portion  of  the  plane  which  contains  at  least  one  point  of  every  maximal 
connected  subset  of  M,  and  (2)  that  M  should  satisfy  Condition  L. 
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It  follows  by  an  argument  similar  to  part  (II)  of  the  proof  of  Theorem 
1  that  the  conditions  are  necessary.  I  will  proceed  to  show  that  they  are  suflB- 
cient.  By  hypothesis  it  follows  that  there  exists  a  circle  C  such  that  C  plus 
its  interior  contains  at  least  one  point  of  every  maximal  connected  subset  of 
M.  Let  R  denote  the  interior  of  C,  and  let  N  denote  the  set  of  points  common 
to  M  and  to  R-\-C.  It  readily  follows  that  N  satisfies  Condition  L  ;  and  since 
N  is  closed  and  bounded,  it  follows  from  Theorem  1  that  there  exists  an  arc 
T  which  contains  at  least  one  point  of  every  maximal  connected  subset  of 
N.  But  every  maximal  connected  subset  of  N  belongs  to  a  single  maximal 
connected  subset  of  M,  and  each  maximal  connected  subset  of  M  contains 
at  least  one  maximal  connected  subset  of  N .  If  follows,  then,  that  T  contains 
at  least  one  point  of  every  maximal  connected  subset  of  M. 

Theorem  3.  If  M  is  a  closed  point  set  •which  satisfies  conditions  (1)  and  (2) 
of  Theorem  2,  and  if  K  is  a  closed  and  hounded  subset  of  M  having  the  properly 
that  every  suhcontinnum  of  K  is  either  a  single  point  or  an  arc  t  such  that  no 
point  of  t,  with  the  exception  of  its  end  points,  is  a  limit  point  of  M  —  t,  then  there 
exists  an  arc  T  which  contains  K  and  which  contains  at  least  one  point  of  every 
maximal  connected  subset  of  M. 

By  an  argument  almost  identical  with  part  (I)  of  the  proof  of  Theorem  1, 
it  follows  that  there  exists  a  closed,  bounded,  and  totally  disconnected 
point  set  R  which  contains  at  least  one  point  of  every  maximal  connected 
subset  of  M.  Let  iV  denote  the  point  set  K+R.  Then  clearly  N  satisfies 
all  the  conditions  of  the  above  mentioned  theorem  of  Moore  and  Kline.* 
Accordingly,  there  exists  a  simple  continuous  arc  T  which  contains  N ; 
T,  then,  contains  A'  and  also  contains  at  least  one  point  of  every  maximal 
connected  subset  of  M. 

It  is  interesting  to  note  that  Theorem  3  is  a  generalization  of  Moore  and 
Kline's  theorem.   It  reduces  to  their  theorem  in  case  K  =  M. 

Theorem  4.  If  M  is  a  bounded  point  set  such  that  the  totality  of  all  those 
limit  points  of  M  which  do  not  belong  to  M  is  a  closed  set,  then  in  order  that  there 
should  exist  a  simple  continuous  arc  which  contains  at  least  one  point  of  every 
maximal  connected  subset  of  M  it  is  necessary  and  sufficient  that  M  should  satisfy 
Condition  L. 

That  the  condition  is  necessary  follows  by  an  argument  identical  with 
part  (II)  of  the  proof  of  Theorem  1.  I  shall  show  that  the  condition  is  suffi- 
cient.   Let  M'  denote  the  totality  of  all  those  limit  points  of  M  which  M       j 

•  Loc.  cit. 
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does  not  contain.  For  any  definite  positive  integer  n,  let  the  sets  S,  G,  T,  F, 
and  P  be  selected  exactly  as  was  done  in  the  proof  of  Lemma  I.  Then  P 
is  totally  disconnected.  For  suppose  F  contains  a  continuum  H  consisting 
of  more  than  a  single  point.  Then  every  point  of  fl^  is  a  limit  point  of  a  set 
of  points  of  P  which  belong  to  H.  And  since  M'  is  closed,  it  readily  follows 
from  Janiszewski's  theorem  mentioned  above  that  H  contains  a  continuum 
D  which  consists  of  more  than  one  point  and  which  is  a  subset  of  M.  Since 
D  is  a.  subset  of  a  finite  number  of  arcs,  then  D  must  contain  at  least  one 
arc  /  such  that  only  the  end  points  of  /  are  limit  points  of  T  —  t.  But  since  i 
belongs  to  only  one  maximal  connected  subset  of  F,  then  P  contains  only  one 
point  at  most  of  t.  And  since  only  the  end  points  of  /  can  be  limit  points  of  P, 
P  can  contain  at  most  three  points  of  t.  Thus  the  supposition  that  P  is 
not  totally  disconnected  leads  to  a  contradiction.  It  follows,  then,  that  there 
exists  a  simple  continuous  arc  t„  which  contains  P,  and  therefore  contains  at 
least  one  point  of  every  maximal  connected  subset  of  M  which  is  of  diameter 
greater  than  1/m.  Hence,  there  exists  a  countable  set  of  arcs  h,  (2,  h,  ■  ■  ■  , 
such  that  for  every  positive  integer  n,  /„  contains  at  least  one  point  of  every 
maximal  connected  subset  of  M  of  diameter  greater  than  l/n. 

Now  let  the  sets  Ki,  K^,  Kz,  ■  ■  ■  ,  K,  N,  and  R  be  selected  exactly  as  in 
the  proof  of  Theorem  1.  It  can  then  be  shown  that  R  is  totally  disconnected. 
For  suppose  R  contains  a  continuum  H  consisting  of  more  than  one  point. 
Then  either  (1)  ^  belongs  wholly  to  M',  or  (2)  H  contains  a  subcontinuum 
D  which  belongs  wholly  to  M  and  which  consists  of  more  than  a  single  point. 
In  either  case,  H  is  a,  continuum  of  condensation  of  A',  and  either  of  the  two 
cases  can  be  shown  to  lead  to  a  contradiction  by  the  same  method  as  was 
used  in  the  proof  of  Theorem  1  to  show  that  the  set  K  contained  no  con- 
tinuum of  condensation.  It  follows,  then,  that  R  is  closed  and  totally 
disconnected  ;  consequently,  there  exists  a  simple  continuous  arc  which 
contains  R  and  which  therefore  contains  at  least  one  point  of  every  maximal 
connected  subset  of  M. 

Theorem  5.  In  order  that  a  closed  point  set  M  {which  is  not  itself  an  open 
curve)  should  be  a  subset  of  an  open  curve,  it  is  necessary  and  sufficient  (1)  that 
every  subcontinuum  of  M  should  be  either  a  single  point  or  a  set  t  such  that  t 
is  either  an  arc  or  a  ray  of  an  open  curve  having  the  property  that  no  point  of  t, 
with  the  exception  of  its  end  point  (s),  is  a  limit  point  of  M  —  t,  and  (2)  that  if 
M  contains  two  rays  ri  and  r^,  then  Af  —  (ri+rj)  is  a  hounded  point  set. 

The  conditions  are  evidently  necessary.  I  shall  show  that  they  are  suffi- 
cient. There  e.xists  a  circle  C  with  center  0  such  that  C  plus  its  interior  con- 
tains no  point  of  M.    By  an  inversion  of  the  whole  plane  about  the  circle 
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C,  M  is  thrown  into  a  bounded  point  set  M*  which  is  closed  except  possibly 
for  the  point  0.  It  is  easily  shown  that  the  image  under  this  inversion  of 
every  arc  /  of  M  is  an  arc  /*  of  M*,  and  that  the  image  of  every  ray  r  of  M 
is  an  arc  minus  one  end  point  in  M*,  that  end  point  in  every  case  being  the 
point  0  itself.  Since  M  contains  not  more  than  two  mutually  exclusive  rays, 
then  0  is  an  end  point  of  not  more  than  two  arcs  of  M*-\-0  which  have  in 
common  only  the  point  0;  and  if  0  is  an  end  point  of  two  such  arcs,  i.e.,  if 
0  is  an  interior  point  of  any  arc  of  M*+0,  then  0  is  not  a  limit  point  of 
M*+0  minus  that  maximal  connected  subset  of  M*+0  to  which  0  belongs. 
It  readily  follows,  then,  that  M*-{-0  is  a  closed  and  bounded  point  set  which 
satisfies  all  the  conditions  of  Moore  and  Kline's  theorem  quoted  above. 
Accordingly,  there  exists  a  simple  continuous  arc  t  which  contains  M*+0. 
Let  A  and  B  denote  the  extremities  of  /.  There  exists  an  arc  to  from  A  to  B 
having  only  the  points  A  and  B  in  common  with  t.  Let  /*  denote  the  simple 
closed  curve  /+/o.  It  can  easily  be  shown  that  the  point  set  of  which  l*—0 
is  the  image  is  an  open  curve  which  contains  M. 

Theorem  6.  //  M  is  a  closed  point  set  {bounded  or  not),  then  in  order  that 
there  shoidd  exist  an  open  curve  which  contains  at  least  one  point  of  every  maximal 
connected  subset  of  M  it  is  necessary  and  sufficient  that  M  should  satisfy 
Condition  L. 

That  the  condition  is  necessary  follows  by  an  argument  almost  identical 
with  part  (II)  of  the  proof  of  Theorem  1.  I  shall  proceed  to  show  that  it  is 
sufiicient. 

Proof  I  (depending  on  Theorem  4).  Let  C  denote  a  circle  having 
center  0  and  not  enclosing  or  containing  any  point  of  AI.  By  an  inversion 
of  the  plane  about  the  circle  C,  M  is  thrown  into  a  bounded  point  set  M* 
which  is  closed  except  possibly  for  the  point  0.  I  shall  show  that  M*  satisfies 
Condition  L.  Suppose  the  contrary  is  true;  then  there  exists  a  continuum 
K  consisting  of  more  than  one  point  and  such  that  for  every  positive  number 
€,  K  is  the  limiting  set  of  a  set  of  maximal  connected  subsets  of  M*  each  of 
diameter  less  than  e.  Let  P  be  a  point  of  A'  which  is  different  from  the  point 
0,  and  let  J*  be  a  circle  having  P  as  center  and  not  containing  or  enclosing 
0.  It  is  a  consequence  of  Janiszewski's  theoremf  that  J*  plus  its  interior  * 
contains  a  subcontinuum  //*  of  K  which  consists  of  more  than  one  point; 
H*  does  not  contain  0.  Hence  H,  the  point  set  of  which  H*  is  the  image  under 
this  inversion,  is  a  bounded  point  set.  Let  /*  denote  the  interior  of  /*, 
and  let  /  and  /  denote  the  point  sets  of  which  J*  and  /*  respectively  are 


t  See  Janiszewski,  loc.  cit. 
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the  images.  Let  d*  denote  a  set  of  maximal  connected  subsets  of  M*  each 
of  which  has  a  point  within  J*  and  is  of  diameter  less  than  1  and  such  that 
H*  is  a  part  of  the  limiting  set  of  d* ;  let  G*  denote  a  corresponding  set  having 
H*  as  a  part  of  its  limiting  set  and  such  that  each  element  of  G*  has  a  point 
in  /*  and  is  of  diameter  less  than  |;  let  G*,  Gf,  •  •  •  denote  corresponding 
sets  for  the  numbers  |,  $,  •  •  ■  .  Let  d,  d,  Gi,  ■  ■  ■  denote  the  point  sets  of 
which  G*,  G?,  G*,  •  ■  ■  are  the  images.  Then  H  \s  &  part  of  the  limiting  set 
of  each  of  the  sets  d,  d,  Gs,  •  •  •  •  But  since  M  satisfies  Condition  L, 
there  exists  a  positive  number  e^  such  that  E  is  not  the  limiting  set  of  any 
set  of  maximal  connected  subsets  of  M  each  of  diameter  less  than  en-  Then 
for  every  positive  integer  n,  G„  must  contain  at  least  one  element  g„  which  is 
of  diameter  ^  €h.  From  each  set  G,-,  select  one  such  element  gi,  and  let  B 
denote  the  sequence  of  sets  gi,  gi,  gs,  ■  ■  ■  thus  obtained.  Since  every  element 
of  B  contains  at  least  one  point  in  the  bounded  point  set  /,  it  follows  that  the 
sequence  B  contains  some  subsequence  A  which  has  a  sequential  limiting 
set  I  which  is  of  diameter  ^  en-  But  A*,  the  image  of  A,  has  the  property 
that  for  every  positive  number  e,  there  are  not  more  than  a  finite  number  of 
elements  of  ^4*  of  diameter  greater  than  e.  Hence,  the  limiting  set  g*  of  A* 
must  consist  of  only  a  single  point;  but  g*  is  the  image  of  g,  a  point  set  of 
diameter  ^  e^.  Thus  the  supposition  that  M*  does  not  satisfy  Condition  L 
leads  to  a  contradiction.  Then  since  M*  satisfies  Condition  L  and  lacks  only 
the  point  0  of  being  closed,  it  follows  by  Theorem  4  that  there  exists  a 
simple  continuous  arc  t  which  contains  at  least  one  point  of  every  maximal 
connected  subset  of  M*.  Let  A'  and  Y  denote  the  extremities  of  t.  There 
exists  an  arc  to  from  X  to  F  which  has  only  the  points  A'  and  Y  in  common 
with  t.  Let  /*  denote  the  simple  closed  curve  i+to-  Now  if  /*  contains  the 
point  0,  it  can  readily  be  shown  that  the  point  set  of  which  /*  — O  is  the  image 
is  an  open  curve  which  contains  at  least  one  point  of  every  maximal  connected 
subset  of  M.  In  case  /*  does  not  contain  0,  then  M  must  satisfy  all  the  con- 
ditions of  Theorem  2,  and  with  the  aid  of  that  theorem,  Theorem  6  can  easily 
be  established  in  this  case. 

Proof  II  (depending  on  Theorem  5).  I  will  indicate  how  the  condition 
may  be  proved  sufficient  using  methods  very  similar  to  those  used  in  the 
proof  of  Theorem  1.  For  any  definite  positive  integer  n,  let  the  whole  plane 
be  divided  by  a  countable  infinity  of  horizontal  and  vertical  straight  lines 
into  a  countable  number  of  squares  plus  their  interiors  in  such  a  way  that 
the  interiors  of  no  two  of  these  squares  have  a  point  in  common  and  so  that 
the  diameter  of  each  of  them  is  less  than  l/«.  Let  G  denote  this  countable 
set  of  squares  (not  including  their  interiors)  and  let  T  denote  the  point  set 
obtained  by  adding  together  all  the  point  sets  of  the  set  G.    Let  K  denote 
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the  point  set  common  to  T  and  M.  From  each  maximal  connected  subset 
Y  of  K,  select  exactly  one  point  X.  Let  P  denote  the  set  of  all  such  points 
{X)  thus  selected.  It  can  readily  be  shown,  then,  that  P  is  a  closed  and  totally 
disconnected  point  set.  Then  from  Theorem  5  it  follows  that  there  exists 
an  open  curve  /„  which  contains  P;  In  contains  at  least  one  point  of  every 
maximal  connected  subset  of  M  which  is  of  diameter  greater  than  l/w. 
Hence,  there  exists  a  countable  number  of  open  curves  h,  k,  k,  •  ■  ■  ,  such 
that  for  every  positive  integer  n,  /„  contains  at  least  one  point  of  every  max- 
imal connected  subset  of  M  which  is  of  diameter  greater  than  l/n.  Then 
by  an  argument  almost  identical  with  that  used  in  the  proof  of  Theorem  1, 
using  this  countable  set  of  open  curves  instead  of  a  countable  set  of  arcs 
as  in  that  case,  it  follows  that  M  contains  a  closed  and  totally  disconnected 
point  set  R  which  contains  at  least  one  point  of  every  maximal  connected 
subset  of  M.  Then,  by  Theorem  5,  there  exists  an  open  curve  /  which  contains 
R;  I  satisfies  all  the  conditions  of  the  open  curve  required  in  the  statement 
of  Theorem  6. 

Theorem  7.  If  M  is  any  continuum  whatever,  and  K  is  a  closed  and  totally 
disconnected  subset  of  M,  then  the  point  set  M—K  satisfies  Condition  L. 

Suppose  M  —  K  does  not  satisfy  Condition  L.  Then  there  exists  a  con- 
tinuum H  consisting  of  more  than  one  point  such  that  for  every  positive 
number  e,  H  is  a.  part  of  the  limiting  set  of  a  set  of  maximal  connected  subsets 
oi  M  —  K  each  of  diameter  less  than  e.  Since  A'  is  totally  disconnected,  there 
exists  a  point  P  oi  H  which  does  not  belong  to  K.  Let  C  be  a  circle  having  P 
as  center  and  not  enclosing  or  containing  any  point  of  K.  Let  r  denote  the 
radius  of  C.  Let  N  denote  a  set  of  maximal  connected  subsets  oi  M—K 
each  of  diameter  less  than  ^r,  which  has  H  a,s  a.  part  of  its  limiting  set.  Then 
some  element  g  oi  N  contains  a  point  Q  whose  distance  from  P  is  less  than 
|r;  and  since  g  is  of  diameter  less  than  Ir,  g  must  lie  wholly  within  C.  But 
I  has  a  point  in  K*  and  C  encloses  no  point  of  K.  Thus  the  supposition  that 
M—K  does  not  satisfy  Condition  L  leads  to  a  contradiction. 

Theorem  8.  //  M  is  any  continuum  whatever,  and  K  is  a  bounded 
[unbounded],  closed,  and  totally  disconnected  subset  of  M,  then  there  exists  an 
arc  [open  curve]  which  contains  at  least  one  point  of  every  maximal  connected 
subset  of  the  point  set  M  —  K. 


*  By  virtue  of  the  following  theorem:    //  K  is  any  dosed  subset  of  a  conlinuum  M  and  g  is  any 
bounded  maximal  connected  subset  of  M—K,  then  K  contains  at  least  one  point  of  g. 
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It  has  been  shown  by  Mengerf  that  a  necessary  and  sufficient  condition 
that  a  plane  continuum  M  contains  no  domain  is  that  for  each  point  P  of 
M  and  each  positive  number  «  there  exists  a  simple  closed  curve  /  of  diameter 
less  than  e  which  encloses  P,  and  such  that  M  J  is  totally  disconnected. 

In  the  present  paper  it  is  shown  that  if  M  is  a  continuum  which  contains 
no  domain  then  there  exists  a  set  G  of  simple  closed  curves  filling  the  whole 
plane  and  indeed  topologically  equivalent  to  the  set  of  all  polygons,  such 
that  the  common  part  of  M  and  any  curve  of  the  set  G  is  vacuous  or  totally 
disconnected.  Additional  results  are  obtained  for  the  special  case  where  M 
is  a  continuous  curve. 

I  wish  to  acknowledge  my  indebtedness  to  Professor  R.  L.  Moore,  and 
to  thank  him.  Credit  is  due  him  for  the  suggestion  of  most  of  the  theorems 
of  this  paper,  and  for  many  helpful  criticisms  of  the  proofs. 

Part  I 

In  this  paper  I  make  frequent  use  of  the  notion  of  a  double  ruling. X 
If,  on  the  simple  closed  curve  ABCDA,  Xi,  X2,  •  •  •  ,  X„,  Yi,  F2,  •  •  •  ,  Ym, 
Xn  ,  X^_i,  ■  ■  ■  ,  Xi  ,  YJ ,  Fm'_i,  ■  ■  ■  ,Y{  are  points  in  the  order  AX1X2  ■  ■  ■ 
X„BY^Y,  ■  ■  ■  F„CX„'X„'_i  •  •  -Xi'DFJFJ,,  •  •  •  Y{A,  and  XiX/ ,  X^Z^' , 
■  •  ■  ,  X„X„',and  FiFi',  F2F2',  •  •  •  ,  Y„YJ  are  arcs  which,  except  for  their 
end  points,  lie  entirely  within  ABCDA,  and  finally,  for  every  i,  j{l  ^i^n, 
l^j^m)  XiXi  has  just  one  point  in  common  with  YjYj  and  no  point  in 
common  with  XjXj  (unless  i=j),  then  these  two  sets  of  arcs  are  said  to 
constitute  a  double  ruling  of  the  interior  of  ABCDA  (or  merely  a  double 
ruling  of  ABCDA).  The  arcs  A^A'/,  A^2A'2',  •  •  ■  ,  X„Xn  are  said  to  be 
parallel  to  BC  and  to  AD,   and  the  arcs  YiYi  ,  Y^Yi ,  •  •  ■  ,  Y^Ym  are  said 

*  Presented  to  the  Society,  in  part,  December  28, 1927,  and  December  27, 1928;  received  by  the 
editors  March  30,  1929. 

t  ijber  die  Dimensionalitdt  von  Punklmengen,  Monatshefte  f iir  Mathematik  und  Physik,  vol.  33 
(1923),  pp.  148-160.  In  his  paper  Sur  les  mtdtipUcUis  Cantoriennes,  Fundamenta  Mathematicae, 
vol.  7  (1925),  pp.  30-137,  Urysohn  obtained  the  slightly  weaker  result  that  for  each  point  P  oi  M 
and  each  positive  number  e  there  exists  a  totally  disconnected  closed  subset  T  of  M  such  that  M—T 
is  the  sum  of  two  mutually  separated  sets  Mi  and  Ms,  such  that  Mi  contains  P  and  is  of  diameter 
less  than  e. 

I  See  R.  L.  Moore,  Concerning  a  set  of  postulates  for  plane  analysis  situs,  these  Transactions, 
vol.  20  (1919),  p.  172. 
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to  be  parallel  to  AB  and  CD.  Each  of  these  two  sets  of  arcs  is  a  single  ruling 
of  ABCDA.  Two  sets  of  arcs  H  and  A'  are  said  to  constitute  a  complete 
double  ruling  of  ABCDA  if  (1)  every  finite  subset  of  the  set  of  arcs  H+K  is 
a  single  or  double  ruling  of  ABCDA,{'i)  through  each  point  within  ABCDA 
there  is  an  arc  of  E  and  an  arc  of  A",  and  (3)  each  point  of  ABCDA  (except 
A,  B,C  and  D)  is  an  end  point  of  some  arc  of  H  or  of  some  arc  of  K.  If  P 
is  a  point  with  both  coordinates  rational,  then  P  is  said  to  be  a  rational  point. 
By  a  rational  line  is  meant  a  line  whose  equation  is  .t  =  ;-  or  y  =  ;•  where  r  is 
some  rational  number. 

As  an  obvious  corollary  of  a  theorem  due  to  Frechet*  I  state  the  following 

Theorem  I.  //  M  is  a  point  set  containing  no  domain  then  there  exists  a 
continuous  transformation  T  of  the  plane  S  into  itself  such  that  if  P  is  any  point 
of  M  then  T{P)  is  not  a  rational  point. 

Schoenflies  has  proved  the  following  theorem  if 

//  Ti  is  a  continuous  one-to-one  correspondence  between  the  points  of  two 
simple  closed  curves  Jx  and  Jz  such  that  Ti{Ji)=Ji,  then  there  exists  a  con- 
tinuous one-to-one  correspondence  Ti  between  J\  plus  its  interior  and  Jz  plus 
its  interior  such  that  TiiP)  =  Ti{P)  for  every  point  P  on  Jx. 

Therefore  for  every  simple  closed  curve  /  there  exists  a  continuous  trans- 
formation T  which  throws  J  plus  its  interior  into  a  square  plus  its  interior. 
The  truth  of  the  following  lemma  is  apparent  in  view  of  this  fact  and 
Theorem  I. 

Lemma  I.  Suppose  M  is  a  point  set  containing  no  rational  point,  and 
A,  B,C  and  D  are  rational  points  which  are  the  vertices  of  a  rectangle,  and  AB 
is  a  horizontal  interval.  Suppose  a  is  a  double  ruling  of  A  BCD  with  arcs 
hx,  hn,  •  ■  ■  ,  hn  parallel  to  BA  and  arcs  Vx,  Vi,  ■  ■  ■  ,Vm  parallel  to  BC  such  that 
(1)  for  each  i  {j\  (i^n,  j^m)  the  end  points  of  hi[vj]  have  the  same  rational 
y-coordinate  [x-coordinate],  (2)  for  every  i  and]  ii^n,j^m)  the  point  common 
to  hi  and  Vj  is  rational,  and  (3)  the  rational  points  are  everywhere  dense  on  hi 
and  on  Vj  (i^n,  j^m).  Then  there  exists  a  continuous  transformation  T 
throwing  A  BCD  plus  its  interior  into  itself  and  such  that  (1)  T  reduces  to  the 
identity  transformation  on  the  rectangle  ABCD,  (2)  T{P)  is  not  rational  for 
any  point  P  of  M,  and  (3)  for  every  i[j]  {i^n,j^m)  the  arc  T{hi)  [T(v,)]  is 
an  interval  of  some  horizontal  [vertical]  rational  line. 

*  Mathematische  Annalen,  vol.  68  (1910),  p.  159.  See  also  Urysohn,  loc.  cit.,  p.  83. 

t  Beitrdige  ztir  Theorie  der  Punklmengen,  Mathematische  .\nnalen,  vol.  62  (1906),  pp.  286-328. 
See  also  J.  R.  KUne,  A  new  proof  of  a  theorem  due  to  Schoenflies,  Proceedings  of  the  National  Academy 
of  Sciences,  vol.  6  (1920),  pp.  529-531. 
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Theorem  II.  If  M  is  the  sum  of  a  countable  number  of  closed  point  sets 
containing  710  domain  and  lying  in  a  euclidean  plane  S,  then  there  exists  a 
continuous  transformation  T  of  S  into  itself  such  that  if  L  denotes  any  straight 
line  of  S  the  point  set  L  ■  T{M)  is  either  totally  disconnected  or  vacuous,  and  no 
point  of  T{M)  is  rational. 

I  will  assume  that  M  contains  no  rational  point.  In  view  of  Theorem  I 
this  is  no  essential  restriction.  Let  ^,  B,  C,  D  and  E  be  points  with  coordinates 


Fig.  1 

(0,1),  (1,1),  (1,0),  (0,0)  and  (1/2,  1/2)  respectively,  and  let  R  denote  the 
interior  of  the  square  A  BCD.  Suppose  M  =  Mi+M2+M3+  •  ■  ■  ,  where  for 
every  n  the  set  M„  is  closed.  There  exist  five  circles  with  centers  A,  B,  C,  D 
and  E  respectively,  such  that  their  interiors  I  a,  Ib,  Ic,  Id  and  Is  are  mutually 
exclusive,  and  no  one  of  them  contains  a  point  of  the  closed  set  Mi. 

There  exists  a  double  ruling  ai  (see  Fig.  1)  of  R  consisting  of  four  arcs 


fti 
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hi,  ■  ■  ■  ,  hi  parallel  to  AB  and  four  arcs  Vi,  •  ■  ■  ,Vi  parallel  to  BC  such  that 
(1)  the  end  points  of  the  arcs  hi,  ■  ■  •  ,  h^,  Vi,  ■  •  ■  ,  Vt  divide  each  side  of  the 
square  ABCD  into  five  equal  parts,  (2)  for  each  f(j^4)  the  arc  hi  contains 
three  points,  a-,-,  y,-  and  z„  in  the  order  xiViZi  from  AD  to  BC  which  be- 
long to  the  domains  Id,  Ie,  and  Ic  respectively,  for  j  =  1,  2,  and  to  the  domains 
I  A,  Ie,  and  Is  respectively  for  j  =  3,4,  (3)  the  points  Xi,  X2,  xz,  Xt,  Zi,  Zj,  Z3,  Z4 
are  the  points  hi-Vi,  h^-Vi,  hs-v^,  h^-Vi,  hi-v^,  h2-V3,  h^-Vi,  hi-Vt,  respectively, 
(4)  for  each  i  (?^4)  Vi  contains  a  point  of  Ie  between  the  arcs  hi  and  ha, 
and  (5)  for  each  i  the  rational  points  are  dense  on  hi  and  on  Vi  and  every 
point  hi-Vj  (i^4,  yg4)  is  rational.    Since  M  does  not  contain  any  rational 


Fig.  2 


point  it  is  easily  seen  that  the  hypotheses  of  Lemma  I  are  satisfied  by 
M  and  the  double  ruling  ai.  Let  Ti  denote  a  transformation  satisfying 
the  conclusion  of  Lemma  I.  It  is  easily  seen  that  every  straight  line  which 
contains  two  points  of  the  square  ABCD  contains  a  point  not  belonging  to 
rx(Mi).   (See  Fig.  2.) 

Let  ti  be  the  set  of  all  arcs  k  such  that  k  =  Ti{g),  where  g  is  an  arc  of  the 
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double  ruling  ai.  Obviously  /i  is  a  double  ruling  of  R,  the  arcs  of  which  are 
horizontal  and  vertical  rational  intervals.  There  exists  a  positive  number 
ei(€i<l/2)  such  that  if  P  and  Q  are  points  of  R  and  5(P,  Q)t^l/2,  then 
8[Ti{P),  Ti{Q)]>ei.  Let  Pi,  P2,  P3,  ■■  ■  denote  the  rational  points  on  the 
arcs  AB  and  BC.  Let  /3i  denote  a  double  ruling  of  R  consisting  of  a  finite 
set  of  rational  horizontal  and  vertical  intervals  such  that  (1)  /3i  contains  an 
interval  through  the  point  Pi,  and  contains  J  ti  and  (2)  every  component! 
of  R  minus  the  sum  of  the  arcs  of  the  ruling  ^i  is  of  diameter  less  than  €1. 

Let  Fi  denote  the  collection  of  all  components  of  R  minus  the  sum 
of  the  arcs  of  the  ruling  /3i  and  let  G  denote  any  element  of  Fi.  The  domain 
G  is  the  interior  of  a  rectangle  AgBgCgDg,  where  AgBo  is  an  interval  of  a 
horizontal  rational  line,  and  all  of  the  points  A  g,  Bg,  Cg,  and  Dg  are  rational. 
Let  Eg  denote  the  center  of  the  rectangle  and  let  Iag,  Ibq,  Icg,  I dg^  and  I eg 
be  mutually  exclusive  circular  domains  which  contain  no  point  of  the  closed 
set  Ti{Mi+M-^  and  whose  centers  are  the  points  Ag,  Bg,  Cg,  Dg,  and  Eg- 
Clearly  there  exists  a  double  ruling  a2^  of  G  having  with  respect  to  G, 
TiiMi+M^),  Ti{M)  and  the  above  mentioned  circular  domains  the  same 
properties  which  the  double  ruling  ai  has  with  respect  to  R,  Mi,  M  and  the 
domains  Ia,  I b,  Ic,  Id  and  Is-  Let  Ni  be  the  sum  of  all  arcs  k  where  k  be- 
longs to  some  double  ruling  a2g  for  some  domain  G  of  Fi.  The  point  set 
Ni  is  the  sum  of  a  finite  number  of  arcs  which  constitute  a  double  ruling  71 
of  R.  Let  a2  be  the  double  ruling  consisting  of  all  arcs  of  the  rulings  /3i  and 
7i.  Since  Ti{M)  contains  no  rational  point  the  hypotheses  of  Lemma  I  are 
satisfied  by  Tx{M)  and  the  double  ruling  a^.  There  exists  a  transformation  T^ 
satisfying  the  conclusion  of  Lemma  I  and  reducing  to  the  identity  trans- 
formation on  the  square  ABCD  and  on  the  arcs  of  the  ruling  /Si.  Let  h  denote 
the  double  ruling  consisting  of  all  arcs  k  such  that  k  =  T^ig),  where  g  is  an  arc 
of  the  ruling  at. 

Let  r  denote  an  interval  of  length  2€i  which  is  a  subset  of  R.  Clearly  if  r 
is  a  subset  of  some  arc  of  the  ruling  (3i  then  it  contains  a  point  not  belonging 
to  T2Ti{Mi+M2)-  If  r  is  not  a  subarc  of  any  arc  of  /3i  then  there  exists  a  rec- 
tangle which  is  a  subset  of  the  sum  of  the  arcs  of  /3i  and  which  contains 
exactly  two  points  of  r.  With  the  assistance  of  Fig.  2  it  can  readily  be  seen 
that  r  contains  a  point  not  belonging  to  the  set  T2Ti{Mi  +  M2).  Hence  if  T 
is  any  continuous  transformation  of  R  into  itself  such  that  T{P)  =P  for  every 
point  P  on  ABCD  or  on  some  arc  of  the  ruling  /o,  then  every  interval  in  R 


t  If  /"  and  Q  are  points,  SiP,  Q)  will  denote  the  distance  from  P  to  Q. 

t  A  double  ruling  0  is  said  to  contain  a  double  ruling  t  if  ever>'  arc  of  /  is  an  arc  of  0. 

§  By  a  component  of  a  point  set  G  is  meant  a  ma.ximal  connected  subset  of  G. 
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which  is  of  length  greater  than  or  equal  to  2€i  contains  a  point  not  belonging 
to  the  set  TTiTiiMi+M^).  There  exists  a  positive  number  €2  (e2<l/3) 
such  that  if  S{U,  F)  ^  1/3  and  U  and  V  belong  to  R,  then  5[TiTiiU), 
T2Ti{V)]>€2-  Let  ^2  denote  a  double  ruling  of  R  consisting  of  rational  hori- 
zontal and  vertical  intervals  such  that  (1)  some  interval  of  ft  contains  P2  (the 
second  rational  point  on  ABCD),  (2)  (Si  contains  1-2,  (3)  every  component  of  R 
minus  the  sum  of  the  arcs  of  the  ruling  02  is  of  diameter  less  than  €2. 

Let  F2  denote  the  collection  of  all  components  of  R  minus  the  sum  of 
the  arcs  of  the  ruling  P2  and  let  G  denote  any  element  of  F2.  The  domain  G  is 
the  interior  of  a  rectangle  composed  of  subsets  of  rational  lines.  There 
exists  a  double  ruling  asg  of  G  having  with  respect  to  G,  T2Ti{Mi+M2+M3) 
and  T2Ti{M)  the  properties  which  the  double  ruUng  ai  has  with  respect  to 
R,  Ml  and  M.  Let  iV2  be  the  sum  of  all  arcs  k,  where  k  belongs  to  some 
double  ruling  aj^  for  some  domain  G  of  F2.  The  point  set  iV2  is  the  sum  of  a 
finite  number  of  arcs  which  constitute  a  double  ruling  72  of  R.  Let  0:3  be  the 
double  ruling  consisting  of  all  arcs  of  the  rulings  02  and  72-  Since  TiTi^M) 
contains  no  rational  point  the  hypotheses  of  Lemma  I  are  satisfied  by 
T2Ti{M)  and  the  double  ruling  a^.  Hence  there  exists  a  transformation  Ti 
satisfying  the  conclusion  of  Lemma  I  and  reducing  to  the  identity  trans- 
formation on  ABCD  and  on  the  arcs  of  the  double  ruling  02-  Let  h  denote 
the  double  ruling  consisting  of  all  arcs  k  such  that  k  =  Tz{g),  where  g  is  an 
arc  of  the  ruling  0:3.  Each  component  of  R  minus  the  sum  of  the  arcs  of  the 
ruling  02  is  of  diameter  less  than  t2.  Hence  it  follows  that  if  T  is  a  continuous 
transformation  of  R  into  itself  which  reduces  to  the  identity  transformation 
on  ABCD  and  on  every  arc  of  the  ruling  ts  then  every  interval  which  is  a 
subset  of  R  and  is  of  diameter  greater  than  or  equal  to  2e2  contains  a  point 
not  belonging  to  the  set  TTsTiTiiMi+Mi+Ms). 

Proceeding  in  this  way  one  can  see  that  there  exists  a  countable  infinity 
of  double  rulings  ti,  t2,  ■  ■  ■  ,  and  a  countable  infinity  of  continuous  trans- 
formations Ti,  T2,  T3,  ■  ■■  oi  R  into  itself  such  that  for  every  positive  integer 
n  the  following  properties  obtain:  (1)  <„+i  contains  <„,  (2)  /„  is  composed  of 
horizontal  and  vertical  rational  intervals  and  every  component  of  R  minus 
the  sum  of  the  arcs  of  the  ruling  /„+i  is  of  diameter  less  than  1/w,  (3)  if  t/"* 
denotes  the  point  T ^T m-i  ■  ■  ■  Ti{U)  and  U  and  V  are  points  of  R  such  that 
8{U,  V)'^\/n,  then  for  every  integer  vi{ni>n)  the  points  U"'  and  F""  are 
separated  in  R  by  some  arc  of  the  ruling  t„,  and,  for  every  n,  5((7"+S  f/"+*) 
<2/n  {k  =  l,  2,  ■  ■  •  ),  (4)  the  transformation  T„+i  reduces  to  the  identity 
transformation  on  ABCD  and  on  all  arcs  of  the  ruling  /„,  (5)  some  arc  of 
/„  contains  P„  (the  nth  rational  point  on  ABCD),  (6)  no  point  belonging  to 
two  arcs  of  /„  belongs  to  the  set  r„r„_i  •  ■  •  Ti{M),  and  (7)  if  T  is  any  con- 
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tinuous  transformation  of  R  into  itself  which  reduces  to  the  identity  trans- 
formation on  A  BCD  and  on  the  arcs  of  the  ruling  tn+i  then  every  interval 
which  is  a  subset  of  R  and  is  of  length  greater  than  or  equal  to  2/n  contains 
a  point  not  belonging  to  the  set  rr„+ir„  •  ■  •  Ti{Mi+M2+  •  ■  ■  +M„+i). 

From  property  (3)  it  clearly  follows  that  for  every  point  U  oi  R  the  se- 
quence U,  U^,  U^,  ■  ■  ■  has  a  sequential  limit  point.  Let  T  be  the  transfor- 
formation  which  carries  U  into  this  sequential  limit  point.  In  particular,  if 
for  some  integer  n  the  point  U"  belongs  to  some  arc  of  t„  or  to  A  BCD,  then 
Un^ljn+k  {k  =  \,2,  ■  ■  ■)  and  T{U)  is  merely  U".  I  shall  now  show  that  T 
is  a  continuous  one-to-one  transformation  of  R  into  itself  which  satisfies 
the  conclusion  of  Theorem  II  with  respect  to  R. 

First,  r  is  a  one-to-one  transformation  of  R  into  itself  which  reduces  to 
the  identity  transformation  on  A  BCD.  Let  U  and  V  denote  distinct  points 
of  ^.  We  see  at  once  from  property  (3)  that  there  exist  two  mutually 
exclusive  intervals  gi  and  go  which  belong  to  some  double  ruling  /„  and  each 
of  which  separates  U'"  from  F"  in  R  for  every  integer  m{m>n).  Then  the 
sequences  £/',  U^,  C/',  •  •  •  and  F^  V^,  V,  ■  ■  •  have  distinct  sequential 
limit  points.  Hence  for  each  point  X  oi  R  there  is  not  more  than  one  point 
Ux  such  that  X  =  T{Ux)-  That  for  each  X  there  is  at  least  one  point  Ux 
follows  from  properties  (2)  and  (3). 

Second,  the  transformation  T  is  continuous.  Let  U  he  a.  point  not  be- 
longing to  a  point  set  W.  If  U  is  not  a  limit  point  of  W  then  there  exists  an 
integer  m  such  that  any  point  of  T„Tn-i  •  •  •  Ti{W)  is  separated  from  T{U) 
by  some  arc  of  the  ruling  i„  for  every  n  {n>m).  Hence  T{U)  is  not  a  limit 
point  of  T{W).  If  however  U  is  a,  limit  point  of  the  set  W  then  for  every  e 
there  is  a  point  F,  of  W  and  an  integer  w,  such  that  8{U"',  F,"*)  <  e  for  every 
integer  m  greater  than  «<.  Hence  T{U)  is  a  limit  point  of  T(W). 

It  follows  from  properties  (2),  (5)  and  (6)  that  if  f/  is  a  point  such  that 
T(U)  is  rational,  then  U  does  not  belong  to  M. 

Let  L  denote  any  interval  which  is  a  subset  of  R,  and  suppose  that 
L  ■  T{M)  contains  a  nondegeneratef  connected  set.  Since  no  continuum  is 
the  sum  of  a  countable  number  of  totally  disconnected  closed  sets  it  follows 
that  there  exists  an  integer  n  such  that  L  contains  a  nondegenerate  con- 
nected subset  of  T{Mn).  Let  r  denote  some  interval  which  is  a  subset  of 
L-T{M„)  and  let  e  be  its  length.  Let  «i  be  an  integer  such  that  2/wi<e 
and  Wi>w.  Now  the  transformation  T  reduces  to  the  transformation 
r„,+ir„,  •  •  •  Ti  on  ABCD  and  on  every  arc  of  /„,  (property  4).   Hence  if  T* 


t  A  point  set  containing  but  a  single  point  is  said  to  be  degenerate. 


fl 
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denotes  the  transformation  such  that  T{U)  =  T*T„^+iT„^  •  ■  ■  T^{U)  then  T* 
reduces  to  the  identity  transformation  on  A  BCD  and  on  every  arc  of  /„,. 
Hence  by  property  (7)  the  interval  r  contains  a  point  not  belonging  to 
the  set  r*r„,+ir„,  •  ■  ■  Ti(Mi+  ■  ■  •  +M„,+i).  But  this  set  is  exactly 
T{Mi+  •  •  ■  +lf„,+i).  Hence  we  have  a  contradiction  which  means  that  no 
interval  which  is  a  subset  of  R  contains  a  nondegenerate  connected  subset 
of  T{M). 

I  have  now  shown  that  T  is  a  continuous  one-to-one  transformation  of  R 
into  itself  such  that  if  L  is  any  straight  line  then  the  point  set  L  ■  T{M)  •  R  is 
either  vacuous  or  totally  disconnected,  and  no  point  which  beongs  to  T{M) 
is  rational.  Hence  T  satisfies  the  conclusion  of  Theorem  II  with  respect  to  the 
rectangle  A  BCD  plus  its  interior.  The  extension  to  the  whole  plane  is  obvious. 

Part  II 

In  his  paperf  GrundzUge  einer  Theorie  der  Kurven,  Karl  Menger  proves 
that  if  If  is  a  bounded  continuum  containing  no  domain  then  a  necessary  and 
sufficientf  condition  that  M  be  a  continuous  curve  [regular  curve§]  is  that, 
for  each  positive  number  e,  M  is  the  sum  of  a  finite  number  of  continua  all  of 
diameter  less  than  e,  such  that  the  common  part  of  any  two  of  these  continua 
is  vacuous  or  totally  disconnected  [finite].  The  necessity  of  this  condition 
follows  from  Theorem  III  for  the  case  where  Af  is  a  continuous  curve,  and 
from  Theorem  VI  for  the  case  where  M  is  a  regular  curve. 

Theorem  III.  //  M  is  any  continuous  curve  which  contains  no  domain 
then  there  exists  a  continuous  transformation  T  of  the  plane  S  into  itself  such 
that  (1)  no  straight  line  contains  a  nondegenerate  connected  subset  of  T{M)  and 
no  point  of  T{M)  is  rational,  and  (2)  if  R  is  the  interior  of  a  rectangle  composed 
of  intervals  of  lines  with  equations  of  the  form  x  =  r  and  y  =  r,  where  r  is  a  rational 
number,  then  the  point  set  R  ■  T{M)  is  the  sum  of  a  finite  number  of  connected 
sets  and  every  point  of  M  on  the  boundary  of  R  is  a  limit  point  of  R  ■  T{M) . 

To  help  establish  Theorem  III  I  will  first  prove  the  following  lemma. 


t  Mathematische  Aimalen,  vol.  95  (1925),  pp.  277-306. 

t  For  the  case  of  a  continuous  curve  the  sufficiency  of  the  given  condition  was  proved  by 
W.  Sierpinski,  Sur  une  condition  pour  qu'un  continu  soil  une  courbe  jordanienne,  Fundamenta  Mathe- 
maticae,  vol.  1  (1920),  pp.  44-60. 

§  A  continuum  M  is  said  to  be  a  regular  curve  if  for  each  point  P  of  M  and  each  positive  number  e 
there  exists  a  domain  of  diameter  less  than  «  which  contains  P  and  whose  boundary  contains  only  a 
finite  number  of  points  of  M.  See  K.  Menger,  loc.  cit. 
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Lemma  II.  //  AI  is  a  continuous  curve  containing  no  domain  and  J  is  a 
simple  closed  curve  EKFGLHE  such  that  the  arcs  EKF  and  GLH  of  J  contain 
no  point  of  M,  then  there  exists  a  simple  continuous  arc  KL  lying,  except  for 
K  and  L,  within  J,  and  such  that  (1)  the  arc  KL  contains  no  nondegenerate  con- 
nected subset  of  M,  (2)  every  point  of  M  on  the  arc  KL  is  a  limit  point  of  M 
from  both  sides]  of  KL,  and  (3)  the  point  set  M  —  M  KL  is  the  sum  of  a  finite 
number  of  connected  sets. 

Proof  of  Lemma  II.  Let  /  denote  the  interior  of  J  and  let  N  be  the  point 
set  M  I+EH+FG.  If  N  is  not  connected  there  exists  an  arc  KL  which 
contains  no  point  of  M.  I  will  therefore  suppose  that  N  is  connected.  Then 
iV  is  a  continuous  curve.  The  set  of  junctionj  points  of  M  is  countable. J 
With  the  help  of  this  fact  and  Theorem  I  it  is  easily  seen  that  there  exists  an 
arc  KZL  which  except  for  K  and  L  is  within  /  and  which  contains  no  junction 
point  of  M  and  no  nondegenerate  connected  subset  of  M.  Let  Sb  and  Sf 
denote  the  components  of  N  —  N  KZL  containing  E  and  F  respectively. 
Let  Se*  denote  the  component  of  N  —  Sf  which  contains  E.  Let  Sf*  denote 
N-Se*. 

Since  iV  is  a  continuous  curve,  Se*  and  Sf*  are  mutually  separated  sets. 
The  common  part  of  the  two  sets  Se*  and  Sf*  is  a  subset  of  NKL  and  is 
therefore  totally  disconnected.  Now  Se*  is  connected,  by  definition.  I  will 
show  that  Sf*  is  also  connected. 

Suppose  that  ()  is  a  point  of  Sf  and  P  is  any  point  of  S*  —St*  Sf-  There 
exists!  in  A'^  a  simple  continuous  arc  PQ.  Let  Pi  be  the  first  point  on  this  arc 
from  P  to  Q  which  belongs  to  the  set  Sit+SF-  The  point  Pi  belongs  to  Sf, 
for  otherwise  the  subarc  PPi  of  PQ  belongs  to  Se',  which  is  contrary  to  the 
supposition  that  Pis  in  5/.  IfPiisnot  in  5s*  then  it  is  in  Sf  and  the  arc  PPi 
is  connected  to  Q  by  an  arc  in  Sf*- 

Suppose  then  that  Pi  belongs  to  both  of  the  sets  Se*  and  Sf-  Then  Pi  is  a 


t  If  M  is  a  point  set  and  P  is  an  interior  point  of  an  arc  AB  then  P  is  said  to  be  a  limit  point  of 
M  from  both  sides  of  AB  if  there  exists  a  simple  closed  curve  /  containing  AB  such  that,  Ij  denoting 
the  interior  of  J,  Pisa,  limit  point  of  M  ■  Ij  and  of  M  ■  (S—Ij)- 

t  Cf.  R.  L.  Moore,  Concerning  triads  in  the  plane  and  the  junction  points  of  plane  continua. 
Proceedings  of  the  National  Academy  of  Sciences,  vol.  14  (1928).  If  P  is  a  point  of  a  continuous  curve 
N,  and  A'  is  a  domain  containing  P  such  that  P  is  a  cut  point  of  the  component  oi  N  ■  K  which  con- 
tains P,  and  furthermore  there  e.xist  three  arcs  PAt,  PAi,  and  PAs  which  lie  in  N  and  have  only 
the  point  P  in  common,  then  P  is  said  to  be  a.  junction  point  of  A'^.  The  continuum  PAi+PAi+PAa 
is  called  a  triad  and  the  point  P  is  its  emanation  point. 

§  R.  L.  Moore,  A  theorem  concerning  continuotis  curves,  Bulletin  of  the  American  Mathematical 
Society,  vol.  23  (1917),  pp.  233-236.  See  also  Mazurkiewicz,  Sur  les  lignes  de  Jordan,  Fundamenta 
Mathematicae,  vol.  1  (1920),  pp.  166-209,  and  H.  Tietze,  Ueber  stetige Kurven,Jordansche  Kurven- 
bogen,  und  geschlossene  Jordansche  Kurven,  Mathematische  Zeitschrift,  vol.  5  (1919),  pp.  284-291. 
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limit  point  of  each  of  the  mutually  separated  connected  sets  Se*  and  Sp. 
Thereforef  there  exists  an  arc  RiPi  in  Se*+Pi,  and  an  arc  TiPi  in  Sp+Pi, 
where  Ri  and  Ti  are  on  the  arcs  EH  and  FG,  respectively.  (See  Fig.  3.) 
Since  the  point  Pi  is  an  emanation  point  of  the  triod  of  A^  composed  of  the 
three  arcs  i?iPi,  PPi,  and  TiPi,  and  is  not  a  junction  point  of  M,  it  is  not  a 


Fig.  3 

cut  point  of  N.  Therefore  there  exists  an  arc  from  P  to  Q  which  does  not 
contain  the  point  Pi.  Let  Po  denote  the  first  point  of  this  arc  in  the  order 
from  P  to  Q  which  belongs  to  the  set  S*+Sf-  Then  as  before  either  P  and  Q 
can  be  connected  by  an  arc  in  Sf*  or  P2  belongs  to  both  Se*  and  Sf-  Suppose 
the  latter  is  true.  Then  Po  does  not  belong  to  any  of  the  arcs  PPi,  RiPi  or 
TiPu  In  Sp+Pi  there  exists  an  arc  P^Ti,  where  T2  is  either  on  the  arc  FG 
or  on  the  arc  PiTi  and  no  other  point  of  the  arc  P2T2  belongs  to  either  FG 
or  PiTi.  In  5/+P2  there  exists  an  arc  P2R2,  where  R^  is  on  EH  or  on  RiPi, 
and  no  other  point  of  P2R2  is  on  EH  or  RiPi.  Suppose  for  definiteness  that 
T2  and  i?2  are  on  the  arcs  FG  and  EH,  respectively.   Let  X  and  Y  be  points 


t  See  R.  L.  Wilder,  Concerning  conlimious  curves,  Fundamenta  Malhematicae,  vol.  7  (1925), 
pp.  340-377. 
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on  FG  and  EH  between  Ti  and  Tt,  and  R\  and  Ri,  respectively.  Then  the 
simple  closed  curve  h  {h  =  TiXT'!PiRiYRiPiT^  encloses  the  segments  PPi 
and  PPt-  Let  i?  be  a  domain  which  contains  the  arc  PP\  but  does  not  contain 
the  point  P2.  The  component  oi  N-R  which  contains  Pi  contains  subarcs  of 
PPi,  RiPi,  and  TiPi.  Since  Pi  is  not  a  junction  point  of  N  it  is  not  a  cut 
point  of  this  component.  Hence  there  exists  within  R-{N—Pi)  a  simple 
continuous  arc  PW,  where  W  belongs  to  one  of  the  segments  RiPi  and  TiPi. 
Let  P3  be  the  first  point  in  the  order  from  P  to  W  which  the  arc  PW  has  in 
common  with  the  set  Se*+Sf-  Assume  that  P3  belongs  to  both  Se*  and  Sf- 
Clearly  P3  is  within  the  simple  closed  curve  /;.  There  exists  a  segment  of  an 
arc  within  h  with  Pi  and  P2  as  end  points  which  contains  no  point  of  Sb*+Sp. 
This  segment  P1P2  divides  the  interior  of  h  into  two  connected  domains,  one 
of  which  contains  Pa.  Now  there  exist  arcs  from  P3  to  Ti  and  from  P3  to  Ri 
which  lie  in  the  sets  Sf+Ps  and  Sb*+P3,  respectively.  Since  the  simple 
closed  curve  PiRiYRiPoPi  contains  no  point  of  Sp+P},  and  the  simple 
closed  curve  PiTiXTiP^Pi  contains  no  point  of  Sb*+P3  it  is  clear  that  we 
have  reached  a  contradiction.  Hence  every  point  P  of  Sf*—Sp*Sf  lies  in 
the  component  of  Sp*  which  contains  Sp,  which  means  that  Sp*  is  connected. 

We  now  have  N  =  Se*+Sp*  where  Se*  and  Sp*  are  connected  and  have  no 
point  in  common,  and  Se*Sp*  is  totally  disconnected.  Let  Xe  and  Xp  be 
the  two  continua  obtained  by  adding  to  Se*  and  Sp*,  respectively,  all  of  their 
bounded  complementary  domains.  Now  no  point  is  in  a  bounded  comple- 
mentary domain  of  both  Se*  and  Sp*.  Therefore  the  point  set  XeXp  is  the 
same  as  the  set  Se*-Sf*.  Call  this  set  T.  Then  Xe  —  T  is  connected,  and 
neither  Xe  nor  Xp  separates  the  plane.  As  a  result  of  a  theorem  of  R.  L. 
Mooref  it  follows  that  there  exists  a  simple  closed  curve  k  enclosing  Xe  —  T, 
containing  T,  and  not  containing  or  enclosing  any  point  of  Xp  —  T.  Clearly  k 
contains  an  arc  whose  end  points  lie  on  the  segments  EF  and  GH,  respectively, 
but  which  otherwise  lies  within  /.  This  arc  can  be  modified  so  as  to  have 
K  and  L  for  end  points  and  retain  the  property  of  separating  Xe  —  T  and 
Xp  —  T  as  above. J  I  will  show  that  this  arc  satisfies  the  conclusion  of 
Lemma  II. 

(1)  Clearly  the  arc  KL  contains  no  nondegenerate  connected  subset  of 
M,  for  it  contains  no  point  of  M  not  belonging  to  the  totally  disconnected 
set  T.  (2)  Every  point  of  M  on  the  arc  KL  is  a  limit  point  of  each  of  the 
sets  Sit  and  Sp*  and  is  therefore  a  limit  point  of  M  from  both  sides  of  KL. 

t  Concerning  the  separation  of  point  sets  by  curves,  Proceedings  of  the  National  Academy  of 
Sciences,  vol.  11  (1925),  pp.  469-476. 

t  This  follows  readily  from  the  fact  that  the  segments  EKF  and  GLH  do  not  contain  any  point 
ofiV. 
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(3)  Every  component  oi  M  —  M  ■  KL  contains  a  point  either  on  the  arc  EH  or 
on  the  arc  FG  because  of  the  fact  that  (M  —  T)  +EH+FG  is  the  sum  of  two 
or  less  connected  sets.  Since  not  infinitely  many  components  of  M  —  T  have 
a  point  on  EH  or  FG  and  also  have  a  limit  point  on  KL  it  follows  that  only  a 
finite  number  of  such  components  can  have  a  limit  point  on  KL.  But  every 
component  oi  M  —  T  has  a  limit  point  on  KL.  Hence  the  number  of  such 
components  is  finite.   This  completes  the  proof  of  Lemma  II. 

Proof  of  Theorom  III.  As  in  Theorem  II  there  is  no  loss  of  generality  in 
assuming  that  no  point  with  both  coordinates  rational  belongs  to  M.  Clearly 
the  plane  S  can  be  regarded  as  the  sum  of  a  countable  infinity  of  rectangles 
plus  their  interiors,  the  rectangles  being  subsets  of  irrational  horizontal  and 
vertical  lines.  Let  Ri,  R2,  Rs,  ■  ■  denote  the  mutually  exclusive  interiors 
of  such  a  set  of  rectangles. 

If  e  is  any  positive  number  and  if  we  have  any  finite  double  ruling  a  of 
Ri  {i  being  any  positive  integer)  such  that  no  arc  of  a  contains  a  nondegener- 
ate  connected  subset  of  M,  then  we  can  obtain  a  finite  double  ruling  p  which 
contains  the  arcs  of  a  and  is  such  that  every  component  of  Ri  minus  the  sum 
of  the  arcs  of  /3  is  of  diameter  less  than  e,  and  every  arc  of  /3  which  does  not 
belong  to  a  has  properties  (1),  (2),  and  (3)  of  Lemma  II,  and  such  that  no 
point  common  to  two  such  arcs  belongs  to  M.  Now  the  arcs  of  the  double 
ruling  /3„  defined  in  the  proof  of  Theorem  II  were  taken  to  be  rational  lines 
so  that  no  nondegenerate  connected  subset  of  r„r„_i  ■  ■  ■  Ti  (M)  would  be 
a  subset  of  an  arc  of  /3„.  In  view  of  Theorem  II,  however,  it  can  be  seen  that 
transformations  Tu  T2,  T3,  ■  ■  can  now  be  chosen  so  that  no  nondegenerate 
connected  subset  of  r„r„_i  ■  ■  ■  Ti  {M)  is  a  subset  of  any  straight  line. 
Hence  some  of  the  arcs  of  the  rulings  i3„  can  be  taken  as  irrational  horizontal 
and  vertical  intervals.  By  obvious  modification  of  the  argument  given  in 
the  proof  of  Theorem  II  it  can  be  seen  that  there  exists  a  countable  in- 
finity of  double  rulings  ti,  t^,  tz,  ■  ■  ■  of  Ri,  and  a  countable  infinity  of  con- 
tinuous transformations  Ti,  T2,  T3,  ■  ■  ■  of  Ri  into  itself  which,  except  for 
(6)  and  a  modification  of  (2)  to  allow  /„  to  contain  intervals  of  irrational 
horizontal  and  vertical  lines,  have  properties  (l)-(7)  as  stated  in  the  proof 
of  Theorem  II,  and  the  additional  property  that  the  double  ruling  t„  contains 
a  double  ruling  r„  every  arc  of  which  has  properties  (1),  (2),  and  (3)  of  Lemma 
II  and  P„  (the  «th  rational  point  on  the  boundary  of  R,)  is  an  end  point  of 
some  arc  of  the  ruling  r„.  Let  Wi  be  the  transformation  corresponding  to 
the  transformation  T  as  defined  in  the  proof  of  Theorem  II.  Let  T  be  the 
transformation  of  the  plane  S  into  itself  which  for  every  i  reduces  to  Wi 
over  Ri. 

Clearly  then  no  straight  line  contains  a  nondegenerate  connected  sub- 
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set  of  T{M),  and  no  point  of  T{M)  is  rational.  Tiie  second  conclusion  of 
Theorem  III  follows  readily  from  the  fact  that  every  rational  horizontal 
and  vertical  interval  with  rational  end  points  has  properties  (1),  (2),  and 
(3)  of  Lemma  II  with  respect  to  the  continuous  curve  T(M).  Hence  Theorem 
III  is  established. 

The  following  is  an  example  of  a  regular  curve  which  contains  an  uncount- 
able set  H  of  points  such  that  no  arc  containing  a  point  of  H  has  property 
(3)  of  Lemma  II.  It  therefore  follows  that  Theorem  III  would  be  false  if 
the  stipulation  that  the  boundary  of  R  is  composed  of  intervals  of  rational 
horizontal  and  vertical  lines  were  omitted,  or  if  the  word  rational  were  re- 
placed by  the  word  irrational. 

Example  1.  (See  Fig.  4.)  Let  H  denote  a  nondense  perfect  point  set 
on  the  interval  O^x^l,  and  let  K  denote  any  acyclicf  continuous  curve 
such  that  H  is  the  set  of  end  pointsf  of  A'.    Let  d,  G2,  G3,  ■  ■  ■    denote  a 


Fig.  4 


t  A  continuous  curve  is  said  to  he  acyclic  if  it  contains  no  simple  closed  curve.  See  H.  M.  Geh- 
man,  Concerning  acyclic  continuous  curves,  tiiese  Transactions,  vol.  29  (1927),  pp.  553-568.  .\n  end 
point  of  an  acyclic  continuous  curve  is  a  point  which  is  not  an  interior  point  of  any  arc  of  that  curve. 
See  R.  L.  Wilder,  loc.  cit.,  or  H.  M.  Gehman,  loc.  cit. 


t 
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contracting  sequence t  of  mutually  exclusive  simple  closed  curves  such  that 
every  point  of  H  is  enclosed  by  infinitely  many  curves  of  the  sequence 
Gi,  G2,  G3,  ■  ■  •  ,  and  for  every  n  the  curve  Gn  has  just  one  point  in  common 
with  K,  and  this  point  does  not  belong  to  H.  Let  M  be  the  continuous 
curve  K+G1+G2+G3+  ■  ■  •  .  Let  P  denote  a  point  of  K  —  H.  Then 
if  Q  is  any  point  of  H  there  is  one  and  only  one  arc  FQ  from  P  to  Q  in  M. 
Let  /  denote  a  simple  closed  curve  containing  Q  but  not  containing  a  non- 
degenerate  connected  subset  of  M.  Either  (1)  PQ—PQJ  is  the  sum  of 
infinitely  many  maximal  connected  subsets,  in  which  case  M  —  MJ  is  not 
the  sum  of  a  finite  number  of  connected  sets,  or  (2)  there  exists  a  point 
X  on  the  arc  PQ  distinct  from  Q  such  that  the  arc  XQ  has  only  the  point 
Q  on  /.  Suppose  for  definiteness  that  A'  is  within  /.  There  exist  infinitely 
many  simple  closed  curves  of  M  enclosing  Q,  having  points  within  J  and 
points  without  J,  and  having  only  one  point  on  the  arc  XQ  of  PQ.  Since 
no  maximal  connected  subset  of  M  —  MJ  which  lies  in  the  exterior  of  / 
can  contain  a  point  of  the  arc  XQ  it  follows  that  the  number  of  components 
oi  M  —  M  J  is  infinite. 

In  his  paperj  Concerning  irreducible  cuttings  of  continua,  G.  T.  Whyburn 
raises  the  question  as  to  whether  or  not  every  open§  subset  of  a  plane 
continuous  curve  M  contains  an  irreducible  cutting  of  M.  This  question  is 
answered  by  the  following  theorem  which  is  an  application  of  Theorem  III. 

Theorem  IV.  Every  open  subset  of  a  plane  continuous  curve  M  contains 
an  irreducible  cutting  of  M. 

Let  G  denote  an  open  subset  of  a  continuous  curve  M.  Clearly  if  G  con- 
tains a  domain  then  it  contains  a  circle  which  is  an  irreducible  cutting  of  M. 
If  G  contains  no  domain  let  R  denote  the  interior  of  a  circle  such  that  R 
contains  a  point  of  G  but  R  does  not  contain  a  point  of  M  —  G.  Let  Mi 
denote  any  maximal  connected  subset  oiM  -iR.  which  contains  more  than  one 
point.  Then||  Mi  is  a  continuous  curve  which  contains  no  domain.  From 
Theorem  III  it  readily  follows  that  there  exists  a  simple  closed  curve  J 
which  encloses  some  point  of  Mi  but  does  not  contain  or  enclose  any  point 

t  K  fl  is  a  sequence  of  point  sets  and  for  each  positive  number  c  only  a  finite  number  of  point 
sets  of  the  set  H  are  of  diameter  greater  than  e  then  H  is  said  to  be  a  contracting  sequence  of  point  sets. 
See  R.  L.  Moore,  Concerning  upper  semi-continuous  collections,  Monatshefte  fur  Mathematik  und 
Physik,  vol.  36  (1929),  pp.  81-88. 

%  Fundamenta  Mathematicae,  vol.  13,  pp.  42-57. 

§  An  open  subset  of  a  continuum  M  is  a  set  such  that  its  complement  with  respect  to  M  is  closed. 
An  irreducible  cutting  of  a  continuum  M  is  a  point  set  K  of  M  such  that  M  —  K  is  not  connected,  but 
such  that  if  G  is  any  proper  subset  of  A'  then  Af-G  is  connected.  See  G.  T.  Whyburn,  ibid. 

II  H.  M.  Gehman,  Concerning  the  subsets  of  a  plane  continuous  curve,  Annals  of  Mathematics, 
vol.  27,  p.  34. 
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of  M  —  Mi,  and  such  that  the  point  set  MJ  is  totally  disconnected  and 
separates  Mi  into  a  finite  number  (greater  than  1)  of  connected  sets.  Clearly 
then  MJ  has  the  same  properties  with  respect  to  M.  Thenf  the  set  M  J 
contains  a  subset  which  is  an  irreducible  cutting  of  M. 

Theorem  V.  A  necessary  and  sufficient  condition  that  a  continuum  M 
{not  the  whole  plane)  be  a  regular  curve  is  that  if  R  is  a  connected  domain  con- 
taining two  distinct  points  A  and  B  not  belonging  to  M  then  in  R  there  exists  a 
simple  continuous  arc  from  A  to  B  which  contains  only  a  finite  number  of  points 
of  M. 

The  condition  is  necessary'.  Suppose  M  is  a  regular  curve  and  i?  is  a 
connected  domain  containing  two  points  A  and  B  not  belonging  to  M. 
Let  AB  denote  any  simple  continuous  arc  from  yl  to  JB  which  lies  in  R, 
and  let  A'  and  B'  be  points  in  the  order  AA'B'B  such  that  no  point  of  M 
is  on  the  arc  A  A'  or  the  arc  BB'  of  AB.  Enclosing  each  point  of  the  arc 
A'B'  there  exists  a  simple  closed  curve  containing  only  a  finite  number  of 
points  of  M  and  not  containing  or  enclosing  ^  or  5  or  any  point  not  in  the 
domain  R.  There  exists  a  finite  set  of  such  curves  whose  interiors  cover  the 
arc  A'B' .  Call  the  curves  of  such  a  set  /i,  J2,  ■  ■  ■  ,  Jn-  If  B  denotes  the 
continuous  curve  AA'  +  BB'  +Ji-\-J2+  •  •  •  +/„  then  H  contains  only  a 
finite  number  of  points  of  M.  Let  AXB  denote  an  arc  from  A  to  B  which  is 
a  subset  of  H.  Obviously  this  arc  contains  only  a  finite  number  of  points  of  M. 

The  condition  is  sufficient.  Clearly  M  cannot  contain  a  domain.  Suppose 
P  is  any  point  of  M  and  e  is  any  positive  number.  Let  Ji  and  J2  denote  two 
circles  with  P  as  center  and  radii  e/2  and  e/3,  respectively.  Let  Pi  and  Pj 
denote  the  extremities  of  a  diameter  of  Ji.  Let  D  denote  the  domain  bounded 
by  /1+/2,  and  let  A  and  B  denote  two  points  not  belonging  to  M  and  lying 
in  D  on  different  sides  of  the  diameter  P1PP2.  Let  Di  and  D2  be  the  connected 
domains  D-D  PPi  and  D-DPP^,  respectively.  Let  AXiB  and  AX^B 
denote  arcs  lying  in  Di  and  D2,  respectively,  and  containing  only  a  finite 
number  of  points  of  M.  The  continuous  curve  AXiB-\-AX«B  contains  a 
simple  closed  curve  which  encloses  P,  contains  only  a  finite  number  of  points 
of  M,  and  is  of  diameter  less  than  e.  Hence  the  point  P  is  a  regular  point  and 
Af  is  a  regular  curve. 

Theorem  VL  //  M  is  a  regular  curve  {not  necessarily  bounded)  in  a 
euclidean  plane  S,  then  there  exists  a  continuous  transformation  T  of  S  into 
itself  such  that  (1)  no  straight  line  contains  a  nondegenerate  connected  subset 
of  T{M)  and  no  point  of  T{M)  is  rational,  and  (2)  each  rational  horizontal 
or  vertical  line  has  in  common  with  T{M)  a  point  set  which  has  no  limit  point. 

t  See  G.  T.  Whybum,  loc.  cit. 
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The  only  essential  difference  between  the  proof  of  this  theorem  and  that  of 
Theorem  III  is  that  here  we  require  that  the  arcs  of  the  double  ruling  r„ 
shall  have  only  a  finite  number  of  points  in  common  with  M,  instead  of  re- 
quiring that  they  have  properties  (1),  (2)  and  (3)  of  Lemma  II.  In  case  M 
is  a  bounded  regular  curve  the  second  conclusion  of  Theorem  VI  is  equivalent 
to  the  statement  that  no  rational  line  contains  more  than  a  finite  number  of 
points  of  M. 

It  follows  that  if  R  is  the  interior  of  a  rectangle  whose  sides  are  intervals 
of  rational  horizontal  and  vertical  lines,  then  the  point  set  T{M)-(R  —  R) 
contains  only  a  finite  number  of  points  of  M.  However  the  following  ex- 
ample shows  that  it  does  not  follow  that  the  set  R  •  T{M)  is  the  sum  of  a  finite 
number  of  connected  sets. 

Example  2.  (See  Fig.  5.)  For  each  pair  of  positive  integers  wand  ^(^^2") 
let  Ikn  denote  the  interval  with  end  points  [(^  — 1)/2",  0]  and  [k/l",  0],  and 
let  Cicn  denote  the  semicircle  above  the  x-axis  with  /*„  as  diameter.  Let  H 
denote  the  continuum  which  is  the  sum  of  the  interval  1(0^x^1)  and  all 
semicircles  /i„(^^2",  m  =  1,  2,  3,  •  •  •)•  Let  Pi,  P2,  Ps,  •  •  •  denote  the 
points  of  the  a;-axis  which  are  extremities  of  diameters  of  semicircles  belonging 


Fig.  5 

to  H,  and  for  each  n  let  ai„,  a2„,  aan,  ■  ■  •  denote  a  contracting  sequence  of 
arcs  all  of  diameter  less  than  l/n,  such  that  for  each  m  the  arc  a^n  contains  the 
point  P„  but  no  other  point  of  H  and  no  other  point  of  the  arc  a*„  (kp^m). 
Let  M  be  the  continuum  £r+Xr=i  X^r=iflin-  Then  if  is  a  regular  curve. 
Now  any  arc  which  lies  between  the  lines  x  =  0  and  x  =  1  and  has  a  point  above 
and  a  point  below  the  x-axis  either  contains  the  point  P„  for  some  integer  n 
or  it  contains  infinitely  many  points  of  M.  In  the  first  case  it  cuts  M  into 
infinitely  many  components. 

Theorem  VII.  //  every  point  of  a  bounded  regular  curve  M  in  a  euclidean 
plane  S  is  of  finite  order\  then  there  exists  a  continuous  transformation  T  of  S 
into  itself  such  that  (1)  no  straight  line  contains  a  nondegenerate  connected  subset 

t  If  i'  is  a  point  of  a  regular  curve  M  and  there  exists  an  integer  n  such  that  for  every  positive 
number  t  there  is  a  domain  of  diameter  less  than  e  which  contains  P  and  whose  boundary  has  not 
more  than  n  points  in  common  with  M  then  the  point  P  is  said  to  be  oi finite  order.  Cf.  K.  Menger, 
loc.  cit. 
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of  T(M)  and  no  point  of  T{M)  is  rational,  (2)  the  rational  lines  contain  only  a 
finite  number  of  points  of  T{M) ,  and  (3)  if  R  is  the  interior  of  a  rectangle  com- 
posed of  intervals  of  rational  lines,  then  R  ■  T{M)  is  the  sum  of  a  finite  number  of 
connected  sets. 

Let  r  be  a  transformation  satisfying  the  conclusion  of  Theorem  VI. 
Since  each  point  of  Af  on  a  rational  line  L  is  of  finite  order  it  is  not  a  limit 
point  of  infinitely  many  components  of  T{M)  —L.  In  view  of  this,  and  the 
additional  fact  that  the  set  of  points  of  M  on  any  rational  line  is  finite,  it  is 
clear  that  the  transformation  T  satisfies  the  conclusion  of  Theorem  VII. 

Theorem  VIII.  //  M  is  a  bounded  regular  curve  which  contains  only  a  finite 
number  of  simple  closed  curves  then  there  exists  a  transformation  T  satisfying  the 
conclusion  of  Theorem  VII. 

To  help  prove  Theorem  VIII  I  will  establish  the  following  lemma. 

Lemma  III.  If  M  is  a  bounded  regular  curve  which  contains  only  a  finite 
number  of  simple  closed  curves,  and  R  is  a  connected  domain  containing  two 
points  A  and  B  not  belonging  to  M,  then  there  exists  a  simple  continuous  arc 
AB  which  lies  within  R,  contains  only  a  finite  number  of  points  of  M,  and  is  such 
that  M  —  M-AB  is  the  sum  of  a  finite  number  of  connected  sets. 

Proof  of  Lemma  III.  Let  H  denote  the  set  of  junction  points  of  M. 
Let  J  be  a  simple  closed  curve  enclosing  A  and  B  and  lying  in  R,  and  let  g 
denote  a  simple  continuous  arc  from  A  io  B  which  lies  within  J,  contains 
no  non-degenerate  connected  subset  of  M,  and  no  point  of  H.  But  the  outer 
boundary  of  every  bounded  complementary  domain  of  a  continuous  curve  isf 
a  simple  closed  curve  and  J  no  two  bounded  complementary  domains  of  a 
continuous  curve  have  the  same  outer  boundary.  Hence  since  M  contains 
only  a  finite  number  of  simple  closed  curves  it  follows  that  only  a  finite 
number  of  complementary  domains  of  M-\-J  have  boundary  points  on  the 
arc  g.  If  one  of  these  domains  contains  both  A  and  B  the  lemma  is  obviously 
established.  If  not  let  Pi  be  the  last  point  of  g  in  the  order  from  A  to  B 
which  is  on  the  boundary  of  that  complementary  domain  of  i/+/  which  con- 
tains A.  Then§  there  exists  an  arc  APi  which  lies  wholly  in  this  domain  ex- 
cept for  the  point  Pi.   Since  Pi  is  a  limit  point  of  the  points  of  5  — M  on  the 


t  R.  L.  Moore,  Concerning  continuous  curves  in  the  plane,  Mathematische  Zeitschrift,  vol.  15 
(1922),  Theorem  4  and  p.  259. 

J  R.  L.  Moore,  Concerning  paths  that  do  not  separate  a  given  continuous  curve,  Proceedings  of  the 
National  Academy  of  Sciences,  vol.  12  (1926),  Theorem  1. 

§  Schoenflies,  Die  Entwickelung  der  Lehre  von  den  Punktmannig/ulligkcilen,  zweiter  Teil,Jahres- 
bericht  der  Deutschen  Mathematiker-Vereinigung,  Erganzungsbande,  vol.  2  (1908). 
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arc  PiB  of  g  it  follows  that  Pi  is  a  boundary  point  of  some  complementary 
domain  of  M-\-J  which  contains  points  on  the  arc  PiB.  Let  P^  be  the  last 
point  on  the  arc  PiB  belonging  to  the  boundary  of  a  complementary  domain 
of  M+J  which  also  has  Pi  on  its  boundary.  If  P^  is  the  same  as  Pi  then  the 
arc  P\B  contains  no  point  of  Af +/.  In  either  case  there  exists  a  simple  con- 
tinuous arc  with  Pi  and  Pi  as  end  points  which  contains  no  point  of  M+J 
except  Pi  and  P^.  Continuing  this  process  a  finite  number  of  times  one  ob- 
tains a  simple  continuous  arc  AB  which  contains  only  a  finite  number  of 
points  of  M  and  no  junction  point  of  M.  Clearly  this  arc  satisfies  the  con- 
clusion of  the  lemma. 

A  proof  of  Theorem  VIII  can  now  be  given  which  is  closely  analogous 
to  the  proof  of  Theorem  III.  The  essential  difference  is  that  the  arcs  of  the 
double  ruling  r„  are  here  to  be  chosen  so  as  to  have  the  properties  stated  in 
Lemma  III  rather  than  those  stated  in  Lemma  II. 

Theorem  IX.  //  A  and  B  are  distinct  points  of  a  continuous  curve  M  then 
M  contains  a  simple  continuous  arc  from  A  to  B  every  subarc  of  which  contains 
a  subarc  which  either  lies  on  the  boundary  of  some  complementary  domain  of  M 
or  lies  in  some  domain  which  belongs  to  M. 

(1)  Suppose  M  contains  no  domain.  Let  vlXB  denote  a  simple  continuous 
arc  from  A  io  B  such  that  the  common  part  of  AXB  and  M  is  totally  dis- 
connected. Let  T  denote  the  set  M  AXB.  Let  Di,  Di,  ■  ■  ■  denote  the 
complementary  domains  of  M  which  contain  limit  points  on  the  arc  AXB 
and  for  each  i  let  /,•  denote  the  boundary  of  Z),.  Let  K  be  the  point  set 
T+J1+J2+J3+  ■  ■  ■  .  Since  Ji,  Ji,  /s,  ■  •  ■  is  a  contracting  sequence  of 
continuous  curves  all  containing  points  on  the  arc  AXB  it  is  readily  seen 
that  the  set  K  is  closed.  If  P  is  an  interior  point  of  the  arc  AXB  which  does 
not  belong  to  A'  then  there  exists  a  connected  subset  of  A'  containing  the 
last  point  of  T  which  precedes  P  on  the  arc  AXB  and  the  first  point  of  T 
which  follows  P  on  this  arc.  Therefore  K  is  connected.  With  the  use  of  the 
fact  that  the  boundary  of  every  complementary  domain  of  a  continuous 
curve  is  itself  a  continuous  curvef  it  readily  follows  that  A  is  connected  im 
kleinen.  Hence  A  is  a  continuous  curve.  Let  AB  denote  any  arc  which  lies 
in  Af  and  let  EF  denote  any  subarc  of  AB.  Since  T  is  totally  disconnected 
the  arc  EF  contains  a  subarc  E'F'  which  contains  no  point  of  T.  The  arc 
£'P' is  asubset  of  7i-f-/2+-/3+  ■  •  ■  ,  and  hence  is  equal  to  7iii'/^'+/2.£'P' 
+Ji-E'F'  +  ■  ■  ■  .     But  the  sum  of  a  countable  number  of  totally  dis- 

t  R.  L.  Moore,  Concerning  continuous  cuncs  in  the  plane,  Mathematische  Zeitschrift,  vol.  15 
(1922),  p.  259. 

I  See  third  footnote  on  p.  14. 
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connected  closed  point  sets  is  not  connected.  Hence  there  exists  at  least  one 
integer  i  such  that  the  set  /» •  E'F'  contains  an  arc.  Thus  every  subarc  oi  AB 
contains  an  arc  belonging  to  the  boundary  of  some  complementary  domain 
oiM. 

(2)  If  A  and  B  are  distinct  points  of  a  continuous  curve  M  which  contains 
a  domain  let  Mi  be  a  continuous  curve  containing  A  and  B  which  is  obtained 
by  taking  from  M  the  interiors  /j,  U_,  /a,  ■  •  •  of  a  contracting  sequence  of 
circles  such  that  (1)  for  every  domain  D  which  is  a  subset  of  M  there  is  an 
integer  n  such  that  /„  contains  at  least  one  point  of  D,  (2)  for  every  n,  /„ 
is  a  subset  of  some  domain  belonging  to  M  and  (3)  /i/„  =  0(^?^w).  Let  AB 
denote  an  arc  satisfying  the  conclusion  of  the  theorem  with  respect  to  Mx. 
Since  the  boundary  of  a  complementary  domain  of  Mi  which  is  not  a  com- 
plementary domain  of  M  belongs  in  a  domain  lying  in  M  it  is  obvious  that 
AB  satisfies  the  conclusion  of  the  theorem  with  respect  to  M. 

Theorem  X.  If  M  is  a  bounded  continuous  curve  which  contains  no  domain 
then  there  exists  a  continuous  transformation  T  of  the  plane  S  into  itself  such 
that  (1)  if  AB  is  an  arc  such  that  T{AB)  is  a  subset  of  a  rational  line  then 
ABM  =  Ci+C2+  •  •  •  +c„  where  for  each  i  (i^n)  Ci  is  an  arc  or  a  point  and  if 
d  is  an  arc  then  every  subarc  of  Ci  contains  a  subarc  lying  on  the  boundary  of 
some  complementary  domain  of  M  and  (2)  if  AB  is  an  arc  such  that  T{AB)  is  a 
subset  of  an  irrational  horizontal  or  vertical  line  then  ABM  is  vacuous  or  totally 
disconnected. 

I'o  help  establish  Theorem  X,  I  will  prove  several  lemmas.  To  avoid 
repetition  I  will  say  that  an  arc  ^5  has  property  c,  with  respect  to  M,or  merely 
that  it  has  property  c,  if  the  common  part  of  M  and  AB  is  the  sum  of  a  finite 
number  of  connected  sets  such  that  each  of  these  sets  which  is  an  arc  is  of 
diameter  less  than  e  and  has  the  property  that  every  subarc  of  it  contains 
a  subarc  lying  on  the  boundary  of  some  complementary  domain  of  M. 

Lemma  IV.  //  /  is  the  interior  of  a  simple  closed  curve  and  M  is  a  bounded 
continuous  curve  containing  no  domain  and  A  and  B  are  distinct  points  lying 
in  I  and  e  is  any  positive  number,  then  there  exists  a  simple  continuous  arc  from 
A  to  B  which  is  a  subset  of  I  and  which  has  property  c«. 

With  the  help  of  Theorem  II  it  can  readily  be  seen  that  there  exists  a 
simple  closed  curve  /i  lying  in  /,  enclosing  A  and  B,  and  such  that  (1) 
Ji-M  is  totally  disconnected,  and  (2)  if  /i  denotes  the  interior  of  /i  then  no 
component  oiM-h  is  of  diameter  greater  than  or  equal  to  e.  Let  A XB  denote 
any  simple  continuous  arc  from  A  to  B  which  lies  in  Ii  and  let  Si,  Si,  ■  •  •  ,  Sn 
denote  the  components  of  M-Ii  which  have  points  on  AXB.    For  each  i 


19301  NON-DENSE  PLANE  CONTINUA  25 

(i^n)  Si  isf  a  continuous  curve.  In  view  of  this  fact  and  Theorem  IX  it  fol- 
lows that  there  exists  an  arc  AB  in  Ii  such  that  M  AB  is  a  subset  of  Si+Si 
+  •  •  •  +5„  and  is  the  sum  of  n  or  less  connected  sets  such  that  each  of  these 
sets  which  is  an  arc  has  the  properties  of  the  arc  of  Theorem  IX  with  respect 
to  that  one  of  the  continuous  curves  Si,  52,  •  •  •  ,  5„  to  which  it  belongs.  Let 
EF  denote  an  arc  belonging  to  MAB.  Since  EF  contains  a  subarc  lying 
wholly  within  J  it  can  easily  be  shown  that  EF  has  the  properties  stated  in 
Theorem  IX  with  respect  to  M.  Since  in  addition  EF  is  of  diameter  less  than 
«  the  lemma  is  proved. 

Lemma  V.  //  J  is  a  simple  closed  curve  and  KL  is  a  simple  continuous 
arc  which  lies  within  J  except  that  K  and  L  are  on  J  and  KL  is  on  the  bound- 
ary of  a  complementary  domain  D  oj  M,  then  there  exists  a  simple  continuous 
arc  AB  which  lies  within  J  such  that  (1)  the  common  part  of  AB  and  KL  is  a 
single  point,  (2)  KL  separates  A  from  B  within  J,  and  (3)  ABM  is  either  an 
arc  or  a  point,  and  if  it  is  an  arc  it  has  property  c,. 

Let  C  denote  the  interior  of  a  circle  which  lies  within  J  and  encloses  a 
point  of  KL.  There  exists  a  point  A  in  CD  and  a  subarc  E'F'  of  EF  such 
that  for  every  point  P  of  E'F'  there  exists  an  arc  AP  which  lies  in  CD 
except  for  the  point  P.  Let  0  denote  some  interior  point  of  E'F'  and  let  C\ 
denote  the  interior  of  a  circle  7i  which  lies  in  C  such  that  Ci  contains  0  but 
contains  no  point  of  KL—E'F'.  Let  A'  and  B'  denote  points  in  Ci  lying 
respectively  on  the  A  side  and  the  non  A  side  of  KL  and  let  B'A'  denote 
an  arc  having  property  c,  and  lying  in  Ci.  Let  Q  denote  the  first  point  of 
B'A'  on  KL  in  the  order  from  B'  to  A'.  Let  AQ  denote  an  arc  lying  in  CZ? 
except  for  the  point  Q.  Let  QB  denote  a  subarc  of  QB'  such  that  QBM  is 
connected.  The  sum  of  the  arcs  AQ  and  QB  gives  an  arc  AB  which  satisfies 
the  conclusion  of  the  lemma. 

Lemma  VI.  //  M  is  a  continuous  curve  containing  no  domain  and  lying 
within  a  simple  closed  curve  J  whose  interior  is  R,  ei  and  €2  are  any  positive 
numbers  and  a  is  a  double  ruling  of  R  such  that  every  arc  of  a  has  property 
c,„  then  there  exists  a  double  ruling  ^  of  R  such  that  every  arc  of  a  is  also  an 
arc  of  j3,  every  arc  of  /3  which  is  not  an  arc  of  a  has  property  Ct,  and  every  com- 
ponent of  R  minus  the  sum  of  the  arcs  of  the  ruling  /3  is  of  diameter  less  than  €2. 

With  the  help  of  a  theorem  of  SchoenfliesJ  it  is  easily  seen  that  there 
exists  a  continuous  transformation  Ti  of  the  plane  into  itself  which  throws  / 
into  a  square  A  BCD  and  the  arcs  of  a  into  horizontal  and  vertical  inter- 

t  See  H.  M.  Gehman,  loc.  cit. 
t  Loc.  cit. 
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vals.  Let  ai  be  the  double  ruling  of  T{R)  which  is  composed  of  all  arcs  T{g) 
where  g  is  an  arc  of  a.  Since  Ti  is  continuous  it  obviously  follows  that  there 
exist  two  finite  sets  of  rectangles //i, //2,  ■  ■  -,/?„,  I'l,  1^2,  ■  •  • ,  i'„  such  that  (1) 
for  each  i  (i^n),  //,[?;]  has  no  point  in  common  with  any  arc  of  ai  which  is 
parallel  to  AB  [BC]  and  no  point  in  common  with /r,[z),-]  (j^n,  J9^i)  but 
contains  at  least  one  point  of  AD  and  one  point  of  BC  [AB  and  CD\,  and 
(2)  if  a;  is  any  double  ruling  of  R  which  contains  all  of  the  arcs  of  ai  and  in 
addition  contains  arcs  a,  and  6,-  such  that  T{ai)  lies  in  hi  plus  its  interior 
and  T{b^  lies  in  Vi  plus  its  interior  (/  =  1,  2,  •••,«)  then  ever}'  component 
of  R  minus  the  sum  of  the  arcs  of  a«  is  of  diameter  less  than  €2-  It  is  easily 
shown  with  the  help  of  Lemmas  IV  and  V  that  a  particular  such  ruling  /3 
can  be  obtained  such  that  the  arcs  of  /3  which  do  not  belong  to  a  have  prop- 
erty C<j. 

Lemma  VII.  Suppose  M  is  a  continuous  curve  which  contains  no  domain 
and  lies  in  the  interior  R  of  a  square  A  BCD.  Let  a  be  any  double  ruling  of 
R  and  let  P  be  a  point  of  R  not  belonging  to  any  arc  of  a.  Then  there  exists 
an  integer  k  such  that  if  n>k  and  j3  is  any  double  riding  of  R  such  that  (1)  /8 
contains  a,  (2)  fio  arc  of  13  contains  P,  (3)  every  component  of  R  minus  the 
arcs  of  (3  is  of  diameter  less  than  l/ti,  and  (4)  every  arc  of  0  which  does  not  be- 
long to  a  has  property  Ci/„,  then  if  E  denotes  the  component,  containing  P,  of 
R  minus  the  arcs  of  /3  which  are  parallel  to  AB  [BC],  there  exists  in  E  an  arc 
qe  with  property  Ci/(„+i)  which  together  with  the  arcs  of  0  forms  a  double  ruling 
of  R  and  such  that  no  componetit  of  M  {E  —  as)  contains  points  in  more  than 
two  components  of  R  minus  the  arcs  of  a.   (See  Fig.  6.) 

Let  ei  be  a  positive  number  such  that  if  d  and  bi  denote  any  arcs  of  a 
which  have  no  point  in  common  then  the  distance  from  any  point  of  a,  to 
any  point  of  bx  is  greater  than  £1.  Let  ^2  be  a  positive  number  such  that  a 
circle  with  P  as  center  and  e2  as  radius  neither  contains  nor  encloses  any 
point  of  any  arc  of  a  or  of  A  BCD.  Let  k  be  any  integer  greater  than  both 
l/ti  and  l/e2.  Suppose  /3  is  a  double  ruling  of  R  with  properties  (1),  (2),  (3), 
and  (4)  as  given  above.  Let  E  denote  the  component,  containing  P,  of  R 
minus  the  arcs  of  /3  which  are  parallel  to  AB  (for  example).  In  view  of 
property  (3)  and  the  additional  fact  that  l/»  <e2  it  is  obvious  that  ai  and  02, 
the  arcs  of  /3  on  the  boundary'  of  E,  do  not  belong  to  a.  From  (4)  it  follows 
that  both  ai  and  a™  have  property  Ci,„.  Since  1/w  <ei  it  follows  that  between 
each  two  distinct  arcs  of  0  parallel  to  BC  the  arc  a,(j  =  1,2)  contains  a  point 
not  belonging  to  Af.  Hence  if  m  + 1  denotes  the  number  of  arcs  of  p  which 
are  parallel  to  BC  it  is  easily  seen  that  there  exist  2?w  circles  lying  in  R  with  in- 
teriors Cn,  C12,  •  •  •  ,  Cim,  C21,  C22,  •  •  •  ,  C2m  such  that  (1)  Cifc(i  =  l,  2;k^m) 
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contains  no  point  of  M  and  no  point  of  any  arc  of  a,  and  (2)  for  each  two 
adjacent  arcs  bi  and  62  of  a  which  are  parallel  to  BC  there  exist  integers  i  and 
j  such  that  Cii  and  C2,  contain  points  of  ai  and  a^,  respectively,  which  lie 
between  bi  and  bi.  With  the  help  of  Lemmas  IV  and  V  it  is  seen  that  there 
exists  in  E  an  arc  as  with  property  Ci/(„+i)  which  together  with  the  arcs  of  ^ 
forms  a  double  ruling  of  R,  and  in  addition  contains  a  point  in  Cik{i=  1,2; 
^  =  1,  2,  •  •  •  ,  m).  Obviously  no  component  of  M -{E  —  aE)  contains  points 
in  more  than  two  components  of  R  minus  the  arcs  of  a. 


Fig.  6 


Proof  of  Theorem  X.  Suppose  M  lies  in  the  interior  /?  of  a  square  ABCD. 
With  the  help  of  Lemmas  IV,  V,  and  VI  one  can  readily  see  that  there  exists 
a  double  ruling  ^i  of  ABCD  such  that  (1)  every  component  of  R  minus  the 
arcs  of  jSi  is  of  diameter  less  than  1,  (2)  every  arc  of  j3i  has  property  Ci,  and 
(3)  between  each  two  adjacent  arcs  of  /3i  parallel  to  BC  there  exists  on  each 
arc  of  /3i  parallel  to  AB  a  point  not  belonging  to  M.  Let  Oi  and  a«  denote  any 
two  adjacent  arcs  of  /3i  parallel  to  AB  (or  ai  or  a^  may  be  AB  or  CD)  and  let 
E  denote  the  set  of  all  points  of  R  which  lie  between  Ci  and  02.  If  w  +  l 
denotes  the  number  of  arcs  of  /3i  which  are  parallel  to  BC  it  is  clear  that 
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there  exist  2m  circles  lying  in  R  with  interiors  Cu,  Cis,  •  •  •  ,  Cim,  C21, 
C22,  •  •  •  ,  Cim  such  that  (1)  Ca(j  =  l,  2;  k^m)  contains  no  point  of  M  and 
no  point  of  any  arc  of  )3i  which  is  parallel  to  BC,  and  (2)  for  each  two  adjacent 
arcs  bi  and  bi  of  j3i  parallel  to  BC  there  exist  integers^  and  k  such  that  Ci,-  and 
Csft  contain  points  of  ai  and  a^,  respectively,  which  lie  between  bi  and  62- 
With  the  help  of  Lemmas  IV  and  V  it  is  seen  that  there  exists  in  E  an  arc  ag 
which  together  with  the  arcs  of  |Si  forms  a  double  ruling  of  R  and  such  that 
(1)  oe  contains  points  in  the  set  Ci».(i=l,  2;^  =  1,2,  •••,w),  and  (2)  as  has 
property  C1/2.  Obviously  no  component  of  M-iE  —  as)  contains  points  in 
more  than  two  components  of  R  minus  the  arcs  of  the  ruling  j3i.  Let  ai  be 
the  double  ruling  obtained  by  adding  to  /Si  the  arc  as  for  every  component  E 
of  R  minus  the  arcs  of  /Si  which  are  parallel  to  AB.  Let  ^2  be  a  double  ruling 
which  contains  ai  and  is  such  that  (1)  every  component  of  R  minus  the  arcs 
of  ^2  is  of  diameter  less  than  1/2  and  (2)  the  arcs  of  /3o  which  do  not  belong 
to  /3i  have  property  Ci/2. 

Now  let  E  denote  the  set  of  all  points  of  R  which  lie  between  two  adjacent 
arcs  of  ^2  which  are  parallel  to  BC.  If  there  exists  in  E  an  arc  a*  which 
together  with  the  arcs  of  ^2  forms  a  double  ruling  of  R  and  such  that  (1)  no 
component  of  M-{E  —  a*)  has  points  in  more  than  two  components  of  R 
minus  the  arcs  of  /Sa,  and  (2)  the  arc  a*  has  property  Cm,  then  let  as  be  such 
an  arc  a*.  If  no  such  arc  exists,  but  there  does  exist  an  arc  a**  having  the 
above  properties  except  that  in  (1)  the  symbol  j3i  replaces  the  symbol  ^2, 
then  let  Oe  denote  such  an  arc  a**.  If  neither  a*  nor  a**  exists  let  as  be  any 
arc  in  E  which  together  with  the  arcs  of  ^2  forms  a  double  ruling  of  R  and 
which  has  property  Ci/3.  Let  02  be  the  double  ruling  obtained  by  adding  to 
(82  the  arc  as  for  every  component  E  oi  R  minus  the  arcs  of  ^2  which  are 
parallel  to  BC.  Let  ft  be  a  double  ruling  which  contains  a2  and  is  such  that 
(1)  every  component  of  R  minus  the  arcs  of  ft  is  of  diameter  less  than  1/3, 
and  (2)  the  arcs  of  ft  which  do  not  belong  to  ^2  have  property  Ci/3. 

Proceeding  in  this  way  one  can  show  that  there  exists  an  infinite  sequence 
of  double  rulings  /3i,  ^2,  ft,  •  ■  •  ,  of  i?  such  that  for  every  n  the  following 
properties  obtain:  (1)  /3„+i  contains  (3„,  (2)  every  component  of  R  minus  the 
arcs  of  /8„  is  of  diameter  less  than  1/w,  (3)  every  arc  of  (3„+i  which  does  not 
belong  to  ^n  has  property  ci/(„+i),  and  (4)  if  ai„  and  a2n  are  adjacent  arcs  of 
/3„  which  are  parallel  to  AB  for  n  odd  and  parallel  to  BC  for  n  even,  and  E 
is  the  set  of  all  points  of  R  which  lie  between  ai„  and  a2„,  then  if  there  exists 
a  positive  integerj(j^M  — 1)  and  an  arc  a^s  which  lies  in  E  such  that  (a)  the 
arc  aiE  together  with  the  arcs  of  /3„  forms  a  double  ruling  of  R,  and  (b)  no 
component  of  M-  (E  —  asE)  contains  points  in  more  than  two  components  of 
R  minus  the  arcs  of  /3„  then,  ks  denoting  the  largest  such  integer  j,  /3„+i 
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contains  an  arc  ha\ing  the  properties  stated  above  for  the  arc  a^E  with  j 
replaced  by  ks- 

Let  P  denote  a  point  of  R  not  belonging  to  any  arc  of  any  of  the  double 
rulings  /3i,  ^2,  ft,  •  •  •  .  For  each  positive  integer  n  let  £„,p  denote  the  com- 
ponent, containing  P,  or  ]R  minus  the  arcs  of  |3„  which  are  parallel  to  AB 
(for  example).  In  view  of  properties  (1),  (2),  and  (3),  and  Lemma  VII,  it 
can  be  seen  that  the  integer  n  can  be  taken  large  enough  so  that  the  integer 7 
as  qualified  in  property  (4)  does  exist  for  E„.p,  and  furthermore  ks'^.p  in- 
creases indefinitely  as  n  increases  indefinitely.  Hence  it  follows  that  for  every 
connected  subset  Z  of  M  there  exists  an  integer  ul  such  that  some  arc  of 
/3„i  parallel  to  ^  j5  [BC]  has  a  point  in  common  with  L.  In  view  of  properties 
(1)  and  (2)  it  follows  by  methods  employed  in  proving  previous  theorems 
that  there  exists  a  continuous  transformation  Ti  of  R  into  itself  such  that  (1) 
for  every  n,  Ti  throws  the  arcs  of  j3„  into  intervals  of  rational  lines,  and  (2) 
if  L  is  any  rational  line  then  there  exists  an  integer  n  and  an  arc  g  of  /3„  such 
that  T\{g)  is  a  subset  of  L.  Obviously  there  exists  a  continuous  transfor- 
mation T  of  the  plane  5  into  itself  which  reduces  to  Ti  for  points  of  ^.  Such 
a  transformation  satisfies  the  conclusion  of  the  theorem. 

Now  as  shown  in  the  proof  of  Theorem  IX  a  continuous  curve  M  which 
contains  a  domain  contains  a  continuous  curve  Mi  such  that  Mi  contains  no 
domain  but  does  contain  every  boundary  point  of  M,  and  such  that  if  Z)  is  a 
complementary  domain  of  Mi  which  is  not  a  complementary  domain  of  M 
then  D  lies  in  a  domain  of  M.  In  view  of  this  fact  and  the  previous  theorem 
the  following  corollaries  may  be  easily  established. 

Corollary  1.  If  M  is  a  bounded  continuous  curve  then  there  exists  a  con- 
tinuous transformation  T  of  the  plane  into  itself  such  that  if  AB  is  an  arc  and 
T{AB)  is  an  interval  of  some  rational  line  then  (1)  AB  ■  M  is  the  sum  of  a  finite 
number  of  connected  sets,  and  (2)  every  arc  which  is  a  subset  of  AB  ■  M  contains  a 
subarc  which  either  lies  on  the  boundary  of  a  complementary  domain  of  M  or  lies 
in  a  domain  which  belongs  to  M. 

Corollary  2.  If  M  is  a  bounded  continuous  curve  and  P  is  a  point  of  M 
which  is  not  in  a  domain  belonging  to  M  then  there  exists  a  continuous  trans- 
formation T  of  S  into  itself  such  that  if  APB  is  any  arc  such  that  T{APB)  is  a 
subset  of  a  horizontal  line,  then  the  component  of  M  ■  APB  which  contains  P 
is  P,  and  if  AB  is  an  arc  such  that  T{AB)  is  a  subset  of  a  rational  horizontal 
line  then  the  number  of  components  of  AB-M  is  finite. 

Let  A  be  any  point  and  for  each  n  let  C„  be  a  circle  of  radius  l/«  and 
center  A.    Let  ^5  be  a  unit  interval  and  let  M  be  the  continuous  curve 
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AB+C1+C2+  ■  ■  ■  ■  This  example  shows  that  it  is  not  true  that  if  M  is  any 
continuous  curve  then  there  exists  a  continuous  transformation  T  of  the 
plane  5  into  itself  such  that  if  AB  is  an  arc  and  T{AB)  is  a  horizontal  interval 
then  ABM  is  the  sum  of  a  finite  number  of  connected  sets. 

Theorem  XI.  //  P  is  a  point  of  a  bounded  continuous  curve  M  then  there 
exists  an  upper  semi-continuous  collection]  G  of  subcontinua  of  M  which  fills 
up  M  such  that  P  is  an  element  of  G  and  G  is  a  regular  curve  with  respect  to  its 
elements. 

Suppose  first  that  P  is  a  point  which  does  not  belong  to  a  domain  which 
belongs  to  M  and  let  T  denote  a  transformation  satisfying  the  conclusion  of 
Corollary  2.  For  each  point  x  of  M  let  gz  be  the  greatest  continuum  contain- 
ing X  such  that  T{gx)  is  a  subset  of  some  horizontal  line,  and  let  G  denote  the 
collection  of  continua  gi  for  all  points  x  of  M.  Clearly  gp  =P,  and  the  collec- 
tion G  is  upper  semi-continuous.  Now  if  Mi  is  any  continuum  such  that  the 
common  part  of  any  rational  horizontal  line  and  Mi  is  a  finite  point  set, 
and  the  common  part  of  any  horizontal  line  and  Mi  is  totally  disconnected, 
then  Ml  is  a  regular  curve.  Hence  G  is  a  regular  curve  with  respect  to  its 
elements. 

Suppose  P  is  a  point  lying  in  a  domain  D  of  M.  There  exists  a  set  K  of 
mutually  exclusive  simple  closed  curves  lying  in  D,  all  enclosing  P,  no  two 
having  a  point  in  common,  and  such  that  every  point  oi  D  —  P  belongs  to 
some  curve  of  the  set  A'.  Let  G  be  the  upper  semi-continuous  collection  of 
continua  consisting  of  the  curves  of  the  collection  A'  and  the  continua  M  —  D 
and  P.  The  collection  G  is  an  arc  with  respect  to  its  elements  and  one  of  its 
elements  is  P. 


t  See  R.  L.  Moore,  Concerning  upper  semi-continuous  collections  of  continua,  these  Transactions, 
vol.  27  (1925),  pp.  416-428.  A  collection  G  of  continua  is  said  to  be  an  upper  semi-continuous  collec- 
tion if  for  each  element  g  of  the  collection  G  and  each  positive  number  e  there  exists  a  positive  number 
d  such  that  if  a;  is  any  element  of  G  at  a  lower  distance  from  g  less  than  d  then  the  upper  distance 
of  X  from  g  is  less  than  e.  If  M  is  a  point  set  and  P  is  a  point,  then  by  1{PM)  is  meant  the  lower 
bound  of  the  distances  from  P  to  all  the  different  points  of  M.  If  M  and  N  are  two  point  sets,  then 
by  l(MN)  is  meant  the  lower  bound  of  the  values  [l(PN)  ]  for  all  points  F  of  M,  while  by  u(MN)  is 
meant  the  upper  bound  of  these  values  for  all  points  P  of  M.  The  point  set  M  is  said  to  be  at  the 
upper  distance  u{MN)  from  the  point  set  N  and  is  said  to  be  at  the  lower  distance  1(MN)  from  N. 
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The  class  of  simply  connected  sets,  which  is  the  object  of  study  of  the  pres- 
ent paper,  is  closely  related  to  the  class  of  unicoherent  sets  introduced  by 
VietorisJ  and  Kuratowski.§  A  connected  set  is  unicoherent  if,  however  it  be 
expressed  as  the  sum  of  two  connected  and  relatively  closed  subsets,  the 
common  part  of  the  latter  is  connected.  For  locally  connected  metric  sets  the 
two  classes  coincide.  In  order  that  a  connected  and  locally  arcwise  connected 
subset  M  of  the  plane  be  simply  connected,  it  is  necessary  and  sufficient  that 
the  interior  of  every  simple  closed  curve  lying  in  M  be  a  subset  of  M.  The 
notion  of  simple  connectedness  in  the  weak  sense  is  also  defined.  The  properties 
of  sets  of  these  types  have  a  variety  of  applications  and  furnish  an  interesting 
background  for  a  number  of  well  known  theorems. 

I  wish  to  express  my  thanks  to  Professor  R.  L.  Moore,  who  greatly  en- 
couraged me  in  the  writing  of  this  paper. 

A  set  A  is  closed  in  a  set  B  \l  A  lies  in  B  and  contains  every  point  of  B 
which  is  a  limit  point  ol  A.ll  A  is  closed  in  B  it  is  called  a  relatively  closed 
subset  of  B.  If  F  and  G  are  subsets  of  a  reference  space  S,  F  is  said  to  be  a 
closed  subset  of  G  if  F  lies  in  G  and  is  closed  in  S. 

In  a  space  S  let  C  be  a  connected  set  and  L  any  set  whatever.  L  is  said  to 
disconnect,  01  separate  C  a  C  —  C  ■  L  is  not  connected.  Let  fl^  and  JiT  be  two  mu- 
tually exclusive  subsets  of  C  neither  of  which  intersects  L.  Then  L  is  said 
(1)  to  separate  H  from  K  in  Gil  C  —  CL  can  be  expressed  as  the  sum  of  two 
mutually  separated  sets  which  contain  H  and  K  respectively,  (2)  to  discon- 
nect H  from  iT  in  C  if  every  connected  subset  of  C  that  intersects  both  //  and 
K  contains  a  point  of  L,  and  (3)  to  weakly  disconnect  H  from  ii^  in  C  if  every 
connected  and  relatively  closed  subset  of  C  that  intersects  both  H  and  K 
contains  a  point  of  L. 

The  three  types  of  separation  defined  in  (1),  (2),  and  (3)  are  successively 
weaker.  However,  if  C  is  a  locally  connected  metric  space,  and  LC  is  closed 
in  C,  the  three  types  are  completely  equivalent. 

A  connected  set  M  is  said  to  be  simply  connected  if  for  each  pair  of  points 
A  and  B  of  M,  and  any  relatively  closed  subset  L  of  M  that  separates  A  from 

t  Presented  to  the  Society,  October  28,  1933;  received  by  the  editors  January  19,  193S. 

X  Ueber  slelige  Abbildungen  einer  Kusdjldche,  Akuderaie  van  Wetenschappen,  Amsterdam,  Pro- 
ceedings, vol.  29  (1926),  p.  445.  Vietoris  uses  the  term  "henkellos." 

§  Une  caracllrisation  topologique  de  la  surface  de  la  sphire,  Fundamenta  Mathematicae,  vol.  13 
(1929),  p.  308. 
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B  in  M,  there  exists  a  connected  subset  of  L  which  separates  A  from  B  in  M. 
This  definition  becomes  the  criterion  for  a  connected  set  to  be  simply  con- 
nected in  the  weak  sense  if  "separates"  is  replaced  throughout  by  "weakly  dis- 
connects." The  properties  of  being  simply  connected  and  simply  connected 
in  the  weak  sense  are  intrinsic  and  topologically  invariant. 

Every  simply  connected  set  is  simply  connected  in  the  weak  sense.  If  a 
metric  and  locally  connected  space  is  simply  connected  in  the  weak  sense,  it 
is  simply  connected. 

A  simply  connected  metric  space  need  not  be  locally  connected.  For 
example,  the  plane  set  consisting  of  the  origin  and  the  points  (x,  y)  for  which 
0<:k^1,  y  =  sin  (l/.r),  is  simply  connected  but  not  locally  connected.  If  in 
addition,  however,  the  space  is  locally  compact,  its  local  connectivity  follows. 

In  the  definition  of  simply  connected  sets  the  separating  set  L  was  re- 
quired to  be  closed.  It  can  be  shown  that,  for  metric  sets,  this  requirement 
may  be  omitted.  A  similar  remark  does  not  apply  to  the  definition  of  sets 
that  are  simply  connected  in  the  weak  sense. 

Theorem  1.  If  A  and  B  are  two  points  of  a  simply  connected  metric  space 
M,  and  G  =  [gi]  is  a  countable  collection  of  mutually  exclusive  closed  sets  no 
one  of  which  separates  A  from  B  in  M,  and  G*  is  compact  in  M,  then  G*  does, 
not  separate  A  from  B  in  M. 

For  suppose  G*  does  separate  A  from  B  in  M.  Then  there  exists  a  closed 
subset  L  of  G*  which  separates  A  from  B  in  M.  Since  M  is  simply  connected, 
there  exists  a  component  X  of  L  which  separates  A  from  B  in  M .  The  continu- 
um X  is  not  a  subset  of  any  element  of  G  since  no  element  of  G  separates  A 
from  B  in  M.  ThusX  is  the  sum,Xl^'^>,  of  ^  countable  number  (greater  than 
one)  of  mutually  exclusive  closed  sets.  But  X  is  compact.  This  contradicts  a 
theorem  of  Sierpinski.f 

Theorem  2.  If  A  and  B  are  two  points  of  a  locally  connected  metric  space  M, 
and  U  and  K  are  two  closed  sets  neither  of  which  separates  A  from  B  in  M,  and 
if  the  complementary  domain  D  of  UK  that  contains  A-\-B  is  simply  connected, 
then  H+K  does  not  separate  A  from  B  in  M. 

Theorem  3.  Let  A  and  B  he  two  points  of  a  connected  and  locally  arcwise 
connected  metric  space  S,  and  letG=\gi]  be  a  countable  collection  of  closed  sets 
such  that  (1)  the  common  part  of  every  pair  of  elements  of  G  is  the  closed  set  H 
{which  may  be  vacuous)  ,{2)if  bi  and  b^.  are  two  arcs  from  A  to  B  that  lie  in  S—H, 
then  bi  +  bi  lies  in  a  compact  set  which  is  simply  connected  in  the  iveak  sense  and 
whose  closure  contains  no  point  of  H,  and  (3)  G*  is  locally  compact.  If  no  element 
of  G  separates  A  from  B  in  S,  then  G*  does  not  separate  A  from  B  in  S. 

t  Un  tMoreme  siir  les  continus,  Tohoku  Mathematical  Journal,  vol.  13  (1918),  pp.  300-303. 
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On  the  contrary  supposition  there  exists  a  subset  F  of  G*  which  is  closed, 
contains  H,  separates  A  from  B  in  S,  and  is  irreducible  with  respect  to  these 
three  properties.  Denote  by  G'  the  collection  [g!  \,  where  g/  =Fgi.  The 
set  F  —  H,  which  is  locally  self-compact,  is  the  sum  of  the  countable  number 
of  relatively  closed  subsets  g/  —H.  Hence,  by  a  theorem  of  R.  L.  Moore, f 
there  exists  a  set  gi!  —H  that  contains  a  point  which  is  not  a  limit  point  of 
{F  —  H)  —  {gk  —H).  It  easily  follows  that  there  exists  an  arc  bi  from  A  io  B 
which  has  no  point  in  common  with  any  element  of  G'  except  gk  ■  Moreover, 
since  by  hypothesis  gk  does  not  separate  A  from  B  in  S,  there  exists  an  arc 
^2  from  A  to  B  which  has  no  point  in  common  with  gi! .  The  continuum 
^1  +  ^2  lies  in  a  compact  set  W  which  is  simply  connected  in  the  weak  sense 
and  such  that  WH  =  0.  The  set  WF  separates  A  from  B  in  W.  Hence  some 
component  woiWF  weakly  disconnects  A  from  B  in  W,  and  thus  intersects 
both  bi  and  ^2-  Consequently  w  contains  points  of  at  least  two  elements  of  G'. 
Thus  the  compact  continuum  w  is  the  sum,  X^wg/ ,  of  a  countable  number 
(more  than  one)  of  mutually  exclusive  closed  sets,  contrary  to  a  theorem  of 
Sierpinski.f 

Theorem  4.  //  a  metric  space  is  simply  connected  in  the  weak  sense,  it  is 
unicoherent. 

That  the  converse  of  Theorem  4  is  not  true  can  be  illustrated  by  simple 
examples  of  compact  plane  continua. 

Theorem  5.  A  necessary  and  sufficient  condition  that  a  connected  and  locally 
connected  metric  space  M  be  simply  connected  is  that,  if  K  is  any  subcontinuum 
of  M,  the  boundary  of  every  complementary  domain  of  K  be  connected. 

The  condition  is  necessary.  For  let  M  be  simply  connected  and  suppose 
there  exists  a  continuum  K  such  that  the  boundary  .B  of  a  complementary  do- 
main Z)  of  X  is  not  connected.  Since  M  is  connected  and  locally  connected, 
the  boundary  of  every  complementary  domain  of  A'  is  a  non-vacuous  subset 
of  A'.  Hence  M  —  Z)  is  a  continuum.  Thus  M  is  the  sum  of  two  continua,  M  —  D 
and  D,  whose  intersection  is  the  disconnected  set  B.  It  follows  from  Theorem 
4  that  M  is  not  simply  connected,  contrary  to  hypothesis. 

Assume  next  that  the  condition  is  satisfied.  Let  L  be  a  closed  set  which 
separates  the  point  P  from  the  point  Q'mM.  Denote  by  D  the  complementary 
domain  of  L  that  contains  P,  by  B  the  boundary  of  D,  and  by  A  the  comple- 
mentary domain  of  the  continuum  D  +  B  that  contains  Q.  The  boundary 
i3  of  A  is  a  subset  of  B.  But  .B  is  a  subset  of  L.  And  by  assumption  /3  is  con- 


t  Foundations  of  Point  Set  Theory,  American  Mathematical  Society  Colloquium  Publications, 
vol.  13,  p.  11,  Theorem  15. 
t  Loc.  cit. 
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nected.  Thus  /3  is  a  connected  subset  of  L  that  separates  P  from  Q  in  M. 
Therefore  M  is  simply  connected. 

It  has  been  proved  by  C.  Kuratowskif  that  for  a  connected  and  locally 
connected  metric  space  M  the  following  three  propositions  are  equivalent: 

A.  //  K  is  atiy  suhcontinuum  oj  M,  the  boundary  of  every  complementary 
domain  of  K  is  connected. 

B .  However  M  be  expressed  as  the  sum  of  two  continua,  the  intersection  of 
the  latter  is  connected. 

C.  //  H  and  K  are  any  two  mutually  exclusive  closed  subsets  of  M,  and  P 
and  Q  are  points  of  H  and  K  respectively,  there  exists  a  continuum  which  sepa- 
rates P  from  Q  in  M  and  contains  no  point  of  H  +  K. 

Thus,  in  view  of  Theorem  5,  we  have  the  following  result. 

Theorem  6.  Each  of  the  conditions  B  and  C  is  necessary  and  sufficient  that 
a  connected  and  locally  connected  metric  space  be  simply  connected. 

We  next  prove  a  result  which,  for  the  compact  case,  is  a  consequence  of 
a  closely  related  theoremj  of  W.  A.  Wilson. 

Theorem  7.  Let  M  be  a  metric,  connected,  and  locally  arcwise  connected 
space.  If  every  simple  closed  curve  lying  in  M  is  contained  in  a  subset  of  M 
which  is  simply  connected  in  the  weak  sense,  then  M  is  simply  connected. 

For  suppose  M  is  not  simply  connected.  By  Theorem  5  there  exists  a 
continuum  K  having  a  complementary  domain  D  whose  boundary  B  is  not 
connected.  Let  B=Bi-\-B2,  where  Bi  and  B^  are  mutually  separated  sets.  Let 
P1P2  be  an  arc  contained  in  D  except  for  its  end  points,  which  lie  in  Bi  and 
B2  respectively.  Let  F  be  a  closed  set  which  separates  Bi  from  B2  in  M.  De- 
note by  Qi  and  Q2  the  first  points  of  F  on  P1P2  in  the  orders  from  Pi  to  P2  and 
from  P2  to  Pi  respectively.  About  each  point  A''  of  K  consider  a  connected 
region  Rx  such  that  (1)  RxF  =  0  if  X<tF,  (2)  RxD=^0  if  Xc  F,  (3) 
Rx(PiP2)=0  if  Pi  5^ X  9^P2,  and  (4)  Rp,-  {Q1P2)  =  Rp,- {QiPi)  =0.  The  sum 
of  these  regions  is  a  connected  domain  A  whose  intersection  with  F  has  no 
point  in  common  with  D.  Let  //  be  an  arc  in  A  with  end  points  Pi  and  Pj. 
Denote  by  P2'  the  first  point  of  h  in  the  order  from  Pi  to  P2  which  Kes  on 
PiQi,  and  by  P/  the  first  point  of  //  in  the  order  from  P2'  to  Pi  which  lies  on 
PiQi.  Denote  by  u  the  subarc  Pi'P2'  of  P1P2,  and  by  v  the  subarc  Pi'P2'  of  //. 

By  hypothesis  the  simple  closed  curve  u+v  lies  in  a  subset  N  oi  M  which 
is  simply  connected  in  the  weak  sense.  The  set  F  separates  Pi'  from  P2'  in 

t  Sur  les  conlinus  de  Jordan  et  le  thioreme  de  M.  Brouwer,  Fundamenta  Mathematicae,  vol.  8 
(1926),  pp.  148-150. 

X  On  unicoherency  about  a  simple  closed  curve,  American  Journal  of  Mathematics,  vol.  55  (1933), 
pp.  135-145,  Theorem  of  §11. 
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M  since  it  separates  Pi  from  Pi  in  M.  Hence  the  set  F  ■  N,  which  is  closed 
in  N,  separates  Pi  from  P2'  in  N.  Consequently  some  component  Fooi  F-N 
weakly  disconnects  Pi  from  P2'  in  N.  Thus  Fo  contains  a  point  U  of  ti  and  a 
point  V  of  V.  But  U  c  D  and  F  <t  D.  It  follows  that  Fq  contains  a  point  of  the 
boundary  of  D,  contrary  to  the  construction  of  F. 

Corollary  1.  A  metric,  connected,  and  locally  arcwise  connected  space  M 
is  a  simple  closed  curve  if  and  only  if  it  fails  to  be  simply  connected  but  becomes 
simply  connected  upon  the  omission  of  any  one  of  its  points. 

Corollary  2.  Let  M  be  a  metric  and  locally  arcwise  connected  space.  If  a 
is  a  monotonic  ascending  sequence  of  simply  connected  subdomains  of  M,  then 
the  sum  of  the  domains  of  a  is  also  simply  connected. 

Theorem  8.  If  D  is  a  connected  subdomain  of  a  compact,  metric,  continuous 
curve  M,  and  the  boundary  B  of  D  has  at  least  n  components  {n  an  integer), 
then  D  contains  a  compact  continuum  K  such  that  every  subset  of  M  which  sepa- 
rates Kfrom  Bin  M  has  at  least  n  components. 

Let  B  be  expressed  as  the  sum  of  n  mutually  separated  sets  Bi,  •  •  •  ,  Bn- 
Let  Fi  {i  =  \,  ■  ■  ■  ,  n)  be  a  closed  set  which  separates  Bi  from  B  —  Bi  in  M. 
There  exists  a  continuum  K  which  lies  in  D  and  contains  the  closed  set 
{Fi+  ■  ■  ■  +Fn)-D.  Let  P  be  a  point  of  K  and  consider  an  arc  PQi  (i  =  l, 
•  •  •  ,n)  that  is  contained  in  D  except  for  the  point  Qi,  which  lies  in  Bi.  Let 
Pi  be  the  first  point  of  QiP  that  lies  in  K.  If  Z,  is  a  subset  of  M  which  separates 
iT  from  5  in  M,  then  L  must  contain  a  point  Zi  of  the  arcP.Qi  (^  =  1,  •  ■  ■  ,n). 
Denote  by  X,-  the  component  of  L  that  contains  Z,.  These  components  are 
subsets  of  D.  Moreover  no  two  of  them  coincide.  For  if  Xi=X,-  {i  9^j),  then 
\i+QiZi+QjZ,  is  a  connected  set  which  intersects  Bi  and  J5,-  and  contains 
no  point  of  F,-,  contrary  to  the  construction  of  F,-.  It  follows  that  L  has  at 
least  n  components. 

Theorem  9.  A  compact,  metric,  continuous  curve  M  is  simply  connected 
if  and  only  if  every  two  mutually  exclusive  subcontiniia  of  M  can  be  separated 
in  M  by  a  third  subconlinuum  of  M . 

Theorem  9  can  be  proved  with  the  aid  of  Theorems  5  and  8. 

The  following  variation  of  Theorem  9  may  be  stated:  A  compact,  metric, 
continuous  curve  M  is  simply  connected  if  and  only  if,  given  any  two  mu- 
tually exclusive  subcontinua  H  and  K  of  M,  there  exists  but  one  component 
ol  M—{H-\-K)  whose  closure  intersects  both  H  and  K. 

Theorem  10.  A  compact,  metric,  one-dimensional  continuum  M  is  simply 
connected  in  the  weak  sense  if  and  only  if  there  exists  but  one  irreducible  sub- 
continuum  of  it  between  any  two  of  its  points. 
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The  condition  is  necessary.  For  let  M  be  simply  connected  in  the  weak 
sense  and  suppose  there  exist  in  M  two  distinct  continua,  Li  and  Z2,  each  of 
which  is  irreducible  between  the  point  A  and  the  point  B.  Clearly  A  and  B 
lie  in  different  components  of  I  =  Li  L2.  Let  I  =  1  a-\-I  b,  where  I  a  and  I  b  are 
mutually  separated  sets  containing  A  and  B  respectively.  Let  F  be  a  closed 
subset  of  M  which  separates  I  a  from  I  b  in  M.  About  each  point  P  oi  F  con- 
sider a  domain  (relative  to  M)  whose  closure  contains  no  point  of  /  and  such 
that  its  boundary  is  totally  disconnected.  There  exists  a  finite  number  of 
these  domains,  Di,  •  •  ■  ,  Z)„,  whose  sum  D  covers  F.  If  /3,  denotes  the  boun- 
dary of  Z),-,  the  set  i3i+  ■  •  •  -t-j3„  is  totally  disconnected.  Hence  the  boundary 
/3  of  D,  being  a  subset  of  jSi-f  •  ■  •  +/3„,  is  totally  disconnected.  Now  F 
separates  A  from  B  in  M,  and  (3  separates  A  -{-B  from  F  in  M;  hence  jS  sepa- 
rates A  from  B  in  M.  Consequently  there  exists  a  component  Q  oi  ^  which 
weakly  disconnects  A  from  B  in  M,  and  Q  must  be  a  point.  Since  Q  weakly 
disconnects  A  from  B  in  M,  it  must  intersect  both  Li  and  L2.  Thus  ()  is  a 
point  of  /,  contrary  to  the  construction  of  /3. 

The  sufficiency  of  the  condition  is  obvious. 

Theorem  11.  In  a  locally  compact,  locally  connected,  simply  connected, 
metric  space  M  let  H  and  K  be  two  closed  sets  of  ■which  H  is  compact  and  whose 
intersection  T  is  totally  disconnected.  If  A  and  B  are  points  of  II  —  T  and  K  —  T 
respectively,  there  exists  a  compact  continuous  curve,  lying  in  M,  which  separates 
A  from  B  in  M  and  contains  no  point  of  (H+K)  —  T. 

There  exists  a  domain  D  which  contains  H  and  is  compact  in  M,  and  there 
exists  a  closed  subset  F  oi  D  which  separates  H  —  T  from  K  —  T  in  M.  The 
set  F  is  compact.  Since  M  is  simply  connected,  there  exists  a  component  <t>  of 
F  which  separates  A  from  B  in  M.  We  shall  construct  a  compact  continuous 
curve  which  contains  0  and  has  no  point  in  common  with  (H+K)  —  T. 

Let  Ai,  A2,  ■  ■  •  be  a  sequence  of  compact  domains  closing  down  on  (f>T 
such  that  A,+icAi  (i  =  l,  2,  ■  ■  •  )•  Denote  by  La  the  compact  closed  set 
(^■(M  — Ai),  and  by  Z.(i  =  l,  2,  ■  •  ■  )  the  compact  closed  set  0- (A,  — A,+i). 
For  each  point  P  of  L.  (j  =  0,  1,  2,  •  •  •  )  let  rp  be  a  compact  and  connected 
domain  containing  P  such  that  (1)  fp  {H+K)=0,  and  (2)  fp  c  (A,_i  — A.+s) 
if  i  >  1 .  By  the  Borel-Lebesgue  theorem  there  exists  a  finite  number  of  the 
closed  domains  fp  whose  sum  i?,  covers  Z,,.  Thus  i?,  is  a  compact  closed  set 
which  has  only  a  finite  number  of  components  and  contains  no  point  oi  H  +  K. 
Consequently!  each  component  of  Ri  can  be  imbedded  in  a  compact  contin- 

t  Special  cases  of  the  theorem  required  here  are  due  to  H.  M.  Gehman,  G.  T.  Whyburn,  W.  L. 
Ayres,  and  others.  For  references  to  their  results  and  Wilder's  generalization,  see  R.  L.  Wilder,  On 
the  imbedding  of  subsets  of  a  metric  space  in  Jordan  continua,  Fundamenta  llathematicae,  vol.  19 
(1932),  pp.  45-64. 
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uous  curve,  lying  in  M,  which  has  no  point  in  common  with  ^+ir,  and  which, 
if  i>l,  is  a  subset  of  (A,_i  — A,+2).  The  sum  5,  of  these  continuous  curves  is  a 
closed  and  locally  connected  set  which  contains  Z,,.  It  readily  follows  that 
S=^Si+4>-  r  is  a  compact  continuum,  containing  4>,  which  is  locally  con- 
nected at  every  point  of  2^5,-  and  hence,  since  0  ■  T  is  totally  disconnected,  at 
every  point  of  S.  Therefore  5  is  a  compact  continuous  curve  which  separates 
A  from  B  in  M  and  has  no  point  in  common  with  (H+K)  —  T. 

A  sequence  of  sets  lying  in  a  space  5  is  said  to  close  doivn  on  a  compact 
closed  set  K  ii  Kis  common  to  all  the  sets  of  the  sequence  and  if  every  domain 
containing  K  contains  all  but  a  finite  number  of  the  sets  of  the  sequence.  We 
now  prove  a  proposition  which  generalizes  a  theorem  of  K.  Borsukf  and  is 
closely  related  to  a  theorem  of  Vietoris.f 

Theorem  12.  In  a  compact  metric  space  Eleta=  [Si]  be  a  sequence  of  sets 
closing  down  on  a  closed  set  S.  If  the  sets  of  <r  are  simply  connected  in  the  weak 
sense,  so  also  is  S. 

Let  A  and  B  be  any  two  points  of  S,  and  F  any  relatively  closed  subset 
of  5  which  weakly  disconnects  A  from  B  in  5.  Let  {Di\  be  a  sequence  of 
domains  closing  down  on  F  such  that  the  closure  of  no  one  of  them  contains 
A  OT  B.  For  each  i  the  closed  domain  Z),  weakly  disconnects  A  from  B  in  at 
least  one  of  the  sets  of  a.  For  suppose  Z),  does  not  weakly  disconnect  A  from 
B  in  any  set  of  tr.  Then  for  each^  there  exists  a  relative  subcontinuum  C,  of 
Sj  which  contains  A  +B  and  has  no  point  in  common  with  Z),.  Some  sub- 
sequence of  { Cj !  has  a  sequential  limiting  set  C.  The  set  C  is  a  subcontinuum 
of  5  that  contains  A  +B  and  has  no  point  in  common  with  Di.  Hence  C  has 
no  point  in  common  with  F,  contrary  to  the  fact  that  F  weakly  disconnects 
A  from  B  in  S. 

For  each  i  let  5„,.  be  the  first  set  of  a  such  that  Di  weakly  disconnects  A 
from  B  in  5„,.  Since,  by  hypothesis,  S^  is  simply  connected  in  the  weak 
sense,  there  exists  a  component  di  of  5„,.Z),  which  weakly  disconnects  A 
from  B  in  S„..  Some  subsequence  of  {(/,}  has  a  sequential  limiting  set  d. 
The  continuum  J  is  a  subset  of  F  since  {Z).}  closes  down  on  F.  Furthermore 
d  weakly  disconnects  A  from  B  in  5.  For  suppose  L  is  a  subcontinuum  of  5 
which  contains  A  +B  but  no  point  of  d.  Then  there  exists  an  integer  r  such 
that  dr  and  L  are  mutually  exclusive.  But  this  implies  that  dr  cannot  weakly 
disconnect  A  from  B  in  any  set  of  a,  contrary  to  what  was  shown  above. 


t  Quelques  theorimes  sur  Ics  ensembles  uiiicoheretits,  Fundamenta  Mathematicae,  vol.  17  (1931), 
p.  208. 

t  Uber  den  hbheren  Zusammenliang  von  V ereinigungsmengen  und  Durchschnilten,  Fundamenta 
Mathematicae,  vol.  19  (1932),  p.  266. 
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Thus  d  is  a.  connected  subset  of  F  which  weakly  disconnects  A  from  B  in  S. 
Therefore  5  is  simply  connected  in  the  weak  sense. 

Corollary.  //,  in  a  metric  space,  a  is  a  monotonic  descending  sequence  of 
compact  continua  which  are  simply  connected  in  the  weak  sense,  the  product  of 
the  sets  of  a  is  also  simply  connected  in  the  weak  sense. 

We  state  next  the  fundamental  lemma  for  simply  connected  subsets  of 
the  plane. 

Lemma  K.  A  plane  continuum  consisting  of  a  simple  closed  curve  and  its 
interior  is  simply  connected.] 

We  note  that  a  consequence  of  Lemma  K  and  the  Corollary  of  Theorem 
12  is  the  following  result  due  to  Urysohn : 

Theorem  K.  Every  compact  plane  continuum  which  does  not  separate  the 
plane  is  simply  connected  in  the  weak  sense. % 

We  note  further  that  Theorems  4  and  K  imply  the  following  theorem  of 
S.  Janiszewski:  If  two  compact  plane  continua  intersect  in  a  disconnected 
set,  their  sum  separates  the  plane. § 

The  following  generalization  of  Theorem  K  can  be  proved  by  considering 
an  inversion  of  the  plane. 

Theorem  13.  //  A  and  B  are  two  points  of  a  compactly  connected\\  plane 
continuum  M  which  does  not  separate  the  plane,  F  is  a  closed  subset  of  M  that 
weakly  disconnects  A  from  B  in  M,  and  every  component  of  F  is  compact,  then 
some  component  of  F  weakly  disconnects  A  from  B  in  M. 

In  accordance  with  Urysohn's  theorem  every  compact  plane  continuum 
which  does  not  separate  the  plane  is  simply  connected  in  the  weak  sense.  We 
next  prove  that  certain  continua  which  separate  the  plane  have  the  same 
property. 

Theorem  14.  Every  compact,  indecomposable,  plane  continuum  M  which 
is  the  common  boundary  of  all  its  complementary  domains  is  simply  connected 
in  the  weak  sense. 

We  shall  show  that  if  .4  and  B  are  points  of  AI  there  exists  but  one  sub- 

t  For  a  proof  of  this  lemma  see  R.L.Moore,  Foundations  of  Point  Set  Theory,  p.  194,  Theorem 
24'. 

I  Ueber  Rditmc  mit  verschuindcndcr  erster  Brouwerscher  Zahl,  Akademie  van  Wetenschappen, 
Amsterdam,  Proceedings,  vol.  31  (1928),  pp.  808-810. 

§  Sicr  les  coupures  du  plan/ailes  par  les  conlinus,  Prace  Matematyczno-Fizyczne,  vol.  26  (1913), 
pp.  11-63. 

II  A  connected  set  M  is  compactly  connected  if  every  two  of  its  points  lie  together  in  a  compact 
subcontinuum  of  Af.  See  R.  L.  Moore,  Foundations  oj  Point  Set  Theory,  p.  465. 


19351  SIMPLY  CONNECTED  SETS  349 

continuum  of  M  which  is  irreducible  between  A  and  B.  Suppose  Zi  and  L^ 
are  two  distinct  subcontinua  of  M  each  of  which  is  irreducible  between  A  and 
B.  The  intersection  of  Lx  and  Z2  cannot  be  connected;  hence  L1  +  L2  separates 
the  plane.  Since  M  is  indecomposable  there  exists  a  point  P  of  M  —  {L1+L2). 
Denote  by  Z?  a  complementary  domain  of  L1+L2  which  does  not  contain  P, 
and  by  A  a  complementary  domain  of  M  which  lies  in  D.  The  boundary  of 
D  lies  in  L1+L2  and  hence  cannot  contain  P.  Therefore  P  cannot  lie  on  the 
boundary  of  A,  contrary  to  hypothesis. 

It  follows  that  M  is  simply  connected  in  the  weak  sense. 

With  the  aid  of  this  result  it  is  easy  to  construct  examples  of  compact 
plane  continua  which  separate  the  plane,  are  not  indecomposable,  and  are 
simply  connected  in  the  weak  sense.  It  would  be  interesting  to  find  necessary 
and  sufficient  conditions  for  a  compact  plane  continuum  to  be  simply  con- 
nected in  the  weak  sense. 

Theorem  15.  If  A  and  B  are  two  points  of  a  compactly  connected  plane 
continuum  M  which  does  not  separate  the  plane,  and  G  is  a  countable  collection 
of  mutually  exclusive  closed  subsets  of  M  no  one  of  which  weakly  disconnects 
A  from  B  in  M,  and  G*  is  closed  and  compact,  then  G*  does  not  weakly  discon- 
nect A  from  B  in  M. 

The  proof,  based  on  Theorem  13,  is  similar  to  that  of  Theorem  1. 

Theorem  16.  If  H  and  K  are  two  plane  continua  one  of  which  is  compact, 
and  G  denotes  the  collection  of  those  complementary  domains  of  H+K  each  of 
whose  boundaries  contains  points  of  H  —  HK  and  points  of  K  —  HK,  then 
G*-\-II  K  is  a  connected  set  which  is  not  disconnected  by  any  element  of  G. 

li  HK  =  0  then  G  contains  only  one  element. 

Suppose  fl^-X  7^0.  Consider  the  case  where  H  and  K  are  both  compact  and 
suppose  there  exists  an  element  D  of  G  such  that  {G*+H ■K)—D  =  Ni+Ni, 
where  Nj  and  A' 2  are  mutually  separated  sets.  The  boundary  of  each  ele- 
ment of  G  is  connected  and  therefore  contains  a  point  oi  HK.  Hence  there 
exist  points  Pi  and  Pioi  H  K  which  lie  in  Ni  and  N^  respectively.  At  least 
one  of  the  sets  TVi,  Ni  is  bounded.  Hence  there  exists  a  compact  closed  subset 
F  of  S  —  D  (where  S  denotes  the  plane)  which  separates  A'l  from  /V2  in  S  —  D. 
Now  S  —  D  is  a.  compactly  connected  continuum  which  does  not  separate  5. 
Hence,  by  Theorem  13,  there  exists  a  component  Fo  of  F  which  weakly  dis- 
connects Pi  from  P2  in  S  —  D.  Hence  Fo  intersects  both  H  and  K.  The  con- 
tinuum Fo  contains  a  connected  set/o  which  contains  no  point  of  H+K  but 
such  that  both  //  and  K  contain  at  least  one  limit  point  of /o.  Hence /o  is  a 
subset  of  an  element  of  G.  This  is  a  contradiction.  It  follows  also  that  G* 
+HK  is  connected. 
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The  case  where  one  of  the  sets  H ,  K  is  not  compact  can  be  reduced  to  the 
one  considered  by  an  inversion  of  the  plane  about  a  circle  lying  in  D. 

It  is  interesting  to  observe  that  the  Janiszewski  theorem  mentioned  in 
connection  with  Theorem  K  is  also  a  direct  corollary  of  Theorem  16. 

Another  theorem  due  to  Janiszewskif  is  the  following:  If  H  and  K  are 
two  compact  closed  subsets  of  the  plane  neither  of  which  separates  the  point 
A  from  the  point  B  in  the  plane,  and  \i  H  K  is  connected,  then  H+K  does 
not  separate  A  from  B  in  the  plane.  With  the  aid  of  Theorem  13  this  result 
can  be  generalized  as  follows. 

Theorem  17.  In  a  plane  S  let  G=  {gi\  he  a  countable  collection  of  closed 
sets  such  that  G*  is  compact.  If  A  and  B  are  two  points  of  S,  and  M  and  N  are 
two  compact  continua,  each  containing  A  -\-B,  such  that  no  element  of  G  inter- 
sects both  M  and  N,  and  such  that  the  set  of  those  points  common  to  two  or  more 
elements  of  G  is  contained  in  a  complementary  domain  D  of  M-\-N ,  then  G* 
does  not  separate  A  from  B  in  S. 

For  suppose  the  contrary.  Then  (S  —  D)  G*  separates  A  from  B  in  S  —  D. 
Let  F  he  a.  closed  subset  of  {S  —  D)  G*  which  separates  A  from  B  in  S  —  D. 
Since  S  —  D  is  a.  compactly  connected  continuum  which  does  not  separate  5, 
and  F  is  compact,  there  exists,  by  Theorem  13,  a  component  Fo  of  F  which 
weakly  disconnects  A  from  B  in  S  —  D.  Therefore  Fo  contains  points  of  both 
M  and  A^,  and  hence  intersects  at  least  two  of  the  mutually  exclusive  closed 
sets  {S  —  D)-gi.  But  this  contradicts  a  theorem  of  Sierpinski.J 

Theorem  18.  Let  H  and  K  be  two  plane  continua  whose  common  part  is 
not  connected.  If  N  is  a  compact  component  of  UK  such  that  HK  —  N  is 
closed,  there  exist  two  complementary  domains  Ai,  A2  of  H+K  such  that  (1)  the 
boundary  of  A,{i=l,  2)  intersects  N,  H  —  HK,  and  K-H  K,  and  (2)  Ai  +  .V 
+ A2  contains  a  compact  continuum  L  such  that  L  ■  Ai  and  L  ■  A2  are  non-vacuous 
connected  sets. 

Suppose  first  that  H  and  K  are  compact. 

Let  £  be  a  compact  closed  set  which  separates  H  —  HK  from  K  —  HK 
in  S,  the  plane.  Let  E'  denote  the  sum  oiHK  and  those  points  of  E  which 
lie  in  complementary  domains  of  H-\-K  whose  boundaries  intersect  both 
H  —  HK  and  K—IIK.  The  set  E'  is  closed  and  separates  H—HK  from 
K  —  H  Kin  S.  Consider  a  component  h'  ol  H  —  HK  which  has  limit  points 
in  N  and  in  HK  —  N.  Denote  by  h  the  continuum  which  is  the  sum  of  h' 
and  those  components  of  II  K  which  contain  limit  points  of  h' .  Let  N  be 
enclosed  in  a  domain  D  such  that  D  contains  no  point  oi  H  K  —  N  and  such 

t  Loc.  cit. 
i  Loc.  cit. 
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that  the  boundary  B  oi  D  consists  of  a  finite  number  of  mutually  exclusive 
simple  closed  curves.  There  exist  two  finite  collections  T^and  Tk  of  subarcs 
of  B  such  that  (1)  if  b  and  c  are  elements  of  Tk  and  Tk,  respectively,  then 
bh9iO,cK  9^0,  and  (ft+c)  •£'  =  ic=0,  and  (2)  T^*  ^  hB  a.nd  Tk*  ^  KB. 
Denote  by  //'  and  K'  the  continua  h  +  T*  and  K-\-Tk*  respectively.  We 
note  that  H'K'  =  hK.  The  set  E'  separates  H'-H'K'  from  K'-HK  in 
5.  If  F  represents  the  sum  oi  H  K  and  those  points  of  E'  which  lie  in  comple- 
mentary domains  of  H'+K'  whose  boundaries  intersect  both  H'—H'K' 
and  K'—HK,  then  F  is  a  closed  set  which  separates  H'—H'K'  from  K' 
—HK  in  5.  The  collection  R  of  those  components  of  D-{H'+K')—N 
having  no  limit  points  in  .V  is  finite.  Let  /  be  a  simple  closed  curve  which 
lies  in  Z>,  intersects  no  element  of  i?,  and  separates  N  ivomH'  K'  —  N.  There 
exists  a  subarc  PQ  of  /  whose  end  points  lie  in  H'  and  K'  respectively.  The 
component  -u  of  D-{H'+K')—N  which  contains  P,  and  the  component 
V  of  D  {H'+K')—N  which  contains  Q,  have  limit  points  in  N.  There  exists 
a  component  Fi  of  F  which  separates  u  from  v  in  5.  Thus  Fi  contains  a  point 
of  PQ  and  a  point  of  N.  Let  Z,i  be  a  subcontinuum  of  Fi  which  is  irreducible 
from  iV  to  J+B,  and  denote  by  di  the  complementary  domain  of  H'+K' 
which  contains  the  connected  set  Li  —  LiN. 

The  continuum  S  —  di  is  compactly  connected  and  does  not  separate  the 
plane.  Hence,  by  Theorem  13,  there  exists  a  subarc  P'Q'  of  /  which  lies  in 
S  —  di  and  weakly  disconnects  A"  from  a  point  X  of  H'K'  —  N  in  S  —  du 
There  exists  a  subarc  p'q'  of  P'Q'  whose  end  points  lie  in  H'  and  K'  respec- 
tively. There  exists,  further,  by  Theorem  13,  a  component  F2  of  F-{S  —  di) 
which  weakly  disconnects  p'  from  q'  in  S  —  di.  Hence  F2  contains  a  point  of 
p'q'.  If  u'  and  v'  denote  the  components  of  D-{H'+K')—N  which  contain 
p'  and  q'  respectively,  then  ii'+N+v'  is  a  subcontinuum  of  S—di.  Hence 
Fi  contains  a  point  of  N.  Let  L2  be  a  subcontinuum  of  F2  which  is  irreducible 
from  N  to  J+B,  and  denote  by  d^  the  complementary  domain  of  H'+K' 
which  contains  L2  —  L2N. 

The  complementary  domains  5i  and  62  of  h+K  which  contain  di  and  di, 
respectively,  are  distinct.  For  suppose  the  contrary.  Let  W  and  Y^  be  points 
of  di  and  d^  respectively.  There  exists  an  arc  (3  from  Y\  to  F2  which  lies  in 
81  and  hence  contains  no  point  of  h+K.  Since  the  boundaries  of  di  and  di 
intersect  K'-HK,  there  exist  two  arcs  FiZi  and  F2Z2  which  lie  in  di  and 
di,  respectively,  except  for  the  points  Zi  and  Z2,  which  are  contained  in 
K'-HK.  The  continuum  il  =  YiZi  +  YiZi+K'  contains  Y1+Y2  and  has 
no  point  in  common  with  Th*.  The  common  part  of  Th*  and  h+K  is  a  subset 
of  h',  and  //  is  a  connected  set  having  no  point  in  common  with  (3+  Q.  Hence, 
by  Theorem  17,  H'+K  =  h+K  +  TH*  does  not  separate  Fi  from  F2  in  S. 
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With  this  result  it  can  be  proved  by  a  similar  argument  that  H'-\-K'  does 
not  separate  Fi  from  Y2  in  S.  But  this  is  a  contradiction. 

It  follows  that  the  complementary  domains  Ai  and  A2  of  H+K  which 
contain  Li  —  LiN  and  L^  —  LiN,  respectively,  are  distinct.  If  we  take  L=L\ 
+iV+Z2,  the  domains  Ai,  A2  are  seen  to  satisfy  the  conditions  of  the  theorem. 

The  case  where  H  and  K  are  not  assumed  to  be  compact  can  be  reduced 
to  the  one  considered  by  performing  an  inversion  of  the  plane  about  a  circle 
whose  center  lies  in  S  —  (H+K). 

Corollary.  If  H  and  K  are  hvo  unbounded  plane  continua  wliose  intersec- 
tion is  non-vacuous  and  compact,  there  exist  two  complementary  domains 
Ai,  A2  of  H+K  such  that  (1)  A,-  {i  =  l,  2)  contains  an  unbounded  continuum, 
and  (2)  the  boundary  of  At  {i=l,  2)  intersects  H  —  HK  and  K  —  HK. 

Theorem  19.  A  necessary  and  sufficient  condition  that  a  connected  and  lo- 
cally arcwise  connected  subset  M  of  the  plane  be  simply  connected  is  that  the 
interior  of  every  simple  closed  curve  lying  in  M  be  a  subset  of  M. 

That  the  condition  is  sufficient  follows  from  Theorem  7  and  Lemma  K. 

The  condition  is  also  necessary.  For  assume  M  to  be  simply  connected 
and  suppose  M  contains  a  simple  closed  curve  /  whose  interior  I  contains  a 
point  Q  which  does  not  lie  in  M.  Let  /  be  a  straight  line  which  intersects  /, 
and  denote  by  Pi  and  P^  the  two  points  oi  I  J  such  that  the  interval  P1P2 
of  /  contains  /  •  /.  Join  P\  with  P^  by  an  arc  b  which  contains  Q  and  lies  in  / 
except  for  its  end  points.  Let  A  and  B  denote  interior  points  of  the  two 
arcs  of  J  whose  end  points  are  Pi  and  Pi.  The  open  curve  h  =  {),—PiP^+b 
separates  A  from  B  in  the  plane.  Hence  h-M  separates  A  from  B  in  M.  But 
no  component  of  h-M  can  separate  A  from  B  in  M;  for  such  a  component 
would  contain  P1+P2  and  hence  Q.  This  contradicts  the  hypothesis  that  M 
is  simply  connected. 

We  get  the  following  well  known  corollaries. 

Corollary  L  A  bounded,  connected  subdomain  of  the  plane  is  simply  con- 
nected if  and  only  if  its  complement  is  connected.  This  remains  true  if  "com- 
plement" is  replaced  by  "boundary." 

Coroll.'Vry  2.  An  unbounded,  connected  subdomain  of  the  plane  is  simply 
connected  if  and  only  if  every  component  of  its  complement  is  unbounded.  This 
remains  true  if  "complement"  is  replaced  by  "boundary." 

Corollary  3.  Every  complementary  domain  of  a  plane  closed  set  each 
component  of  which  is  unbounded  is  simply  connected. 
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Corollary  4.  If  D  is  a  complementary  domain  of  a  hounded  plane  continu- 
um, and  F  is  a  bounded  and  relatively  closed  subset  of  D  which  separates  a  point 
A  from  a  point  B  in  D,  then  F  contains  a  connected  subset  which  separates  A 
from  B  in  D. 

An  application  of  Corollary  3  and  Theorem  2  is  the  following  well  known 
theorem :  If  H  and  K  are  two  closed  sets  neither  of  which  separates  the  point 
A  from  the  point  B  in  the  plane,  and  if  each  component  of  i7  .K"  is  unbounded, 
then  H+K  does  not  separate  A  from  B  in  the  plane.  This  theorem  can  be 
generalized  as  follows: 

Theorem  20.  In  a  connected  and  locally  arcwise  connected  subset  M  of  a 
plane  S  let  G  be  a  countable  collection  of  relatively  closed  sets  such  that  (1)  the 
common  part  of  every  pair  of  elements  of  G  is  the  set  H  (which  may  be  vacuous), 
(2)  either  II-\-{S~M)  is  vacuous  or  every  component  of  II-\-{S  —  M)  is  un- 
bounded, and  (3)  G*  is  locally  compact  in  M.  If  no  element  of  G  separates  the 
point  A  from  the  point  B  in  M,  then  G*  does  not  separate  A  from  B  in  M. 

Let  bi  and  62  be  two  arcs  from  A  to  B  that  lie  in  M—H.  The  set  II-\-{S 
~M),  if  not  vacuous,  is  contained  in  the  unbounded  domain  D  which  is 
complementary  to  bi+b^  in  S.  Hence  the  compact  continuum  5  — Z?  is  a  sub- 
set of  M  —  II.  But  S  —  D  does  not  separate  S  and  therefore,  by  Theorem  K, 
is  simply  connected  in  the  weak  sense.  Hence,  by  Theorem  3,  G*  does  not 
separate  A  from  B  in  M. 

Another  special  case  of  this  result  is  the  following  theorem  of  Anna 
Mullikinf:  If  G  is  a  countable  collection  of  mutually  exclusive  closed  sets 
lying  in  the  plane  S,  and  no  element  of  G  separates  the  point  A  from  the  point 
B  in  S,  then  G*  does  not  separate  A  from  B  in  S. 

If  the  collection  G  is  not  restricted  to  be  countable,  we  have  a  proposition 
related  to  a  theorem  J  of  Rutt  and  Roberts: 

Theorem  21.  In  a  connected  and  locally  arcwise  connected  subset  M  of  a 
plane  S  let  G  he  any  collection  of  connected  sets  which  are  closed  in  S  such  that 

(1)  the  common  part  of  every  pair  of  elements  of  G  is  the  non-vacuous  set  H, 

(2)  every  component  of  H-\-{S  —  M)  is  unbounded,  and  (3)  G*  is  closed  in  M. 
If  no  element  of  G  separates  the  point  A  from  the  point  B  in  M,  then  G*  does  not 
separate  A  from  B  in  M. 

t  Certain  theorems  relating  to  plane  connected  point  sets,  these  Transactions,  vol.  24  (1922),  p. 
148,  Theorem  3. 

t  See  N.  E.  Rutt,  On  certain  types  of  plane  continua,  these  Transactions,  vol.  Z3  (1931),  p.  815, 
Theorem  IV  and  Corollan,'  I\";  and  J.  H.  Roberts,  Concerning  collections  of  contimia  not  all  bounded, 
American  Journal  of  Mathematics,  vol.  52  (1930),  p.  553,  Theorem  I. 
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In  the  outline  of  proof  that  follows  let  5  be  the  space  of  reference. 

Suppose  the  theorem  false.  Select  an  element  g  of  G,  choosing  it  to  be  un- 
bounded if  there  are  any  unbounded  elements  of  G.  Let  L  denote  the  col- 
lection of  all  elements  each  of  which  is  the  sum  of  g  and  a  component  of  a  set 
obtained  by  subtracting  H  from  an  element  of  G.  There  exists  a  subset  F 
of  L*  which  is  closed  in  M,  separates  A  from  B  in  M,  contains  every  element 
of  L  which  has  with  it  a  point  oi  L*  —  g  in  common,  and  is  irreducible  with 
respect  to  these  three  properties. 

With  the  aid  of  Theorem  20  there  can  be  constructed  four  arcs  APi 
(j  =  l,  •  •  •  ,  4)  lying  in  M  such  that  (1)  APi  (1  =  1,  •  •  •  ,  4)  has  in  common 
with  F  the  point  P.  and  this  point  only,  and  (2)  Pi,  ■  ■  ■  ,Pi  lie  in  F  —  g  and 
in  distinct  elements  h,  ■  ■  ■  ,  h,  respectively,  of  L.  Let  /  be  a  simple  closed 
curve  which  separates  A  from  F  in  5  such  that,  if  D  denotes  the  complemen- 
tary domain  of  /  that  contains  F,  no  two  of  the  arcs  APi  have  a  point  of  D  in 
common.  Denote  by  Qi{i  =  \,  •  •  •  ,  4)  the  first  point  of  PiA  which  lies  on  /. 
Two  of  the  points  Qi,  say  Qi  and  Q^,  separate  the  other  two  in  /.  The  set 
W  =  QiPi-\-QiPi+h+h  contains  Qi+Qi  and  lies  in  D.  Moreover  W  is  either 
a  continuum  or  the  sum  of  two  or  three  unbounded  continua.  Therefore  W 
separates  Q2  from  Qi,  and  hence  P2  from  P4,  in  D.  It  follows  that  h+h  sepa- 
rates h—g  from  h-g  in  F.  Thus  F-{h-\-h)=Fi-\-Fi,  where  Fi  and  F4  are 
mutually  separated  sets  containing  h  —  g  and  h  —  g  respectively.  The  sets 
R2  =  F2-\-{li  +  U)  and  Ri  =  Fi  +  {li  +  k)  are  closed  in  M  and  each  contains  every 
element  of  L  which  has  with  it  a  point  of  L*  —g  in  common.  But  Ri  and  /?4 
are  proper  subsets  of  F.  Hence  neither  R^  nor  Ri  can  separate  A  from  B  in 
M.  Therefore,  by  Theorem  20,  R2  +  Ri{  =  F)  does  not  separate  A  from  B  in 
M,  contrary  to  construction. 

Theorem  22.  If  a  bounded  and  locally  arcwise  connected  subset  M  of  the 
plane  S  separates  the  point  A  from  the  point  B  in  S,  then  M  contains  a  simple 
closed  curve  which  separates  A  from  B  in  S. 

By  hypothesis  S  —  M  =  H-\-K,  where  H  and  K  are  mutually  separated 
sets  containing  A  and  B  respectively.  One  of  the  sets  H,  K  is  bounded  since 
the  exterior  of  a  circle  enclosing  M  is  a  subset  either  of  H  or  of  K.  Hence 
there  exists  a  compact  continuum  F  which  separates  A  from  B  in  5  and  con- 
tains no  point  oiH+K.  By  a  theorem  of  R.  L.  Wilderj  there  exists  a  compact 
continuous  curve  N  which  contains  F  and  is  a  subset  of  M;  and  by  a  theorem 
of  R.  L.  Mooret  N  contains  a  simple  closed  curve  which  separates  A  from  B 
in  5. 


t  Loc.  cit. 

I  Concerning,  continuous  curves  in  the  plane,  Mathematische  Zeitschrift,  vol.  15  (1922),  p.  260, 
Theorem  5. 
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This  result  enables  us  to  generalize  Corollary  1  of  Theorem  19  as  follows: 

Theorem  23.  A  bounded,  connected,  and  locally  arcwise  connected  subset 
of  the  plane  is  simply  connected  if  and  only  if  it  does  not  separate  the  plane. 

As  further  applications  of  simply  connected  sets  we  shall  prove  several 
theorems  relating  to  the  separation  of  a  continuum  by  a  closed  set. 

Theorem  24.  Let  H  and  K  be  two  plane  continua  of  which  K  is  compact  if 
H  is  compact.  If  E  disconnects  the  boundary  of  some  complementary  domain  of 
H+K  then  H  disconnects  K. 

Suppose  the  contrary.  Let  B  denote  the  boundary  of  a  domain  A  comple- 
mentary to  H+K  such  that  B—BH  =  Ni+N2,  where  Ni  and  N^  are  mu- 
tually separated  sets.  The  set  N1+N2  is  a  subset  of  that  complementary  do- 
main D  oiH  which  contains  A.  Let  i^  be  a  relatively  closed  subset  of  D  which 
separates  iVi  from  N2  in  D,  and  let  F  be  compact  if  E  is  compact.  By  Corol- 
laries 3  and  4  of  Theorem  19  there  exists  a  component  Fa  of  F  that  separates 
a  point  Pi  of  Ni  from  a  point  Pi  of  Ni  in  D.  Hence  Fq  contains  a  point  of  A, 
which  implies  that  f  0  is  a  subset  of  A.  But  K  —  KH\s,z.  connected  subset  of 
D  which  contains  Pi  and  P2  but  no  point  of  A.  This  is  a  contradiction. 

Theorem  25.  In  an  n-dimensional  euclidean  space  E„  the  complement  of 
every  closed  set  K  of  dimension  n  —  3  or  less  is  simply  connected. 

That  the  complement  D  of  A'  is  connected  is  well  known.  Suppose  D  is 
not  simply  connected.  Then,  by  Theorem  6,  D  =  Di+D2,  where  Di  and  D2  are 
connected  and  relatively  closed  subsets  of  D  whose  intersection  is  not  con- 
nected. Thus  DrD2  =  Ii+l2,  where  h  and  1 2  are  mutually  separated  sets. 
Let  P  be  a  closed  set  which  separates  /i  from  1 2  in  £„.  Let  Pi  and  P2  be  points 
of  7i  and  I2  respectively.  Then  there  exists  a  closed  subset  P  of  P  which 
separates  Pi  from  P2  in  £„  and  is  the  common  boundary  of  two  domains. 
Since  the  dimension  of  PA'  cannot  exceed  n  —  5,  it  follows  from  a  theorem  of 
P.  Alexandrofit  that  P-P-A  is  a  connected  set.  But  B-BK  contains  a 
point  of  Pi  and  a  point  of  D2  and  is  a  subset  of  Di+Dn.  Hence  B—BK  con- 
tains a  point  of  Pi  ■  P2,  contrary  to  the  fact  that  P,  which  contains  B,  has  no 
point  in  common  with  Pi  ■  P2. 

The  theorem  of  Alexandroff  referred  to  is,  as  he  has  pointed  out,}  equiv- 
alent to  the  following  theorem:  If  M  and  .V  are  two  closed  subsets  of  P™ 
neither  of  which  separates  the  point  A  from  the  point  P  in  P„,  and  if  the 

t  Sur  les  multipliciUs  cantoriennes  el  k  thcorcme  de  Phragmcn-Brmtwcr  genlraUs(,  Comptes 
Rendus,  vol.  183  (1926),  pp.  722-724.  In  this  paper  the  implicit  assumption  seems  to  be  made  that 
the  common  boundary  is  compact.  That  this  restriction  is  not  necessary  follows  from  an  argument 
by  inversion. 

X  Ibid. 
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dimension  of  M -N  does  not  exceed  w  — 3,  then  M-\-N  does  not  separate  A 
from  B  in  £„.  We  note  that  Theorem  25  is  another  formulation  of  the  same 
result. 

Theorem  26.  In  n-dimensional  euclidean  space  a  closed  set  K  of  dimension 
n  —  3  or  less  disconnects  a  continuum  M  if  and  only  if  it  disconnects  the  boundary 
of  sotne  complementary  domain  of  M. 

Clearly  K  disconnects  M  if  and  only  if  K  ■  M  (whose  dimension  does  not 
exceed  «  — 3)  disconnects  M. 

Suppose  M  —  K-M  =  Mi+M2,  where  Mi  and  M^  are  mutually  separated 
sets.  Since  K-M  does  not  disconnect  space  there  exists  an  arc  P1P2  whose 
end  points  lie  in  Mi  and  M2,  respectively,  but  which  otherwise  contains  no 
point  of  M.  The  set  PiPi  —  iPi+P^)  lies  in  a  domain  A  complementary  to  M. 
If  B  denotes  the  boundary  of  A  we  have  B—KB  =  BMi+B-M2,  where 
B-Mi  and  BM^  are  mutually  separated  sets  containing  Pi  and  P2  respec- 
tively. Thus  K  ■  M  disconnects  the  boundary  of  A. 

The  sufficiency  of  the  condition  can  be  proved  with  the  aid  of  Theorem  25 
and  an  argument  similar  to  that  of  Theorem  24. 

In  particular  a  point  of  a  continuum  M  in  three  or  more  dimensions  is  a 
cut  point  of  M  if  and  only  if  it  is  a  cut  point  of  the  boundary  of  a  comple- 
mentary domain  of  M.  It  is  interesting  to  note  that  this  proposition,  though 
truef  for  bounded  continua  in  the  plane,  is  not  generally  valid  for  unbounded 
plane  continua. 

As  a  second  application  of  Theorem  3  we  shall  extend  a  result  of  R.  L. 
Mooret  to  w-dimensional  euclidean  space  (»  >  2) . 

Theorem  27.  In  a  euclidean  space  E  of  three  or  more  dimensions  let  G  be  a 
countable  collection  of  closed  sets  of  which  the  common  part  of  each  pair  is  the 
point  0.  If  no  element  of  G  separates  the  point  A  from  the  point  B  in  E,  then  G* 
does  not  separate  A  from  B  in  E. 

Let  bi  and  b^  be  two  arcs  from  A  to  B  that  lie  in  £  —  0.  Consider  two  hyper- 
spheres  with  centers  at  0  and  such  that  bi  +  b-z  lies  in  the  domain  D  included 
between  them.  D  is  homeomorphic  to  E  —  0  and  hence,  by  Theorem- 25,  is 
simply  connected.  It  follows  from  Theorem  3  that  G*  does  not  separate  A 
from  B  in  E. 


t  See  R.  L.  Moore,  Concerning  the  common  boundary  of  two  domains,  Fundamenta  Mathematicae, 
vol.  6  (1924),  p.  211,  Theorem  8;  and  G.  T.  Whybum,  Concerning  continua  in  the  plane,  these  Trans- 
actions, vol.  29  (1927),  p.  389,  Theorem  19. 

X  Foundations  of  Point  Set  TIteory,  p.  298,  Theorem  113. 
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CONCERNING  ACYCLIC  CONTINUOUS  CURVES* 

BY 

HARRY  MERRILL  GEHMANf 

In  this  paper,  we  propose  to  use  the  word  acyclic  in  place  of  the  phrase 
containing  no  simple  closed  curve.  That  is,  an  acyclic  continuous  curve  is 
a  continuous  curve  containing  no  simple  closed  curve. 

Acyclic  continuous  curves  have  been  studied  by  Mazurkiewicz,J  R.  L. 
Wilder, §  R.  L.  Moore,  ||  and  the  author.^f  As  a  result  of  Theorem  1,  it  follows 
that  certain  internal  properties  of  an  acyclic  continuous  curve  which  have 
been  proved  by  the  above  authors  for  plane  curves,  are  also  possessed  by 
curves  in  «-dimensional  space.  However,  in  the  present  paper,  only  plane 
point  sets  are  considered,  unless  otherwise  stated. 

Theorem  1.  Any  acyclic  continuous  curve  lying  in  n-dimensional  space 
can  be  put  into  continuous  (1-1)  correspondence  with  some  plane  acyclic  con- 
tinuous curve. 

Mazurkiewicz**  states  that  the  above  theorem  is  probably  true,  but  he 
gives  no  indication  of  any  attempt  to  prove  it.  We  shall  give  here  a  proof 
based  upon  the  following  deiinition  and  lemmas,  the  truth  of  which  is  easily 
established  from  the  definition. 

Definition.  A  continuous  (1-1)  correspondency  between  two  point  sets 
Ml  and  M2,  is  said  to  be  uniformly  continuous,  if  given  any  positive  number  t, 
there  exists  a  corresponding  positive  number  5,  such  that  if  Ai  and  Bi 
are  any  two  points  of  Mi  at  a  distance  apart  less  than  5,  then  the  correspond- 


*  Presented  to  the  Society,  October  31,  1925;  received  by  the  editors  in  July,  1926. 

t  National  Research  Fellow  in  Mathematics. 

}  S.  Mazurkiewicz,  Un  thlorcmc  sitr  les  lignes  de  Jordan,  Fundamenta  Mathematicae,  vol.  2 
(1921),  pp.  119-130. 

§  R.  L.  Wilder,  Concerning  continuous  curves,  Fundamenta  Mathematicae,  vol.  7  (1925),  pp. 
340-377. 

11  R.  L.  Moore,  Concerning  the  cut-points  of  continuous  curves  and  of  other  closed  and  connected 
point  sets.  Proceedings  of  the  National  Academy  of  Sciences,  vol.  9  (1923),  pp.  101-106. 

H  H.  M.  Gehman,  On  extending  a  continuous  (1-1)  correspondence  of  two  plane  continuous  curves 
to  a  correspondence  of  their  planes,  these  Transactions,  vol.  28  (1926),  pp.  252-265. 

**  Loc.  cit.,  p.  130.  Note  added  in  proof:  Professor  J.  R.  Kline  has  informed  me  that  this 
theorem  has  been  proved  by  T.  Wazewski,  Annales  de  la  Soci6t6  Polonaise  de  Mathtoatique, 
vol.  2  (1923). 
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ing  points  Ai+i  and  5,+i  of  Mi+i  are  at  a  distance  apart  less  than  e,  where 
j  =  1,  2,  and  all  subscripts  are  reduced  modulo  2.* 

Lemma  A.  A  continuous  (1-1)  correspondence  between  two  closed  and 
bounded  point  sets  is  uniformly  continuous. 

Lemma  B.  A  continuous  (1-1)  correspondence  between  a  closed  and  an 
open  set  cannot  be  uniformly  continuous. 

Lemma  C.  A  continuous  (1-1)  correspondence  between  a  bounded  and  an 
unbounded  set  cannot  be  uniformly  continuous. 

Lemma  D.  If  two  open  sets  are  in  tmiformly  continuous  (1-1)  correspond- 
ence, then  the  correspondence  can  be  extended  to  the  closed  sets  obtained  by 
adding  limit  points  to  the  two  sets. 

Lemma  E.  If  any  two  sets  are  in  uniformly  continuous  {\-\)  correspond- 
ence, then  if  any  sequence  of  points  of  one  of  the  sets  has  a  sequential  limit 
point  {not  necessarily  in  the  set),  then  the  sequence  of  corresponding  points  in 
the  other  set  also  has  a  sequential  limit  point. 

The  set  of  continuous  (1-1)  correspondences  having  the  property  men- 
tioned in  Lemma  E  (i.e.,  that  a  sequence  having  a  sequential  limit  point 
always  corresponds  to  a  sequence  having  a  sequential  limit  point)  includes 
as  a  proper  subset  the  set  of  uniformly  continuous  (1-1)  correspondences  as 
defined  above.  If  a  uniformly  continuous  (1-1)  correspondence  had  been 
defined  by  means  of  this  property,  all  the  lemmas  would  have  remained 
true,  and  in  addition,  the  words  "and  bounded"  may  be  omitted  from  Lemma 
A.  Under  either  definition,  the  properties  of  bouudedncss  and  closedness  are 
invariant  properties  of  a  point  set  under  the  group  of  uniformly  continuous 
(1-1)  correspondences,  which  is  not  the  case  under  those  (1-1)  correspond- 
ences which  are  merely  continuous. 

The  following  example  will  show  that  under  our  given  definition  of  a 
uniformly  continuous  (1-1)  correspondence,  a  continuous  (1-1)  correspond- 
ence between  two  closed  and  unbounded  point  sets  is  not  necessarily  uni- 
formly continuous.  Let  Mi  be  the  two  lines  y  =  0,  and  y  =  1.  Let  Ah  be  the 
line  >'  =  0,  and  the  exponential  curve  y  =  e'.  Let  the  correspondence  between 
them  be  such  that  each  point  on  y=0  corresponds  to  itself,  and  each  point 
on  y  =  l  corresponds  to  the  point  with  the  same  abscissa  on  y  =  e''.  If  e  is 
selected  as  less  than  1,  then  no  matter  what  5  is  selected,  there  are  two  points 
of  Mi  (i.e.,  a  point  of  y  =  0  and  a  point  of  y  =  e^  with  the  sameabscissa), 


*  Compare  the  definition  of  uniform  continuity  given  by  W.  H.  Young  and  G.  C.  Young,  The 
Theory  of  Sets  of  Points,  1906,  p.  2 18. 
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which  are  at  a  distance  apart  less  than  6,  and  yet  the  corresponding  points 
of  Ml  are  at  a  distance  apart  equal  to  1,  and  therefore  greater  than  e.  There- 
fore this  continuous  (1-1)  correspondence  between  two  closed  and  unbounded 
sets  is  not  uniformly  continuous. 

The  proof  of  Theorem  1  then  proceeds  as  follows:  R.  L.  Wilderf  has 
shown  that  an  acyclic  continuous  curve  M  can  be  expressed  as  the  sum  of 
a  set  M*  and  a  totally  disconnected  set  of  limit  points  of  M*,  where  M*  is  a 
set  which  (1)  is  composed  of  a  sequence  of  arcs  Ci,  C2,  Ca,  •  •  •  ,  no  two  of  which 
have  in  common  a  point  which  is  an  interior  point  of  both,  and  (2)  is  such 
that  if  n  is  any  positive  integer,  C1  +  C2+  ■  ■  ■  -f  C„  is  an  acyclic  continuous 
curve  which  is  a  proper  subset  of  M,  and  (3)  is  such  that  given  any  positive 
number  e,  there  exists  a  number  p  such  that  if  n>p,  the  diameter  of  C„  is 
less  than  e,  and  the  diameter  of  each  treej  in  AI  —  (Ci  +  C2+  ■  ■  ■  -|-C„) 
is  less  than  e.  Although  Wilder's  proof  is  worded  for  the  case  of  a  plane  con- 
tinuous curve,  it  is  evident  that  with  the  necessary  changes  in  wording, 
his  proof  will  hold  also  for  an  acyclic  continuous  curve  lying  in  a  space  of 
any  number  of  dimensions. 

Let  Ml  be  an  acyclic  continuous  curve  lying  in  ^-dimensional  space,  and 
let  Ml  be  expressed  as  described  in  Wilder's  theorem.  In  a  plane  S,  we  can 
construct  an  arc  Di  in  continuous  (1-1)  correspondence  with  Ci,  and  an  arc 
D2  such  that  D1  +  D2  is  in  continuous  (1-1)  correspondence  with  Ci+d, 
preserving  the  given  correspondence  between  Di  and  Ci,  and,  in  general,  an 
arc  Di  such  that  D1+D2+  ■  ■  ■  +Di  is  in  continuous  (1-1)  correspondence 
with  C1+C2+  ■  ■  ■  +Ci,  preserving  the  given  correspondence  between 
D1+D2+  ■  ■  ■  +Di^i  and  C1+C2+  ■  ■  ■  +C,_i.  This  construction  can  be 
performed  in  such  a  way  that  Z)i-|-Z)2+  •  •  •  plus  limit  points  of  this  sequence 
is  an  acyclic  continuous  curve  M2  in  5. 

By  Lemma  D,  it  will  be  sufficient  to  prove  that  M^  =  Ci  +  C2+  •  •  ■  and 
M^  =  Di+D2+  ■  •  •  are  in  uniformly  continuous  (1-1)  correspondence. 
Suppose  that  this  were  not  true.  Then  for  some  positive  number  e,  there  is 
a  sequence  of  pairs  of  points  Xi,  F,-  (j  =  1,  2,  3,  •  •  ■  )  of  one  of  the  sets,  say 
1/1*,  such  that  the  distance  between  A".-  and  V,  is  less  than  \/i,  while  the 
distance  between  the  corresponding  points  A'/  and  F,'  of  M^  is  greater  than 
e.  Let  us  select  an  integer  k  so  large  that  the  diameter  of  any  tree  in  M2  —  {D\ 
-hA+  •  ■  ■  +Dk)  is  less  than  t/i.  Then  each  of  the  arcs  X/ F/  of  Mj 
contains  a  subarc  ^.'5, '  which  lies  in  Z)i 4- A  +  •  •  •  +  A,  and  is  of  diameter 
greater  than  6/3,  and  therefore  contains  two  points  £,',  Fi  whose  distance 


t  Loc.  cit.,  Theorem  15,  p.  365. 

X  A  tree  is  a  maximal  connected  subset.  See  H.  M.  Gehman,  loc.  cit.,  p.  256. 
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apart  is  greater  than  e/3.  Since  M2  was  constructed  in  such  a  way  that  the 
correspondence  between  C1  +  C2+  ■  ■  •  +Cj.  and  D1  +  D2+  ■  ■  ■  -\-Dk  is 
continuous,  and  therefore,  by  Lemma  A,  uniformly  continuous,  it  follows 
that  there  exists  a  constant  5,  such  that  if  two  points  of  C1  +  C2+  •  •  •  +Ca 
are  at  a  distance  apart  less  than  5,  the  corresponding  points  of  Di+Di 
+  ■  ■  ■  +Dk  are  at  a  distance  apart  less  than  e/3.  Also  the  set  Mi  is  uni- 
formly connected  im  kleinen,  and  therefore  there  exists  a  constant  a,  such 
that  an}'  two  points  of  Mx  at  a  distance  apart  less  than  a  can  be  joined  by 
an  arc  in  Mi  of  diameter  less  than  5.  If  we  then  select  an  integer  i,  such  that 
{l/i)<a,  the  diameter  of  the  arc  A'iF,-  is  less  than  5.  The  points  £,-,  F.-, 
which  are  on  the  arc  XiYi,  are  therefore  at  a  distance  apart  less  than  5, 
and  the  corresponding  points  £.' ,  Fl  are  at  a  distance  apart  less  than  e/3, 
which  is  contrary  to  the  method  of  selection  of  the  points  £,' ,  Fl . 

Exactly  the  same  contradiction  is  obtained  if  we  suppose  the  points 
Xi,  Yi  to  lie  in  M*.  Therefore  M*  and  M*  are  in  uniformly  continuous 
(1-1)  correspondence,  and  Theorem  1  is  true. 

Definition.  If  M  is  a  connected  point  set,  and  P  is  a  point  of  M,  then 
if  M  —P  is  not  connected,  P  is  said  to  be  a  cut  point  of  M;  if  M—P  is  con- 
nected, P  is  said  to  be  a  non-cut  point  of  M.f 

Definition.  If  Af  is  a  continuous  curve,  and  P  is  a  point  of  M,  then  P 
is  said  to  be  an  end  point  of  M,  if  the  maximal  connected  subset  olM  —  {A  — P) 
containing  P  consists  of  P  alone,  where  A  is  any  arc  of  M  having  one  end 
point  at  P.%  It  follows  that  an  end  point  is  always  a  non-cut  point.  If  M 
is  an  acyclic  continuous  curve,  every  non-cut  point  is  an  end  point. 

Theorem  2.  If  T,  the  set  of  all  non-cut  points  of  a  bounded  continuum  M 
lying  in  n-dimensional  space,  is  a  subset  of  a  closed,  totally  disconnected  subset 
T'  of  M,  then  M  is  an  acyclic  continuous  curve,  the  set  of  whose  end  points  is 
identical  with  T. 

Suppose  that  M  were  not  a  continuous  curve.  In  that  case,  M  contains 
a  sequence  of  mutually  exclusive  continua  W,  Mi,  Mi,  ■  ■  •  such  that  W 
is  the  sequential  limiting  set  of  the  sequence  Mi,  M2,  ■  •  •  ,  and  such  that 
there  exists  a  connected  subset  of  M  containing  M1-I-3/2-I-  •  •  •  but  not 
containing  any  points  of  IF.§  If  to  this  connected  set  we  add  its  limit  points, 

t  R.  L.  Moore,  loc.  cit.,  p.  101. 

X  R.  L.  Wilder,  loc.  cit.,  p.  358.  See  Theorem  7.  For  a  number  of  definitions  of  an  end  point  of  a 
continuous  curve  which  are  equivalent  to  the  above,  see  the  author's  forthcoming  paper  Concerning 
end  pmnis  of  continuous  curves  and  other  continua. 

§  R.  L.  Wilder,  loc.  cit.,  p.  371.  See  also  R.  L.  Moore,  Report  on  continuous  curves  from  the  view- 
point of  analysis  situs,  Bulletin  of  the  American  Mathematical  Society,  vol.  29  (1923),  p.  296.  We 
shall  refer  to  this  hereafter  as  Report. 
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the  resulting  continuum  Ris  a.  subset  of  M  and  contains  W.  It  is  well  known 
that  if  to  a  connected  set,  we  add  any  set  of  its  limit  points,  the  resulting  set 
is  connected.  If  then  we  add  to  the  connected  set  mentioned  above,  all  its 
limit  points  save  a  point  P  of  W,  the  resulting  set  R—P  is  connected.  In 
other  words,  every  point  of  W  is  a  non-cut  point  of  R. 

Under  these  conditions,  only  a  countable  number  of  points  of  W  can  be 
cut  points  of  M.f  Since  the  set  T'  which  contains  all  the  non-cut  points 
of  M  is  closed  and  totally  disconnected,  there  is  a  subcontinuum  of  W  which 
contains  no  points  of  T',  and  which  therefore  consists  entirely  of  cut  points 
of  M.  But  a  continuum  cannot  consist  of  a  countable  set  of  points,  and  we 
have  therefore  arrived  at  a  contradiction  by  supposing  that  M  is  not  a 
continuous  curve. 

Suppose  next  that  the  continuous  curve  M  contains  a  simple  closed  curve 
/.  By  the  theorem  referred  to  above,  the  cut  points  of  M  on  /  are  countable. 
Since  T'  is  closed  and  totally  disconnected,  J  contains  an  arc  which  contains 
no  points  of  T',  and  which  therefore  consists  entirely  of  cut  points  of  M. 
But  an  arc  cannot  consist  of  a  countable  number  of  points,  and  we  have 
therefore  arrived  at  a  contradiction  by  supposing  that  M  contains  a  simple 
closed  curve.  The  continuum  M  is  therefore  an  acyclic  continuous  curve,  and 
therefore  the  set  T  of  non-cut  points  is  identical  with  the  set  of  end  points 
of  M. 

Note  however,  that  if  T  denotes  the  set  of  end  points  of  an  acyclic  con- 
tinuous curve,  it  does  not  follow  that  there  exists  a  closed,  totally  discon- 
nected set  T'  which  contains  T.  For  there  exist  acyclic  continuous  curves 
in  which  every  point  is  a  limit  point  of  the  set  of  end  points,  and  in  such  a 
case  any  closed  set  which  contains  T  contains  the  acyclic  continuous  curve 
and  therefore  cannot  be  totally  disconnected. 

Theorem  3.  If  T'  is  a  closed  and  totally  disconnected  subset  of  a  bounded 
continuum  M  in  n-dimensional  space,  then  a  necessary  and  sufficient  condition 
that  M  be  an  acyclic  continuous  curve,  the  set  of  whose  end  points  is  a  subset 
of  T',  is  that  M  be  irreducibly  connected  about  T' .% 

The  condition  is  necessary,  as  a  bounded  continuum  is  always  irreducibly 
connected  about  any  set  which  contains  its  non-cut  points,  as  we  have  proved 
in  a  recent  paper. §  In  this  same  paper,  we  prove  that  a  bounded  continuum 

_  t  R.  L.  Moore,  Concerning  the  cut-points,  etc.,  loc.  cit.,  Theorem  B*,  p.  102,  and  Report,  Theorem 
D,  p.  300. 

t  A  set  M  is  said  to  be  irreducibly  connected  about  a  set  of  points  T',  if  Af  is  connected  and  con- 
tains T',  but  no  proper  connected  subset  of  M  contains  T'. 

§  H.  M.  Gehman,  Concerning  irreducibly  connected  sets  and  irreducible  continua,  Proceedings  of 
the  National  Academy  of  Sciences,  vol.  12  (1926),  pp.  544-547. 
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is  not  irreducibly  connected  about  any  set  which  does  not  contain  all  its 
non-cut  points,  and  therefore  in  proving  that  the  given  condition  is  sufficient 
it  follows  that  T'  contains  all  the  non-cut  points  of  M.  Then,  by  Theorem  2, 
the  continuum  M  is  an  acyclic  continuous  curve,  whose  end  points  are  a 
subset  of  T'.   This  completes  the  proof  of  Theorem  3. 

Note  that  this  theorem  serves  to  characterize  a  certain  tj'pe  of  acyclic 
continuous  curve  by  the  condition  which  Lennes*  used  to  define  a  simple 
continuous   arc. 

R.  L.  iVIoore  and  J.  R.  Klinef  have  solved  the  problem  of  determining 
the  most  general  plane  point  set  through  which  an  arc  may  be  passed.  It 
is  evident,  however,  that  in  the  space  consisting  of  a  plane  continuous  curve,t 
their  conditions  are  not  sufficient.  For  if  the  continuous  curve  K  consists 
of  three  arcs,  AB,  AC,  AD,  having  no  points  in  common  save  the  point  A, 
then  the  point  set  consisting  of  B,  C,  and  D  satisfies  the  hypotheses  of  their 
theorem,  and  yet  K  contains  no  arc  containing  B,  C,  and  D. 

In  Theorem  4,  we  shall  describe  the  most  general  closed  point  set  lying 
in  a  plane  continuous  curve  A',  through  which  an  acyclic  continuous 
curve  lying  in  K  can  be  passed.  In  our  discussion,  it  is  immaterial  whether 
the  continuous  curve  K  be  a  bounded  portion  of  the  plane,  or  some  other 
type  of  continuous  curve. 

Lemma  F.  If  N  is  a  closed  bounded  set  consisting  of  a  collection  of  con- 
nected sets  (E),  each  one  of  which  is  a  maximal  connected  subset  of  N,  no  one 
of  which  separates  the  plane  S,  and  not  more  than  a  finite  number  of  which 
are  of  diameter  greater  than  any  given  positive  number,  then  N  cannot  separate 
the  plane,  and  if  moreover,  a  point  P  of  a  maximal  connected  subset  e  of  (£)  is 
accessible  from  S  —  e,  then  P  is  accessible  from  S  —  N. 

Under  these  hypotheses,  the  maximal  connected  subsets  in  (E)  are 
mutually  exclusive  and  closed.  The  collection  (E)  may  contain  an  un- 
countable collection  of  these  continua,  but  in  that  case  those  which  contain 
more  than  one  point  form  a  countable  collection. 

If  we  add  to  the  collection  of  continua  (£),  the  collection  of  mutually 
exclusive  continua  each  consisting  of  a  single  point  of  S  —  N,  the  resulting 
collection  (G)  forms  an  upper  semi-continuous  collection  of   mutually  ex- 


*  N.  J.  Lennes,  Curves  in  non-metrical  analysis  situs,  American  Journal  of  Mathematics,  vol.  33 
(1911),  p.  308. 

t  On  the  most  general  plane  dosed  point  set  through  which  it  is  possible  to  pass  a  simple  continuous 
arc,  Annals  of  Mathematics,  (2),  vol.  20  (1919),  pp.  218-223. 

i  This  idea  has  been  discussed  by  R.  L.  Wilder,  loc.  cit.,  p.  341,  and  by  R.  L.  Moore,  Concerning 
continuous  curves  in  the  plane,  Mathematische  Zeitschrift,  vol.  15  (1922),  pp.  254-260. 
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elusive  bounded  continua,  filling  up  the  entire  plane  5.  Under  these  con- 
ditions R.  L.  Moore*  has  proved  that  if  each  continuum  of  (G)  be  con- 
sidered as  a  point,  the  set  of  elements  of  (G)  is  (from  the  viewpoint  of  analysis 
situs)  equivalent  to  the  set  of  points  in  a  plane  S'.  The  set  of  points  in  S' 
corresponding  to  the  elements  of  (E)  is  a  closed,  totally  disconnected  set 
of  points,  N',  through  which,  by  the  Moore-Kline  theorem,  an  arc  may  be 
passed  in  S'.  Any  two  points  of  S'  —  N'  can  therefore  be  joined  by  an  arc 
having  no  points  in  common  with  A".  Each  point  of  S'  on  this  arc  corresponds 
to  a  single  point  in  5,  and  therefore  any  two  points  oi  S  —  N  can  be  joined 
by  an  arc  having  nothing  in  common  with  N.  The  set  N  therefore  does  not 
separate  the  plane. 

Let  us  now  assume  that  P  is  a  point  of  a  continuum  e  of  (£),  which  is 
accessible  from  S  —  e.  Let  PQ  be  an  arc  joining  P  to  any  point  Q  not  in  (£), 
and  having  only  P  in  common  with  e.  If  this  arc  has  points  in  common  with 
any  continuum  of  (£)  of  diameter  greater  than  1,  we  can  enclose  each  of 
these  continua  by  a  simple  closed  curve  containing  no  points  of  N,  such  that 
P  and  Q  are  in  its  exterior,  such  that  every  point  of  the  simple  closed  curve 
and  its  interior  lies  at  a  distance  less  than  5  from  the  continuum  that  it 
encloses,  and  such  that  each  simple  closed  curve  of  the  set  is  exterior  to  each 
of  the  others. t  In  the  same  way,  we  can  enclose  each  continuum  of  diameter 
greater  than  |  (but  less  than  1)  that  has  points  in  common  with  a  sub-arc 
of  PQ  which  is  exterior  to  all  the  simple  closed  curves  of  the  first  set,  by  a 
simple  closed  curve  which  has  the  properties  of  those  of  the  first  set,  and  which 
in  addition  is  such  that  every  point  of  the  simple  closed  curve  and  its  interior 
lies  at  a  distance  less  than  j  from  the  continuum  that  it  encloses.  Evidently 
the  diameter  of  each  simple  closed  curve  of  this  second  set  is  less  than  f. 
If  we  continue  this  process,  we  obtain  a  point  set  A  consisting  of  the  arc  PQ 
and  a  countable  collection  of  mutually  exclusive  simple  closed  curves, 
each  having  points  in  common  with  the  arc  PQ,  and  such  that  only  a 
finite  number  of  them  are  of  diameter  greater  than  any  given  positive  number. 
This  set  ^  is  a  continuum  which  satisfies  a  set  of  conditions  which  are 
sufficient  that  every  subcontinuum  of  ^  be  a  continuous  curve. J  Therefore 
the  continuum  B  consisting  of  the  simple  closed  curves  in  A  and  those  points 


*  R.  L.  Moore,  Concerning  upper  semi-continuous  collections  of  continua,  these  Transactions, 
vol.  27  (1925),  pp.  416-428. 

t  This  is  an  e.xtension  of  a  theorem  due  to  Zoretti.  See  R.  L.  Moore,  Concerning  the  separalion  of 
point  sets  by  curves,  Proceedings  of  the  National  Academy  of  Sciences,  vol.  11  (1925),  pp.  469-476. 

t  H.  M.  Gehman,  Some  conditions  under  ivhich  a  continuum  is  a  continuous  curve,  Annals  of 
Mathematics,  (2),  vol.  27  (1926),  pp.  381-384.  See  especially  Theorem  2,  p.  382. 
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of  the  arc  PQ  that  are  not  interior  to  any  simple  closed  curve  in  ^,  is  a  con- 
tinuous curve  that  contains  P  and  Q.    Therefore  B  contains  an  arc  PQ. 

The  arc  PQ  in  B  may  contain  points  of  N,  but  if  so,  the  set  of  points 
common  to  N  and  PQ  is  totally  disconnected.  Let  Pi,  P2,  P3,  •  •  ■  be  a 
sequence  of  points  on  PQ  which  are  not  points  of  A^  and  which  are  such  that 
the  diameter  of  the  arc  P,P  is  less  than  \/i.  The  points  of  N  on  QPi  can 
be  covered  by  a  finite  set  of  mutually  exclusive  simple  closed  curves  of  di- 
ameter less  than  2,  having  no  points  in  common  with  A'',  and  such  that  P 
and  Q  are  in  the  exterior  of  each  simple  closed  curve  of  the  set.  The  points 
of  A'^  on  P,P,+i  can  be  covered  by  a  similar  finite  set  of  simple  closed  curves 
of  diameter  less  than  \/i  (j  =  1,  2,  3,  •  •  •  ).  Then  by  precisely  the  same  argu- 
ment as  in  the  preceding  paragraph,  we  obtain  an  arc  PQ  which  has  no  points 
in  common  with  A''.  The  point  P  is  therefore  accessible  from  S—N,  and  the 
truth  of  Lemma  F  is  established. 

Theorem  4.  A  necessary  and  sufficient  condition  that  a  closed  subset  N 
of  a  continuous  curve  K  he  a  subset  of  an  acyclic  continuous  curve  lying  in  K, 
is  that  every  maximal  connected  subset  of  N  be  an  acyclic  continuous  curve, 
and  that  not  more  than  a  finite  number  of  these  maximal  connected  subsets  be 
of  diameter  greater  than  any  given  positive  number. 

The  condition  is  necessary,  because  every  subcontinuum  of  an  acyclic 
continuous  curve  is  an  acyclic  continuous  curve,*  and  therefore  not  more 
than  a  finite  number  of  mutually  exclusive  subcontinua  can  be  of  diameter 
greater  than  any  given  positive  number.f 

To  prove  that  the  condition  is  sufficient,  we  shall  suppose  that  a  contin- 
uous curve  A'  contains  a  closed  subset  N  satisfying  the  given  condition, 
and  shall  show  how  to  construct  an  acyclic  continuous  curve  M  lying  in  K 
and  containing  A'^. 

First  we  shall  enclose  all  those  maximal  connected  subsets  of  N  that  are 
of  diameter  greater  than  1  by  a  finite  collection  (C)  of  mutually  exclusive 
simple  closed  curves,  each  of  which  encloses  one  maximal  connected  subset 
of  A'^  of  diameter  greater  than  1,  encloses  no  other  maximal  connected  subset 
of  A'^  of  diameter  greater  than  \,  contains  no  point  of  A^,  and  is  such  that  every 
point  of  the  simple  closed  curve  and  its  interior  is  at  a  distance  less  than  1 
from  a  point  of  the  subset  of  N  of  diameter  greater  than  1,  that  it  encloses. 

Let  Ci  be  a  simple  closed  curve  of  (C),  and  let  A''i  be  the  subset  of  A^ 
of  diameter  greater  than  1,  enclosed  by  Ci.    Let  AB  be  a  maximal  arc  of 

*  S.  Mazurkiewicz,  loc.  cit.,  Lemma,  p.  123. 

t  H.  M.  Gehman,  Concerning  the  subsets  of  a  plane  continuous  curve.  Annals  of  Mathematics, 
(2),  vol.  27  (1925),  pp.  29-46.  See  Theorem  V,  p.  39. 
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Ni  of  diameter  greater  than  1.  If  ^4  is  a  limit  point  of  N  —  Ni,  we  shall  put 
about  A  as  center  a  circle  Ca  of  diameter  less  than  ^,  whose  exterior  contains 
B  and  Ci,  and  a  circle  Ca  of  diameter  half  that  of  Ca-  Under  the  given  hy- 
potheses, there  are  only  a  finite  number  of  maximal  connected  subsets  of  A^ 
that  have  points  interior  to  Ca  and  points  exterior  to  Ca-  Therefote  we  can 
put  about  A  as  center  a  circle  Ca'  whose  exterior  contains  every  maximal 
connected  subset  of  N  —  Ni  that  contains  points  exterior  to  Ca-  Since  K 
is  connected  im  kleinen  at  A,  there  exists  a  circle  Ca'  about  A  as  center 
and  interior  to  Ca"  ,  such  that  every  point  of  A'  within  Ca*  can  be  joined  to  A 
by  an  arc  in  A'  lying  within  Ca"  -  Since  ^  is  a  limit  point  of  K  —  N\,  we  can 
select  a  point  A'  of  A  — A"i  lying  within  Ca*  and  can  select  a  definite  arc 
XA  in  K  lying  within  Ca"  -  Let  Y  be  the  first  point  which  this  arc  has  in 
common  with  A^^i.  The  arc  XY  together  with  those  maximal  connected  sub- 
sets of  A^  — yVi  that  have  points  in  common  with  XY  forms  a  continuum  M, 
every  subcontinuum  of  which  is  a  continuous  curve,!  which  has  only  the 
point  Y  in  common  with  Ni,  and  which  lies  entirely  within  Ca-  The  maximal 
connected  subsets  of  A^  — A'^i  that  are  of  diameter  >0  and  lie  in  M  can  be 
arranged  in  a  sequence  Hi,  H2,  H3,  ■  ■  ■  ,  such  that  given  any  positive  number 
€,  there  exists  an  integer  n,  such  that  for  i>n,  Hi  is  of  diameter  less  than  «. 
Let  A'l  and  Yi  be  respectively  the  first  and  last  points  that  the  arc  XY  has 
in  common  with  Hi,  and  let  Mi  denote  the  arc  XiYi  of  Hi,  the  arcs  XXi 
and  YiY  of  the  original  arc  XY,  plus  those  sets  of  the  sequence  Hi,  H3, 
Hi,  ■  ■  ■  which  have  points  in  common  with  either  AA'i  or  YiY -  Let  ff„, 
be  the  first  member  of  the  sequence  H^,  H3,  Hi,  ■  ■  ■  that  lies  in  AIi,  and 
let  A'2  and  Yi  be  respectively  the  first  and  last  points  that  the  arc  A'A'iFiF 
has  in  common  with  H„„,  and  let  M-i  denote  the  arc  A2F2  of  H„,,  the  arcs 
XXi  and  Y^Y  of  the  arc  XXiYiY,  plus  those  sets  of  the  sequence  Hm-t-u 
H„^+i,  ■  ■  ■  which  have  points  in  common  with  either  XXi  or  YiY.  The 
method  of  defining  M3,  Mi,  ■  ■  ■  is  obvious.  The  common  part  of  the  sequence 
M,  Ml,  Mi,  •  ■  •  is  a  new  arc  XY  in  K  having  only  F  in  common  with  A^i, 
and  lying  within  Ca,  and  therefore  lying  within  Ci  and  of  diameter  less 
than  3.  Also  from  the  method  in  which  it  has  been  constructed,  the  arc  A'F 
has  the  property  that  if  it  has  two  points  P,  Q  in  common  with  a  maximal 
connected  subset  of  A',  the  arcs  PQ  of  A'F  and  of  N  are  identical.  (The 
arcs  B'Z,  G'V,  A,F„  etc.,  to  be  constructed  later,  are  also  to  have  this 
property.)  Since  A''i  is  a  maximal  connected  subset  of  A^,  the  arc  A'^F  contains 
a  point  of  A  — A'^.  Let  ^' be  such  a  point. 


t  H.  M.  Gehman,  Some  cotiditions  under  which  a  continuum  is  a  continuous  curve,  loc.  cit., 
Theorem  2,  p.  382. 
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In  case  A  is  not  a  limit  point  of  A''  — A'^i,  let  ^  =F=^'.  In  either  case, 
if  we  add  to  Ni  the  arc  A'Y  plus  all  maximal  connected  subsets  of  N  that 
have  points  in  common  with  A'Y,  we  obtain  a  new  acyclic  continuous  curve 
N2  that  contains  .Vi. 

In  the  same  way,  if  the  point  5  is  a  limit  point  of  N  —  Ni,  there  is  a 
point  B'  of  K  —  N,  and  an  arc  B'Z  of  A'  of  diameter  less  than  f,  which  is 
interior  to  Ci  and  has  no  points  in  common  with  the  arcs  A'Y  and  AY, 
and  has  only  Z  in  common  with  N2.  In  case  B  is  not  a  limit  point  of  N  —  Ni, 
let  B=B'  —  Z.  If  we  add  to  A'^2  the  arc  B'Z  and  all  maximal  connected  subsets 
of  N  that  have  points  in  common  with  B'Z,  we  obtain  a  new  acyclic  con- 
tinuous curve  N3,  containing  A''i  and  1V2,  and  such  that  A'B'  is  a  maximal 
arc  of  Ni  whose  end  points  are  not  limit  points  of  (iV  +  iVs)  —  A^s-  The  arc 
A'B'  has  the  arc  YZ  in  common  with  Ni,  and  is  therefore  of  diameter  greater 
than  5,  because,  the  diameters  of  the  arcs  AY  and  BZ  of  A^i  being  each  less 
than  5,  the  diameter  of  YZ  is  greater  than  |. 

By  Lemma  F,  each  point  of  N^s  is  accessible  from  S—iN  +  Ns).  We  can 
therefore  join*  ^'  to  a  point  D  of  Ci  by  an  arc  in  S  having  only  ^'  in  common 
with  iV  +  A'^s,  and  only  D  in  common  with  Ci.  We  can  also  join  B'  to  a  point 
E  of  Ci  (Et^D)  by  an  arc  having  only  B'  in  common  with  A^  +  A^a,  only  E 
in  common  with  d,  and  having  no  points  in  common  with  the  arc  A'D.  ■ 

If  the  set  Nz—A'B'  contains  a  tree  T  of  diameter  greater  than  \,  it  is 
necessarily  a  tree  of  A^^i  — FZ.  Let  the  foot  of  the  tree  be  F,  and  let  FG 
be  a  maximal  arc  of  T-\-F  of  diameter  greater  than  1/10.  If  G  is  a  limit  point 
of  A'^  — A^i,  as  before  we  can  construct  an  arc  G'V  in  A',  within  a  circle  about 
G  of  diameter  less  than  1/30  whose  exterior  contains  C\  and  the  arcs  DA' , 
A'B',  B'E,  the  arc  G'V  being  such  that  G'  is  a  point  of  K-{N+Ni),  and  V 
is  the  only  point  that  it  has  in  common  with  A'3.  Since  the  diameter  of  G'V 
is  less  than  1/30,  the  diameter  of  the  arc  VF  of  A^3  is  greater  than  2/30. 

If  G  is  not  a  limit  point  of  N-Nu  let  G  =  G'  =  F.  Let  A^3  plus  G'V  plus 
all  maximal  connected  subsets  of  A'^  that  have  points  in  common  with  G'V 
be  denoted  by  A^4,  which  is  also  an  acyclic  continuous  curve.  As  before, 
A'^-f  A'^4  satisfies  the  hypotheses  of  Lemma  F,  and  therefore  the  point  G' 
can  be  joined  to  a  point  H  of  Ci  (Dt^H^E)  by  an  arc  having  only  G'  in 
common  with  A^  +  A^4,  only  H  in  common  with  Ci,  and  having  no  points  in 
common  with  either  A'D  or  B'E. 

If  the  set  Ni  —  {A'B'+FG')  contains  a  tree  of  diameter  greater  than 
5,  it  is  necessarily  a  tree  of  Ni  —  (YZ+FV),  and  as  we  have  done  before  we 


*  The  construction  from  this  point  follows  in  the  main  that  used  in  the  proof  of  Theorem  1  of 
my  paper  On  extending  a  conlinuous  (1-1)  correspondence,  etc.,  loc.  cit. 
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can  construct  an  arc  within  Ci  from  a  point  of  Ci  to  a  point  of  K—{N  +  Nt) 
or  a  point  of  A'4  (depending  upon  whether  the  end  point  of  A^4  first  chosen  is 
or  is  not  a  limit  point  of  N  —  Ni),  and  obtain  as  before  an  acyclic  continuous 
curve  Ni  which  contains  ^^4  as  a  subset. 

After  a  finite  number  k  of  steps,  Nk  —  {A'B'+FG'+  •  ■  •  )  will  contain  no 
tree  of  diameter  greater  than  f ,  otherwise  A^  would  contain  an  infinite  set  of 
mutually  exclusive  arcs  of  diameter  greater  than  2/30  which  is  impossible. 

Therefore,  after  the  ^th  step,  the  interior  of  Ci  has  been  expressed  as  the 
sum  of  a  finite  number  of  domains,  plus  boundary  points  of  these  domains, 
where  the  boundary  of  each  domain  is  a  simple  closed  curve  consisting  of 
an  arc  of  Nk,  and  an  arc  having  only  its  end  points  in  common  with  N  +  N^. 
The  arc  of  Nk  lying  in  the  boundary  is  a  maximal  arc  of  A'k,  and  its  end 
points  are  not  limit  points  of  (iV  +  A^jt)  —Nk- 

Let  J  denote  one  of  these  simple  closed  curves,  FQ  the  arc  of  Nk  in  J, 
N'  the  points  of  Nk  contained  in  and  enclosed  by  /.  We  can  select  a  finite 
set  of  points  Pi,  P2,  ■  •  •  ,  P„  on  PQ,  such  that  (a)  Pi  =P,  (b)  Pn  =  Q,  (c)  P.- 
precedes  P,+i  on  PQ,  for  i  =  l,  2,  ■  ■  ■  ,  n  —  l,  (d)  the  diameter  of  each  arc 
PiP i+i  is  less  than  5,  (e)  no  tree  in  N'  —PQ  has  its  foot  at  any  of  the  points 
P.. 

If  P,  is  a  limit  point  of  points  of  {N-j-Nk)—Nk  interior  to  /,  then  as 
before,  there  is  a  point  A',  of  A'  — (A'^  +  A''*),  and  an  arc  X.-F,  in  K  having 
only  Yi  in  common  with  A^^,  interior  to  /  save  possibly  for  F,-,  of  diameter 
less  than  |,  such  that  no  two  arcs  of  the  set  A'.F,  have  points  in  common 
or  contain  points  of  the  same  maximal  connected  subset  of  (N-\-A^k)  —Nk, 
and  such  that  the  arc  F.Pj  of  A^k  does  not  contain  any  other  points  of  the 
sets  Pi,  P2,  •  •  •  ,  P„  and  Fi,  F2,  ■  •  •  ,  F„.  If  P;  is  not  a  limit  point  of 
(N+Nk)-Nk,  then  P.  =  Z,  =  Fi.  Let  A^'  plus  the  arcs  A'lFi,  X2V,,  ■  ■  ■  , 
XnY„  plus  all  maximal  connected  subsets  of  A'^  that  have  points  in  common 
with  one  of  these  arcs,  be  denoted  by  A"'. 

As  in  the  paper  referred  to  in  the  previous  footnote,  there  exists  a  set 
of  arcs  XiA'2,  XiXi,  ■  ■  •  ,  A'„_iA'„  in  S,  which  have  no  points  in  common 
save  end  points  of  consecutive  arcs  of  the  sequence,  are  interior  to  J  save 
possibly  for  end  points,  are  of  diameter  less  than  2,  and  have  no  points  in 
common  with  A''+A''i  +  A^"  save  their  end  points.  These  arcs  form  with  the 
corresponding  arcs  of  N"  a  set  of  simple  closed  curves  Ji,  J2,  •  ■  •  ,  Jn-\ 
which  contain  or  enclose  all  points  of  A'".  The  diameter  of  the  arc  ATiX.+i 
of  A'"  is  less  than  1,  and  therefore  the  diameter  of  each  of  the  simple  closed 
curves  /;  is  less  than  3. 

If  the  above  construction  is  made  in  each  of  the  simple  closed  curves  /, 
we  have  a  finite  set  of  simple  closed  curves  (similar  to  /<)  each  of  diameter 
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less  than  3,  which  contain  or  enclose  all  points  of  Nk,  and  are  such  that 
each  is  composed  of  an  arc  in  K  and  an  arc  no  point  of  which  is  a  limit  point 
of  points  of  N.  No  two  of  these  simple  closed  curves  have  an  interior  point 
in  common. 

We  shall  now  make  the  same  construction  in  each  of  the  simple  closed 
curves  of  the  set  (C)  that  we  have  made  within  d.  Let  (D)  denote  the  col- 
lection of  all  the  simple  closed  curves  similar  to  /,.  If  any  maximal  connected 
subsets  of  N  are  exterior  to  (D),  we  shall  cover  each  such  set  by  a  simple 
closed  curve  containing  no  points  of  N  or  of  (D),  enclosing  no  points  of 
(D),  and  such  that  every  point  of  the  simple  closed  curve  and  its  interior  is 
at  a  distance  less  than  1  from  a  point  of  the  subset  of  N  that  it  encloses. 
Since  any  subset  of  N  exterior  to  (D)  is  of  diameter  less  than  1,  it  follows  that 
each  simple  closed  curve  of  this  set  is  of  diameter  less  than  3.  If  this  set  is 
infinite,  we  can  select  from  it  a  finite  subset  (E)  which  encloses  all  points 
of  N  exterior  to  (D).  If  any  two  simple  closed  curves  of  (£)  have  points  in 
common,  the  collection  (£)  may  be  replaced  by  a  finite  collection  (F)  of 
simple  closed  curves  enclosing  all  points  of  N  exterior  to  (D),  each  simple 
closed  curve  being  of  diameter  less  than  3,  and  having  the  additional  property 
that  no  two  have  a  point  or  an  interior  point  in  common.* 

Let  R  denote  one  of  the  simple  closed  curves  in  {D)  +  {F).  Any  maximal 
connected  subset  of  A'  contained  in  R  plus  its  interior  is  a  continuous  curve, 
and  no  more  than  a  finite  number  of  these  continuous  curves  are  of  diameter 
greater  than  any  given  positive  number. f  If  R  is  in  (F),  then  since  there  is 
some  constant  d  which  is  less  than  the  distance  from  a  point  of  TV  to  a  point 
of  R,  it  follows  that  the  points  of  N  in  the  interior  of  R  lie  in  a  finite  number 
of  mutually  exclusive  continuous  curves  which  are  subsets  of  K.  Similarly, 
if  R  is  in  (D),  then,  since  there  is  some  constant  d'  which  is  less  than  the 
distance  from  a  point  of  N  to  the  arc  that  has  no  points  in  common  with  A^ 
(and  since  the  other  arc  of  (R)  lies  in  A'),  it  follows  that  the  points  of  A'^ 
in  the  interior  of  R  and  on  R,  lie  in  a  finite  number  of  mutually  exclusive 
continuous  curves  which  are  subsets  of  A. 

Therefore  all  points  of  A'  lie  in  a  finite  collection  (G)  of  continuous  curves 
which  are  subsets  of  A  and  which  are  of  diameter  less  than  3.  Let  d,  G2, 
■  ■  ■  ,  Ga  he  the  finite  set  of  maximal  connected  subsets  of  (G),  and  let  Pi 
be  a  point  in  G,.    We  can  join  Pi  to  P2  by  an  arc  in  A',  and  on  this  arc,  we 


*  Moore  and  Kline,  loc.  cit.,  Lemma  1,  p.  219. 

t  H.  M.  Gehman,  Concerning  the  siibsels  of  a  plane  continuous  curve,  loc.  cit.,  Lemma  B,  p.  34. 
See  ako  Theorem  6  of  H.  M.  Gehman,  Some  relations  between  a  continuous  curve  and  its  subsets, 
Annals  of  Mathematics,  (2),  vol.  28  (1927),  pp.  103-111. 
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can  select  all  possible  arcs  AB,  such  that  A  is  in  d  and  B  is  in  one  of  the  sets 
Gi,  G3,  ■  ■■  ,  Ga,  and  AB  has  no  other  points  in  common  with  any  of  the  sets 
Gi.  If  there  is  more  than  one  arc  AB  such  that  5  is  a  point  of  d  (for  a  fixed 
value  of  i),  then  select  one  definite  arc  AB  from  d  to  d.  The  set  d  plus  the 
arcs  AB  plus  the  sets  of  G2,  Gz,  ■  ■  ■  ,  Ga  that  contain  one  of  the  points  B, 
we  shall  call  Hi.  The  other  sets  of  Go,  G3,  •  ■  ■  ,  Ga  we  shall  call  H^,  Eg, 
•  ■  ■  ,  Hb.  Note  that  b^a  —  l.  Let  Qi  be  a  point  of  Hi,  and  construct  an  arc 
in  K  from  Qi  to  Q2,  and  then  proceed  as  with  the  arc  P1P2. 

After  a  finite  number  of  steps  we  obtain  a  continuous  curve  Ki  which 
is  a  subset  of  K,  contains  N,  contains  no  point  exterior  to  the  simple  closed 
curves  in  {D)-\-{F)  except  points  of  the  arcs  AB,  and  has  the  property  that 
there  is  only  one  "path"  composed  of  arcs  AB  and  sets  G,,  joining  any  two 
points  of  Ki. 

If  we  now  consider  each  member  G,-  of  the  finite  collection  (G)  of  contin- 
uous curves  of  diameter  less  than  3  which  are  subsets  of  A'  and  contain  all 
of  N,  we  can  perform  the  same  type  of  construction  with  G.  within  and  on 
the  simple  closed  curve  that  encloses  and  contains  G,,  as  we  have  just  per- 
formed with  K,  in  such  a  way  as  finally  to  cause  all  the  points  of  A'^  that  are 
contained  in  Gi  to  lie  in  a  finite  number  of  continuous  curves  that  are  subsets 
of  Gi  (and  therefore  of  K),  and  are  of  diameter  less  than  1.  Having  done 
that  with  each  member  of  (G),  we  can  construct  arcs  AB  in  A'l,  so  as  to 
obtain  a  continuous  curve  K^  which  is  a  subset  of  A'l,  contains  A',  contains 
no  point  save  points  of  the  arcs  AB  exterior  to  the  finite  set  of  simple  closed 
curves  that  enclose  all  of  A'^,  and  has  the  property  that  there  is  only  one 
"path"  joining  any  two  points  of  Aj. 

Continuing  this  process,  the  set  of  points  common  to  A,  A'l,  A2,  -is 
a  bounded  continuum  M,  which  is  a  subset  of  K  and  contains  N.  We  shall 
now  show  that  M  is  an  acyclic  continuous  curve. 

Sierpinski*  has  shown  that  a  bounded  continuum  M  is  a  continuous 
curve  if  M  can  be  expressed  as  the  sum  of  a  finite  collection  of  continua  each 
of  diameter  less  than  a  preassigned  positive  number.  Let  us  then  select  a 
positive  number  </.  There  is  an  integer  n  such  that  \/3"<d.  The  set  A„+2 
consists  of  a  finite  collection  of  continuous  curves  each  of  diameter  less 
than  1/3"  plus  a  finite  collection  of  arcs,  each  of  which  may  be  expressed  as 
the  sum  of  a  finite  collection  of  arcs  each  of  diameter  less  than  1/3".  The  set 
M  consists  of  these  arcs  plus  some  points  of  the  continuous  curves,  i.e.,  for 
each  continuous  curve  in  A„+2,  M  contains  only  the  points  common  to  the 


•  W.  Sierpinski,  Sur  une  condition  pour  qii'un  conlinti  soil  une  courbe.  jordanienne,  Fundamenta 
Mathematicae,  vol.  1  (1920),  pp.  44-60. 
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continuous  curve  and  all  the  continua  of  the  sequence  K,  A'l,  Ki,  ■  ■  ■  .  Since 
this  common  part  is  always  a  continuum,  the  part  in  M  is  a  continuum  which 
is  of  diameter  less  than  1/3",  and  therefore  M  is  a  continuous  curve. 

Suppose  that  M  contains  a  simple  closed  curve  /.  Since  N  contains  no 
simple  close  curves,  /  contains  a  point  P  which  is  not  a  point  of  N.  If  the 
distance  from  P  to  a  point  of  N  is  greater  than  1/3",  it  is  evident  that  P 
cannot  be  a  point  of  a  continuous  curve  in  A'„+2,  and  therefore  P  is  a  point 
of  an  arc  AB  of  iv„,+2.  If  X  and  Y  are  two  points  on  this  arc,  such  that  the 
arc  XPY  contains  no  point  of  N,  then  since  /  lies  in  Km+2  there  are  evidently 
two  "paths"  joining  A'  to  F,  contrary  to  our  method  of  constructing  the 
sets  Ki.   Therefore  M  is  an  acyclic  continuous  curve. 

Theorem  5.  A  necessary  and  sufficient  condition  that  a  bounded  continuum 
K  be  a  continuous  curve  is  that  every  closed,  totally  disconnected  subset  T'  of  K 
be  a  subset  of  some  subconlinuum  M  of  K  which  is  irreducibly  connected  about  T' . 

In  view  of  Theorem  3,  Theorem  5  is  equivalent  to  the  following  theorem  : 

Tbceorem  5'.  A  necessary  and  sufficient  condition  that  a  bounded  con- 
tinuum K  be  a  continuous  curve  is  that  every  closed,  totally  disconnected  subset 
T'  of  K  be  a  sttbset  of  an  acyclic  continuous  curve  M  in  K,  the  set  of  whose  end 
points  is  a  subset  of  T'. 

The  condition  is  necessary,  because  T'  satisfies  the  conditions  of  Theorem 
4,  and  therefore  an  acyclic  continuous  curve  M  can  be  constructed  in  K 
containing  T' ,  by  the  method  used  in  the  proof  of  that  theorem.  As  was 
pointed  out  in  the  final  paragraph  of  the  proof  of  Theorem  4,  a  point  of 
M  that  is  not  a  point  of  T'  is  a  point  of  an  arc  introduced  at  a  certain  step, 
and  is  therefore  a  cut  point  of  each  of  the  continuous  curves  Ki  after  that 
step,  and  also  a  cut  point  of  M.  Therefore  the  set  of  end  points  of  M  is  a 
subset  of  T' . 

The  condition  is  sufficient.  For  if  A"  were  not  a  continuous  curve,  it 
would  contain  a  sequence  of  continua  l-F,  Mi,  M2,  ■  ■  ■  ,  having  the  properties 
mentioned  in  the  proof  of  Theorem  2,  and  each  having  at  least  one  point 
in  common  with  each  of  two  concentric  circles,  d  and  d,  and  lying  entirely 
in  the  point  set  H  composed  of  the  circles  and  all  points  of  the  plane  between 
them,  each  set  (save  possibly  IF)  being  a  maximal  connected  subset  of  K 
mE. 

LetP  be  a  point  of  W  lying  between  Ci  and  d,  and  Pi,  P2,  -a  sequence 
of  points  such  that  P,-  is  a  point  of  Mi,  and  such  that  P  is  the  sequential 
limit  of  the  sequence.  Let  P+P1+P2+  •  ■  ■  be  T'.  By  hypothesis,  K 
contains  a  continuous  curve  M  containing  T'.    Therefore  all  but  a  finite 
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number  of  the  points  of  T'  can  be  joined  to  P  by  an  arc  in  K  and  in  H, 
which  contradicts  our  supposition  that  each  set  in  the  original  sequence 
(except  possibly  W)  was  a  maximal  connected  subset  of  K  in  H.  Therefore 
/^  is  a  continuous  curve,  and  the  condition  is  sufficient. 

Theorem  6.  Every  closed,  bounded,  totally  disconnected  point  set  is 
identical  with  the  set  of  end  points  of  some  acyclic  continuous  curve. 

Let  T'  be  a  closed,  bounded,  totally  disconnected  set.  We  shall  show 
how  to  construct  an  acyclic  continuous  curve,  the  set  of  whose  end  points  is 
identical  with  T' . 

An  arc  AB  may  be  passed  through  T' ,  by  the  Moore-Kline  theorem,  in 
such  a  way  that  its  end  points  are  points  of  T' .  Then  a  set  of  points  belong- 
ing to  AB  —  T'  can  be  selected  which  divide  AB  into  a  finite  number  of 
intervals,  h,  h,  ■  ■  ■  ,  /„,  each  of  diameter  less  than  1.  If  /,  contains  an 
infinite  number  of  points  of  T' ,  we  shall  denote  the  first  point  of  T'  in  h  by 
At,  and  the  last  point  by  Dr.  We  shall  denote  by  Br  and  Cr  two  points  of 
T'  on  the  arc  AjDj,  such  that  the  arc  BrCr  contains  no  other  points  of  T' , 
and  such  that  the  four  points  occur  on  I^  in  the  order  ArBrCrDr. 

Let  P  be  a  point  of  the  plane  not  on  AB.  Let  us  construct  arcs  PA  and 
PB  having  only  P  in  common,  and  having  only  A  and  B  respectively  in 
common  with  AB,  thus  forming  a  simple  closed  curve  which  we  shall  denote 
by  J.  Then  construct  a  finite  set  of  arcs,  each  one  interior  to  /  save  for 
its  end  points,  and  no  pair  having  any  points  in  common  save  P,  by  joining 
P  to  each  point  of  T'  —  (A+B)  in  those  intervals  of  AB  that  contain  only 
a  finite  number  of  points  of  T',  and  by  joining  P  to  each  of  the  points  Ar 
and  Dr  in  the  remaining  intervals.  In  case  /i  contains  an  infinite  number 
of  points  of  T',  let  the  arc  PAi  be  the  arc  PA  of  J;  in  case  /„  contains  an 
infinite  number  of  points  of  T',  let  PD^  be  the  arc  PB  of  /. 

For  each  value  of  r  for  which  the  points  Ar,  Br,  Cr,  Dr  have  been  defined, 
we  next  make  the  following  construction.  We  enclose  the  arc  ArBr  by  a 
simple  closed  curve  Jr,  whose  exterior  contains  the  arc  CrDr  and  all  the 
arcs  that  have  been  constructed  fromP  to  points  of  AB  (excepting  of  course, 
the  arc  PAr),  and  which  is  such  that  every  point  of  /,  and  its  interior  is  at 
a  distance  less  than  1  from  a  point  of  ArBr.  The  diameter  of  Jr  is  therefore 
less  than  3.  If  X  is  the  first  point  that  ArP  has  in  common  with  J,,  then  Br 
can  be  joined  to  any  point  Er  of  ArX(Ar9^Er?^X)  by  an  arc  interior  to  Jr, 
interior  to  the  simple  closed  curve  PArDr  save  for  its  end  points,  having 
only  Er  in  common  with  ArP  and  only  Br  in  common  with  AB.  The  arcs 
BrEr,  ErAr,  aud  ArBr  S-XQ  each  of  diameter  less  than  3,  and  form  a  simple 
closed  curve  which  is  also  of  diameter  less  than  3. 
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By  a  similar  construction,  we  obtain  an  arc  CrFr,  where  Fr  is  a  point  of 
DrP{Dr9^Fr9^P),  such  that  the  arc  has  only  Cr  in  common  with  AB,  only 
Fr  in  common  with  PDr,  has  no  points  in  common  with  any  other  of  the 
arcs  joining  P  to  points  of  AB,  has  no  points  in  common  with  B^Er,  is 
interior  to  PA^Dr  save  for  its  end  points,  is  of  diameter  less  than  3,  and  forms 
with  the  arcs  FrD^  and  CrDr  a  simple  closed  curve  of  diameter  less  than  3. 

Let  us  denote  by  Ki  the  set  consisting  of  all  arcs  joining  P  to  points  of 
AB,  plus  the  set  of  simple  closed  curves  A  rBrEr  and  CDrFr  and  their  interiors. 
This  set  has  all  the  properties  of  the  set  A'l  obtained  in  the  proof  of  Theorem 
4.  If  we  continue  the  same  method  of  construction  within  each  of  the  simple 
closed  curves  ArB,Er,  CrDrFr  that  we  have  performed  within  /,  replacing  P 
by  jEr(or  Fr),  A  by  Ar{ox  Cr),  and  B  by  Br{or  D,),  dividing  the  arc  ArBr 
(or  CrDr)  into  intervals  of  diameter  less  than  \,  we  obtain  a  set  A'2  which  is 
a  subset  of  Ki,  and  has  all  the  properties  of  the  set  A'2  obtained  in  the  proof 
of  Theorem  4. 

Continuing  this  process,  the  set  of  points  common  to  A'l,  A'2,  •  •  ■  is  an 
acyclic  continuous  curve  M,  as  was  shown  in  the  proof  of  Theorem  4.  It 
is  evident  that  M  consists  of  a  connected  set  consisting  of  a  countable  in- 
finity of  arcs  obtained  by  the  process  outlined  above,  plus  limit  points  of 
these  arcs.  The  limit  points  are  points  of  T'  which  are  not  end  points  of 
arcs  of  the  countable  set,  and  all  such  points  are  non-cut  points  of  M.  Also 
the  points  of  T'  which  are  end  points  of  arcs  are  non-cut  points  of  M,  and 
therefore  every  point  of  T'  i&  a  non-cut  point  (and  therefore  an  end  point) 
of  M. 

The  points  of  M  —  T'  are  not  points  of  AB,  and  are  cut  points  of  M,  as 
was  shown  in  the  proof  of  Theorem  4.  Therefore  the  set  T'  is  identical 
with  the  set  of  end  points  of  M. 

The  author  wishes  to  express  his  thanks  to  Professor  R.  L.  Moore  for 
his  assistance  in  the  preparation  of  this  paper. 

University  of  Texas 
Austin,  Texas 


CONCERNING  END  POINTS  OF  CONTINUOUS  CURVES 
AND  OTHER  CONTINUA* 

BY 

harry  merrhx  gehmanf 

1.  Introduction 

Several  authors  have  given  definitions  of  an  end  point  of  a  continuum, 
making  use  of  properties  which  are  possessed  by  an  end  point  of  a  straight 
line  interval,  but  which  are  not  possessed  by  any  interior  point  of  the  interval. 
We  shall  show  in  the  present  paper  that  the  properties  used  in  these  so-called 
"definitions"  are  not  logically  equivalent,  and  shall  determine  the  logical 
relations  which  do  exist  among  these  properties  under  various  conditions.  In 
Part  2,  we  shall  show  the  equivalence  of  a  number  of  these  properties  in  the 
case  of  a  continuous  curve.  In  Part  3  is  shown  the  equivalence  with  the 
first  set,  of  two  additional  properties  in  the  case  of  a  continuous  curve  of  a 
special  type.  In  Parts  4  and  5,  we  determine  the  logical  relations  existing 
among  certain  of  these  properties  in  the  case  of  a  bounded  continuum.  Fin- 
ally, in  Part  6,  some  theorems  are  proved  concerning  points  having  one  or 
more  of  the  given  properties. 

In  this  paper  we  shall  consider  only  plane  point  sets,  although  in  a 
number  of  cases  it  is  obvious  that  our  results  are  true  in  space  of  any  number 
of  dimensions. 

In  regard  to  the  use  of  the  word  "end  point,"  we  intend  hereafter  to  use 
this  word  only  in  the  sense  of  a  point  of  a  continuous  curve  satisfying  Wilder's 
definition  or  one  of  the  other  definitions  equivalent  to  it,  in  other  words,  a 
point  having  any  one  of  the  properties  1-7  given  in  Part  2.  We  shall  not  use 
the  word  "end  point"  in  referring  to  a  point  of  a  continuum  which  is  not 
a  continuous  curve.  The  examples  of  Part  4  show  that  a  point  of  a  con- 
tinuum may  have  certain  of  the  given  properties  and  yet  be  so  placed  with 
respect  to  that  continuum  as  hardly  to  deserve  the  name  of  "end  point." 

2.  Concerning  properties  1-7  for  a  continuous  curve 
The  object  of  this  section  is  to  prove  the  equivalence  of  the  following 


•  Presented  to  the  Society,  April  2  and  September  9,  1926;  received  by  the  editors  August  10, 
1926. 
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properties  of  a  point  of  a  continuous  curve.*  In  each  case,  P  denotes  a  point 
of  a  continuous  curve  M. 

Property  1.  If  PP'  is  any  arc  in  M  whose  end  points  are  P  and  any 
other  point  P'  of  M,  then  the  set  M  —  {PP'-P)  contains  no  connected 
subset  consisting  of  more  than  one  point  which  contains  P. 

Property  2.  If  PP'  is  any  arc  in  M  whose  end  points  are  P  and  any 
other  point  P'  ol  M,  then  P  is  not  a  limit  point  of  any  connected  subset 
oi  M-PP  . 

Property  3.  If  N  is  any  subcontinuum  of  M  containing  P,  then  the 
set  M  —  {N —P)  contains  no  connected  subset  consisting  of  more  than  one 
point  which  contains  P. 

Property  4.   P  is  not  a  cut  pointf  of  any  subcontinuum  of  M. 

Property  5.  P  is  not  contained  in  any  subcontinuum  of  M  which  is 
irreducible}  between  two  other  points  of  M. 

Property  6.  If  A'  is  any  subcontinuum  of  M  containing  P,  then  P  is 
not  a  limit  point  of  any  connected  subset  of  M  —  N . 

Property  7.  Given  any  positive  number  e,  there  exists  a  domain  con- 
taining P  of  diameter  less  than  e,  whose  boundary  has  just  one  point  in 
common  with  M . 

Property  1  is  due  to  R.  L.  Wilder.§  Properties  2,  3,  and  6  are  modifications 
ul  property  1.  Property  4  was  suggested  by  Professor  R.  L.  Moore.  Property 
5  is  due  to  Yoneyama.||   Property  7  is  due  to  Menger.U 

G.  T.  Whyburn**  has  proved  that  in  the  case  of  a  continuous  curve, 
property  1  is  equivalent  to  the  following  property:  No  arc  in  M  contains 
P  as  an  interior  point.   In  the  case  of  a  continuum  which  is  not  a  continuous 


I 


•  For  a  number  of  equivalent  definitions  of  a  continuous  curve,  see  R.  L.  Moore,  Report  on 
continmms  curves  from  the  vieu'point  of  analysis  situs,  Bulletin  of  the  American  Mathematical  Society, 
vol.  29  (1923),  pp.  289-302.  In  the  present  paper  we  shall  make  one  change  in  the  definitions  given 
in  Report,  i.e.,  we  shall  define  a  continuum  as  a  closed  and  connected  point  set  containing  more  than 
one  point. 

t  If  M  is  a  connected  point  set,  and  /"  is  a  point  of  M,  then  if  M—P  is  not  connected,  P  is  said 
to  be  a  cut  point  of  M;  if  M—  P  is  connected  P  is  said  to  be  a  non-cut  point  of  M. 

X  A  point  set  A'  is  said  to  be  an  irreducible  continuum  between  two  points  A  and  B,  if  AT  is  a  con- 
tinuum and  contains  A  and  B,  but  contains  no  proper  subset  which  is  a  continuum  and  contains 
/I  and  B 

§  R.  L.  Wilder,  Concerning  continuous  curves,  Fundamenta  Mathematicae,  vol.  7  (1925),  pp.  340- 
377.  .See  especially  p.  358. 

II  K.  Yoneyama,  Theory  of  continuous  set  (sic)  of  points,  Tohoku  Mathematical  Journal,  vol.  13 
(1918),  p.  130. 

II K.  Menger,  Grundziigc  einer  Theorie  der  Kurven,  Mathematische  Annalen,  vol.  95  (1925), 
pp.  277-306. 

**G.  T.  Whybum,  Concerning  continua  in  the  plane,  these  Transactions,  vol.  29  (1927),  pp.  36-6 
400.   See  Theorem  12,  p.  385. 
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curve,  Whyburn  uses  property  6  as  a  definition  of  an  end  point  of  the 
continuum. 

W.  L.  Ayres*  has  proved  that  in  the  case  of  a  continuous  curve,  property 
1  is  equivalent  to  the  following  property:  P  is  a  non-cut  point  of  M  which 
belongs  to  no  simple  closed  curve  in  M. 

Theorem  1.  If  a  point  P  of  a  continuous  curve  M  has  any  one  of  the 
properties  1-7,  it  has  all  the  others. 

In  Part  4  of  this  paper,  we  shall  show  that  if  M  is  any  bounded  continu- 
um, and  P  has  property  7,  it  has  property  6;  if  P  has  property  6,  it  has 
property  5 ;  if  P  has  property  5,  it  has  property  4. 

If  P  has  property  4,  it  has  property  2.  For  if  it  fails  to  have  property  2, 
then  M  contains  an  arc  PP',  such  that  P  is  a  limit  point  of  a  connected  sub- 
set X  of  M—PP'.  Let  K  denote  the  maximal  connected  subset  of  M—PP' 
containing  X.  The  point  P  can  be  joined  to  any  point  P"  of  K  by  an  arcf 
lying  in  K  except  for  the  point  P,  and  therefore  having  only  P  in  common 
with  the  arc  PP'.  The  sum  of  the  arcs  PP'  and  PP"  is  an  arc  P'P"  of  which 
P  is  an  interior  point,  and  therefore  a  cut  point.  But  this  is  contrary  to  the 
assumption  that  P  has  property  4. 

If  P  has  property  2,  it  has  property  1.  For  if  it  fails  to  have  property  1, 
then  there  is  some  arc  PP'  in  M,  such  that  M  —  {PP'—P)  contains  a  con- 
nected subset  X  containing  P  and  such  that  X—P  is  not  vacuous.  Let  K 
be  the  maximal  connected  subset  of  M  —  (PP'—P)  containing  P.  Since 
K  contains  X,  the  set  K—P  is  not  vacuous.  If  Q  is  any  point  of  K—P,  then 
K  contains  the  maximal  connected  subset  of  M—PP'  containing  Q.  Let  us 
denote  this  set  by  D.  Since  the  point  P  has  property  2,  P  is  not  a  limit  point 
of  D,  and  therefore  K  contains  other  points  besides  P  and  points  of  D. 
The  set  D  is  closed,  save  for  limit  points  on  PP' ,  and  since  the  point  P  is 
not  a  limit  point  of  D,  no  point  of  K—D  is  a  limit  point  of  D.  Also,  no 
point  of  D  can  be  a  limit  point  of  any  set  of  points  of  M  not  in  DX,  and 
therefore  no  point  of  Z)  is  a  limit  point  ol  K  —  D.  Therefore  K  is  disconnected, 
which  is  contrary  to  our  supposition  concerning  K. 

If  in  the  argument  in  the  preceding  paragraph,  we  replace  the  arc  PP' 
by  a  subcontinuum  N  of  M  containing  P,  we  can  prove  that  if  P  has  property 
6,  it  has  property  3.    Obviously  if  P  has  property  3,  it  has  property  6,  and 


*  W.  L.  Ayres,  Concerning  continuous  curves  and  correspondences.  Annals  of  Mathematics,  (2), 
vol.  28  (1927),  pp.  396-418.    See  Theorem  3,  p.  399. 
t  R.  L.  Wilder,  loc.  cit.,  Theorem  1,  p.  342. 
X  R.  L.  Wilder,  loc.  cit.  See  the  proof  of  Theorem  9,  p.  360. 
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therefore  properties  3  and  6  are  equivalent.  To  complete  the  proof  of 
Theorem  1,  we  need  only  show  that  if  P  has  property  1,  it  has  property  7. 

If  P  has  property  1,  and  PP'  is  any  arc  in  M,  then  P  is  a  limit  point  of  a 
set  of  points  L  of  PP'  —  {P+P'),  such  that  if  X  is  any  point  of  L,  then 
PX—X  and  P'X  —  X  lie  in  different  maximal  connected  subsets  of  M  —  X. 
For  suppose  this  is  not  true,  and  the  arc  PP'  contains  a  subarc  PQ,  such  that 
for  every  interior  point  X  of  PQ,  the  sets  PX  —  X  and  P'X  —  X  lie  in  the  same 
connected  subset  of  Af  —  X.  Then,  for  each  point  X,  there  is  an  arc  in  M  —  X 
joining  P  to  Q,  and  this  arc  contains  as  a  subset  an  arc  AB,  which  has  only 
its  end  points  in  common  with  PQ,  and  which  is  such  that  A  is  either  Q  or 
an  interior  point  of  the  arc  QX,  and  such  that  B  is  an  interior  point  of  the 
arc  XP.  Also,  the  point  P  is  not  a  limit  point  of  the  collection  of  maximal 
connected  subsets  of  M—PQ  that  have  limit  points  on  XQ,  because  P 
is  not  a  limit  point  of  any  one  of  them  (since  it  has  property  1),  and  only  a 
finite  number  of  these  sets  can  be  of  diameter  greater  than  half  the  distance 
from  P  to  the  nearest  point  of  XQ*  Therefore  there  is  a  last  point  (necessar- 
ily different  from  P)  on  the  arc  XP  to  which  an  arc  AB,oi  the  type  described 
above,  can  be  constructed.  We  have  therefore  shown  that  corresponding 
to  any  point  X,  an  arc  AB  a?,  described  above  can  be  constructed  having  the 
additional  property  that  no  interior  point  of  the  arc  BP  can  be  joined  to  a 
point  of  XQ—X  by  an  arc  having  only  its  end  points  in  common  with  PQ. 

Let  us  then  select  a  point  .Bo,  which  is  an  interior  point  of  the  arc  PQ. 
Let  .4 1^1  be  an  arc  corresponding  to  Ba-  The  point  Ai  is  a  point  of  B^  Q—Bo, 
and  Bi  is  an  interior  point  of  PBq.  Let  .4252  be  an  arc  corresponding  to  Bi. 
The  point  A2  is  a  point  of  BiBg—Bi,  and  B2  is  an  interior  point  of  PBt. 
Continuing  this  process,  for  w^2,  there  exists  an  arc  A^+j  B„+,  corresponding 
to  B„,  where  A„+i  is  a  point  of  5„5„_i— jB„,  and  Bn+i  is  an  interior  point  of 
PB„. 

Any  set  of  points  Bo,  Bi,  Bi,  ■  •  •  on  an  arc  PQ,  and  such  that  5.  follows 
Bi+i,  must  have  a  sequential  Hmit  point  on  PQ.  We  shall  show  that  under 
the  given  conditions,  this  sequential  limit  point  must  be  the  point  P.  For 
suppose  a  sequence  of  this  type  has  a  point  C  different  from  P  as  a  sequential 
limit  point.  Then  there  exists  an  arc  A'B'  corresponding  to  C,  where  yl'  is  a 
point  of  CQ  —  C,  and  B'  is  an  interior  point  of  PC.  Some  point  of  the  sequence 
Bo,Bi,B2,  •  •  •  ,  say  .B„,  is  an  interior  point  of  the  arc  C.4'.  By  our  method  of 
constructing  the  arc  A„+i  B„+i  corresponding  to  B„,  no  interior  point  of 
B„+i  P  can  be  joined  to  a  point  of  B„Q—Bn  by  an  arc  having  only  its  end 
points  in  common  with  PQ.    But  B„+i  lies  between  C  and  A',  and  therefore 


*  W.  L.  ,\yres,  loc.  cit.,  Theorem  1,  p.  396. 
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B'  is  an  interior  point  of  Bn+iP,  while  ^'  is  a  point  of  B„Q—B„.  The  existence 
of  the  s^TcA'B'  shows  that  our  given  method  of  construction  was  not  followed 
in  constructing  the  arc  A„+i  B„+i.  Having  arrived  at  this  contradiction  by- 
supposing  C  to  be  the  limit  of  the  sequence,  it  follows  that  P  is  the  sequential 
limit  point  of  any  sequence  Bo,  B\,  B2,  ■  ■  ■  ,  obtained  as  described  above. 

The  continuum  consisting  of  the  arc  PQ  and  the  sequence  of  arcs  AiBi, 
A2B2,  A3B3,  •  •  •  is  a  continuous  curve,  every  subcontinuum  of  which  is  a 
continuous  curve.*  Let  Mi  denote  the  continuum  consisting  of  P,  the  arcs 
Ai„+i  Bin+i  (m  =  0,  I,  2,  ■  ■  ■),  and  the  arcs  B2„+i  Ai^+s  («=0,  1,  2,  •  •  •  ) 
of  the  arc  PQ.  Let  Mi  denote  the  continuum  consisting  of  P,  the  arcs 
Ain  Bin  (»  =  1,  2,  3,  •  •  •  ),  and  the  arcs  Bin  Ai„^i  (m  =  1,  2,  3,  •  •  •  )  of  the  arc 
PQ.  These  two  continua  have  only  the  point  P  in  common,  and  since  each 
is  a  continuous  curve,  we  can  construct  in  each  an  arc  having  P  as  an  end 
point.  But  in  that  case  P  fails  to  have  property  1,  which  is  contrary  to  hy- 
pothesis. We  have  thus  established  that  if  P  has  property  1,  any  arc  PP' 
contains  a  set  of  cut  points  of  M  having  P  as  a  limit  point,  each  of  these 
points  X  being  such  that  PX—X  and  P'X—X  lie  in  different  maximal  con- 
nected subsets  oi  M—X. 

Let  PP'  be  an  arc  in  M,  and  let  Pi,  Pi,  P3,  ■  ■  •  be  a  sequence  of  points 
of  PP'  which  are  cut  points  of  M  of  the  type  described  above,  and  whose 
sequential  limit  point  is  P.  Given  any  positive  number  €1,  we  can  select  a 
positive  number  e,  such  that  e  is  less  than  €1,  and  is  less  than  the  distance 
from  P  to  P'.  The  number  of  maximal  connected  subsets  of  M—PP'  of 
diameter  greater  than  e/6  is  finite,  and  since  P  is  not  a  limit  point  of  any 
one  of  these  sets,  we  can  select  an  integer  n  such  that  the  diameter  of  PP„ 
is  less  than  e/6,  and  such  that  no  maximal  connected  subset  of  M—PP' 
of  diameter  greater  than  e/6  has  any  limit  points  on  PP„.  If  we  denote  by 
N  the  maximal  connected  subset  of  M—P„  that  contains  P,  it  follows  that 
the  diameter  of  N  is  less  than  e/2.  The  continuum  N+Pn  cannot  contain  a 
simple  closed  curve  enclosing  the  set  PnP'  —P„,  otherwise  the  diameter  of  N 
would  be  greater  than  the  distance  from  P  to  P',  which  is  impossible. 

If  no  simple  closed  curve  in  M  —  iV  encloses  a  point  of  N,  then  if  we  add 
to  N+P„  all  points  of  the  plane  which  are  interior  to  a  simple  closed  curve 
in  N+P„,  we  obtain  a  continuum  K  which  does  not  separate  the  plane.  Let 
Hi  denote  the  continuum  consisting  of  all  points  of  M+K  —  {K—Pn),  and 
let  H  denote  the  continuum  consisting  of  Hi  and  all  points  of  the  plane  which 
are  interior  to  a  simple  closed  curve  in  Hi.    The  two  continua  K  and  H 


*  H.  M.  Gehman,  Some  conditions  under  which  a  continuum  is  a  continuous  curve,  Annals  of 
Mathematics,  (2),  vol.  27  (1926),  pp.  381-384.    See  especiaUy  Theorem  2,  p.  382. 
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satisfy  certain  conditions*  under  which  there  exists  a  simple  closed  curve 
enclosing  K—P„  but  not  enclosing  any  other  points  of  K+H,  and  containing 
P„  but  not  containing  any  other  points  of  K+H.  Therefore  there  exists  a 
simple  closed  curve  enclosing  N,  not  enclosing  PnP'—Pn,  and  having  only 
P„  in  common  with  M. 

In  case  a  simple  closed  curve  in  M  —  N  encloses  a  point  of  N,  it  encloses 
all  of  N.  Then,  by  Theorem  3  of  S.P.S.,  there  exists  a  simple  closed  curve 
having  the  properties  mentioned  at  the  end  of  the  preceding  paragraph. 

Let  us  denote  by  J  the  simple  closed  curve  enclosing  N.  In  case  J  is  of 
diameter  less  than  e,  its  interior  is  the  domain  required  in  order  that  P  have 
property  7.  In  case  J  is  of  diameter  greater  than  e,  we  shall  show  how  to 
replace  /  by  a  simple  closed  curve  whose  diameter  is  less  than  e,  which  en- 
closes N,  and  which  has  only  P„  in  common  with  M.  Let  us  denote  by  /  the 
interior  of  /. 

Let  us  denote  by  K,  the  continuum  consisting  of  all  points  of  M  in  /+/, 
and  all  points  of  the  plane  which  are  interior  to  a  simple  closed  curve  of 
M  in  J+I.  Then  by  Theorem  1  of  S.P.S.,  there  exists  a  simple  closed  curve 
L  which  encloses  K  and  is  such  that  every  point  of  L  plus  its  interior  is  at 
a  distance  less  than  e/4  from  some  point  of  K.  By  the  way  in  which  the 
point  P„  was  selected,  the  diameter  of  K  is  less  than  e/2,  and  therefore  the 
diameter  of  L  is  less  than  e.  Since  the  diameter  of  /  is  greater  than  e,  / 
is  not  entirely  contained  in  L  plus  its  interior,  and  therefore  L  contains  some 
points  which  are  interior  to  /.  The  two  simple  closed  curves  J  and  L  satisfy 
the  conditionsf  under  which  there  exists  a  simple  closed  curve  /'  which  is  a 
subset  of  J+L,  which  contains  an  arc  through  P„,  and  every  point  of  whose 
interior  is  interior  to  both  /  and  L.  The  simple  closed  curve  /'  has  only  Pn 
in  common  with  M,  because  /'  is  a  subset  of  J  plus  that  portion  of  L  which 
is  interior  to  /,  and  this  portion  of  L  has  no  points  in  common  with  M. 
Furthermore,  since  every  point  of  the  interior  of  J'  is  a  point  of  the  interior 
of  L,  the  diameter  of  /'  cannot  be  greater  than  the  diameter  of  L,  that  is, 
the  diameter  of  J'  is  less  than  e.  The  existence  of  the  simple  closed  curve  /' 
shows  that  P  has  property  7,  as  the  interior  of  /'  is  the  domain  required  in 
order  that  P  have  property  7.   This  completes  the  proof  of  Theorem  I. 

Definition.  A  point  of  a  continuous  curve  which  has  properties  1-7 
is  said  to  be  an  end  point  of  the  continuous  curve. 


•  R.  L.  Moore,  Concerning  the  separation  of  point  sets  by  curves,  Proceedings  of  the  National 
Academy  of  Sciences,  vol.  11  (1925),  pp.  469-476.  See  Theorem  2,  p.  470.  We  shall  refer  to  this 
paper  hereafter  as  S.P.S. 

t  R.  L.  Moore,  On  the  Lie-Riemann-HelmhoUz-Hilbert  problem  of  the  foundations  of  geometry, 
American  Journal  of  Mathematics,  vol.  41  (1919),  pp.  299-319.   See  especially  Theorem  26,  p.  311. 
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Note  that  in  the  course  of  the  proof  of  Theorem  1 ,  we  have  also  proved 
the  following  theorem: 

Theorem  2.  An  end  point  P  of  a  continuous  curve  M  has  this  property: 
given  any  positive  number  t,  there  exists  a  simple  closed  curve  enclosing  P, 
of  diameter  less  than  e,  and  having  just  one  point  in  common  with  M.  Conversely, 
if  a  point  P  of  a  continuous  curve  M  has  the  above  property,  then  P  is  an  end 
point  of  M. 

3.  Concerning  properties  8-9  for  a  continuous  curve 

We  shall  now  introduce  two  additional  properties  of  a  point  P  of  a  con- 
tinuous curve  M . 

Property  8.  If  P'  and  P"  are  any  two  points  of  M  different  from  P, 
then  any  two  subcontinua  of  M  irreducible  between  P  and  P' ,  and  between 
P  and  P" ,  respectively,  have  in  common  a  continuum  containing  P. 

Property  9.  There  exists  a  positive  number  x,  such  that  if  P'  and  P" 
are  any  two  points  of  M  at  a  distance  less  than  x  from  P,  then  one  of  any 
two  subcontinua  of  M  irreducible  between  P  and  P' ,  and  between  P  and  P", 
respectively,  contains  the  other. 

Properties  8  and  9  are  due  to  Yoneyama.*  A  property  analogous  to 
property  9  has  also  been  given  by  Young,  f 

In  Part  4  of  this  paper,  it  is  shown  that  if  M  is  any  bounded  continuum, 
and  P  has  property  9,  it  has  property  8;  and  if  P  has  property  8,  it  has  pro- 
perty 4.  Therefore,  in  the  case  of  a  continuous  curve,  if  P  has  property  8, 
it  has  properties  1-7.  The  following  examples  wCl  show  (1)  that  a  point  P 
of  a  continuous  curve  M  may  have  properties  1-7,  without  having  properties 
8  or  9;  (2)  that  a  point  P  of  a  continuous  curve  M  may  have  properties  1-8, 
without  having  property  9. 

Example  1.  Let  M  consist  of  the  point  (0,  0),  and  the  circles  with 
center  at  (3/2",  0)  and  with  radius  equal  to  1/2",  for  «  =  1,  2,  3,  •  •  •  ,  and 
let  P  be  the  point  (0,  0).  The  point  P  has  properties  1-7,  but  not  properties 
8  and  9. 

Example  2.  Let  M  consist  of  the  straight  line  intervals  between  (0,  0) 
and  (1,  0),  and  between  (1/2",  0)  and  (1/2",  1/2"),  for  m  =  1,  2,  3,  •  •  •  , 
and  let  P  be  the  point  (0,  0).  The  point  P  has  properties  1-8,  but  not  proper- 
ty 9. 


*  K.  Yoneyama,  On  continuous  set  (sic)  of  points,  II,  T6hoku  Mathematical  Journal,  vol.  18 
(1920),  p.  2S4. 

t  W.  H.  Young  and  G.  C.  Young,  The  Theory  of  Sets  of  Points,  1906,  p.  220. 
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Theorem  3.  A  necessary  and  sufficient  condition  that  a  point  P  of  a 
continuous  curve  M  have  property  8,  is  that  P  have  properties  1-7,  and  that  any 
arc  PQ  of  M  contains  a  sub-arc  PX,  every  interior  point  of  which  is  a  cut  point 
of  M. 

Let  P  be  an  end  point  of  a  continuous  curve  M  such  that  if  PQ  is  any 
arc  of  M,  then  PQ  contains  a  sub-arc  PX  every  interior  point  of  which  is  a 
cut  point  of  M.  This  is  equivalent  to  the  statement  that  if  PQ  is  any  arc  of 
M,  the  point  P  is  not  a  limit  point  of  those  maximal  connected  subsets 
of  M  —PQ  that  have  more  than  one  limit  point  on  PQ.  We  shall  now  show 
that  P  also  has  property  8. 

Let  us  select  a  definite  point  Q  and  a  definite  arc  PQ.  Let  e  be  a  positive 
number  which  is  less  than  the  distance  from  P  to  Q,  and  less  than  the  distance 
from  P  to  any  point  of  a  maximal  connected  subset  of  M—PQ  that  has  more 
than  one  limit  point  on  PQ.  By  Theorem  2,  we  can  construct  a  simple  closed 
curve  J  enclosing  P,  of  diameter  less  than  «,  and  having  just  one  point  X 
in  common  with  M.   The  point  X  is  necessarily  an  interior  point  of  the  arc 

If  P'  is  any  point  exterior  to  /,  any  subcontinuum  of  M  which  is  ir- 
reducible between  P  and  P'  must  contain  A^,  and  therefore  can  be  expressed 
as  the  sum  of  two  continua  irreducible  between  P'  and  X  and  between  X 
and  P,  respectively,  and  having  only  X  in  common.  We  shall  now  show  that 
any  subcontinuum  of  M  irreducible  between  P  and  any  point  Y  lying  in  / 
plus  its  interior,  has  an  arc  in  common  with  the  arc  PX  of  the  arc  PQ. 

Note  that  under  our  given  conditions,  every  interior  point  of  the  arc 
PX  is  a  cut  point  of  M.  Therefore  if  Y  is  any  point  of  PX—P,  any  con- 
nected subset  of  M  containing  Y  and  P  necessarily  contains  all  points  of  the 
arc  PY,  and  therefore  any  subcontinuum  of  M  irreducible  between  P  and  Y 
must  coincide  with  this  arc.  If  F  is  a  point  of  a  maximal  connected  subset 
of  M—PQ  in  the  interior  of  /,  any  connected  subset  of  M  containing  Y 
and  P  must  contain  the  point  Z  which  is  the  limit  point  on  PQ  of  the  maximal 
connected  subset  of  AI —PQ  that  contains  Y.  Since  P  has  properties  1-7, 
Z  is  difi'erent  from  P.  As  before,  any  connected  subset  of  M  that  contains  Z 
and  P  must  contain  the  arc  PZ,  and  therefore  any  subcontinuum  of  M 
irreducible  between  P  and  Y  has  the  arc  PZ  in  common  with  PQ. 

Therefore  if  P'  and  P"  are  any  two  points  of  M,  each  one  of  any  two 
subcontinua  of  M  irreducible  between  P  and  P',  and  between  P  and  P" 
respectively,  has  an  arc  containing  P  in  common  with  PQ,  and  the  common 
part  of  these  two  arcs  is  the  continuum  required  in  order  that  P  have 
property  8.  Therefore  the  condition  is  sufficient. 
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Suppose  now  that  a  continuous  curve  M  contains  a  point  P  which  has 
properties  1-8,  and  suppose  that  for  some  arc  PQ,  the  point  P  is  a  limit  point 
of  non-cut  points  of  M  on  PQ,  and  is  therefore  also  a  limit  point  of  maximal 
connected  subsets  of  M  —PQ  which  have  more  than  one  limit  point  on  PQ. 
Let  us  select  a  sequence  Di,  D2,  A,  •  ■  ■  of  maximal  connected  subsets  of 
M  —PQ  having  P  as  a  limit  point,  such  that  Di  has  at  least  two  limit  points 
on  PQ,  and  such  that  every  limit  point  of  Di+i  on  PQ  lies  between  P  and  each 
limit  point  of  Di  on  PQ.  The  sequence  can  be  selected  so  as  to  satisfy  this 
latter  condition,  because  P  is  not  a  hmit  point  of  any  one  of  the  sets  Di 
(because  P  has  properties  1-8),  and  because  the  number  of  maximal  con- 
nected subsets  of  M—PQ  of  diameter  greater  than  any  given  positive 
number  is  finite. 

If  Ai  and  5,  are  two  points  of  PQ  which  are  limit  points  of  Di,  an  arc 
can  be  constructed  from  Ai  to  5.  in  the  set  Di-\-Ai-\-Bi.  The  set  of  arcs 
AiB,  (/=  1,  2,  3,  •  •  •  )  plus  the  set  of  arcs  -B,v4,+i  (/  =  1,  2,  3,  •  ■  •  )  of  the  arc 
PQ,  plus  the  point  P,  is  a  continuous  curve,  by  the  argument  given  in  the 
proof  of  Theorem  1,  and  therefore  this  set  contains  an  arc  from  Ai  to  P. 
However  this  arc  AiP  and  the  arc  PQ  do  not  have  in  common  a  continuum 
containing  P,  and  therefore  P  fails  to  have  property  8,  which  is  contrary  to 
hypothesis.   Therefore  the  condition  is  necessary. 

Corollary  3a.  //  a  point  P  of  an  acyclic*  continuous  curve  has  any 
one  of  the  properties  1-8,  it  has  all  the  others. 

Theorem  4.  A  necessary  and  sufficient  condition  that  a  point  P  of  a  con- 
tinuous curve  M  have  property  9,  is  that  if  PQ  is  any  arc  of  M,  then  P  is  not 
a  limit  point  of  M—PQ. 

Let  P  be  a  point  having  the  given  property,  and  let  us  select  a  definite 
arc  PQ  of  M.  Then  since  P  is  not  a  limit  point  of  M  —PQ,  there  exists  a  point 
Y  of  PQ,  such  that  no  point  of  the  arc  PY  is  a  limit  point  of  M—PQ.  Let  x 
be  a  positive  number  which  is  less  than  the  distance  from  P  to  any  point  of 
M—PY.  If  P'  is  any  point  of  M  at  a  distance  less  than  x  from  P,  the  point 
P'  is  a  point  of  the  arc  PY.  Any  connected  subset  of  M  containing  both  P 
and  P'  must  contain  the  arc  PP',  and  therefore  the  only  subcontinuum 
of  M  which  is  irreducible  between  P  and  P'  is  the  arc  PP'.  Therefore  if  P' 
and  P"  are  any  two  points  of  M  at  a  distance  less  than  x  from  P,  one  of  the 
two  arcs  PP',  PP"  will  contain  the  other,  and  therefore  P  has  property  9, 
and  the  condition  is  suflBcient. 


*  An  acyclic  continuous  curve  is  a  continuous  curve  containing  no  simple  closed  curve. 
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The  condition  is  necessary,  for  suppose  P  has  property  9  (and  therefore 
properties  1-8),  and  yet  there  is  an  arc  PQ  of  M  such  that  P  is  a  limit  point 
of  M  —PQ.  Then  if  we  select  any  positive  number  x,  there  are  points  of 
two  different  maximal  connected  subsets  of  M  —PQ  at  a  distance  less  than 
X  from  P,  for  if  there  were  only  one,  P  would  fail  to  have  properties  1-9. 
Let  these  sets  be  Di  and  A-  If  Pi  is  a  point  of  D,,  an  arc  P^P  can  be  con- 
structed in  Di-^PQ  and  evidently  neither  of  the  arcs  PiP,  PiP  contains  the 
other,  contrary  to  our  hypothesis  that  P  has  property  9. 

Corollary  4a.  //  a  point  P  of  an  arc  has  any  one  of  the  properties  1-9, 
it  has  all  the  others. 

To  recapitulate: 

Theorem  5.  For  a  point  of  a  continuous  curve,  properties  1-7,  Whyburn's 
property,  Ayres'  property,  and  the  property  mentioned  in  Theorem  2  are 
equivalent;  property  8  is  stronger  than  any  of  these;  and  property  9  is  stronger 
than  property  8.  For  a  point  of  an  acyclic  continuous  curve,  properties  1-8 
are  equivalent,  and  property  9  is  stronger  than  any  of  them.  For  a  point  of  an 
arc,  properties  1-9  are  equivalent. 

4.  Concerning  properties  4-9  for  a  bounded  continuum 

In  this  part,  we  shall  consider  the  logical  relations  between  properties 
4-9,  for  the  case  where  M  is  bounded  continuum. 

Theorem  6.  //  a  point  P  of  a  hounded  continuum  M  has  property  9,  it  has 
property  8. 

Suppose  P  has  property  9,  but  not  property  8.  Then  there  exist  two 
points  P'  and  P"  of  M,  and  two  subcontinua  A^',  N"  of  M  irreducible  between 
P  and  P',  and  between  P  and  P",  respectively,  but  which  do  not  have  in 
common  any  continuum  containing  P.  Since  P  has  property  9,  we  can  select 
a  point  Q'  of  N',  and  a  point  Q"  of  A'^"  sufficiently  close  to  P  that  one  of  any 
two  subcontinua  of  M  irreducible  between  P  and  Q',  and  between  P  and  Q", 
contains  the  other.  Since  Q'  and  P  are  points  of  N',  the  set  N'  contains  a 
subcontinuum  K'  which  is  irreducible  between  Q'  and  P,  and  similarly 
N"  contains  a  subcontinuum  K"  which  is  irreducible  between  Q"  and  P.  We 
have  shown  above  that  one  of  the  two  continua  A"',  K"  contains  the  other. 
Suppose  K'  contains  K".  If  so,  the  two  continua  A"'  and  A'^"  have  in  common 
the  continuum  K"  which  contains  P,  which  is  contrary  to  our  supposition 
that  A'^'  and  A'^"  do  not  have  in  common  a  continuum  containing  P. 


1928]  END  POINTS  OF  CONTINUA  73 

Theorem  7.  If  a  point  P  of  a  bounded  continuum  M  has  property  8, 
it  has  property  4. 

Suppose  P  has  property  8,  but  not  property  4.  Then,  M  contains  a  sub- 
continuum  N  containing  P,  such  that  N—P  is  not  connected.  Let  Hi+Hi 
be  any  method  of  expressing  Mi  —P  as  the  sum  of  two  sets  having  no  points 
in  common  and  neither  containing  a  limit  point  of  the  other.  Then  Hi+P 
and  H2+P  are  two  subcontinua  of  M  having  only  P  in  common.  The  set 
Hi+P  contains  a  subcontinuum  irreducible  between  P  and  any  point  P' 
of  Hi+P,  and  H^+P  contains  a  subcontinuum  irreducible  between  P  and 
any  point  P"  of  H2+P.  These  two  continua  have  only  P  in  common,  and 
therefore  P  does  not  have  property  8,  contrary  to  hypothesis. 

Theorem  8.  //  a  point  P  of  a  bounded  continuum  M  has  property  7,  it 
has  property  6. 

Suppose  P  has  property  7,  but  not  property  6.  Then  there  is  some  sub- 
continuum N  of  M  containing  P,  such  that  P  is  a  limit  point  of  some  con- 
nected set  L  which  is  a  subset  of  M  —  N.  Let  X  be  a  point  of  N—P,  and  Y  a 
point  of  L.  Let  t  be  less  than  the  distance  from  P  to  X,  and  less  than  the 
distance  from  P  to  Y.  Since  P  has  property  7,  there  exists  a  domain  D  which 
contains  P,  whose  exterior  contains  both  X  and  Y,  and  whose  boundary  has 
only  one  point  Q  in  common  with  M.  The  connected  set  N  contains  the  point 
P  in  D,  and  the  point  X  exterior  to  D,  and  therefore  contains  a  point  of  the 
boundary  of  D.  Therefore  Q  is  a  point  of  N.  But  the  connected  set  L-\-P 
also  contains  the  point  P  in  D,  and  the  point  F  exterior  to  D,  and  therefore 
Q  is  also  a  point  ol  M  —  N.  But  it  is  impossible  for  Q  to  be  both  a  point  of  N 
and  a  point  of  M  —  N,  and  therefore  if  P  has  property  7,  it  also  has  property  6. 

Theorem  9.  //  a  point  P  of  a  bounded  continuum  M  has  property  6,  it 
has  properly  5. 

Suppose  P  has  property  6,  but  not  property  5.  Then  M  contains  a  sub- 
continuum N  containing  P,  which  is  irreducible  between  two  points  P', 
P"  different  from  P.  Let  A'  be  any  subcontinuum  of  N  containing  P,  but  not 
P'  or  P",  and  let  D'  be  the  maximal  connected  subset  oi  N  —  K  that  contains 
P'.  Since  P  has  property  6,  P  is  not  a  limit  point  of  D',  and  therefore  if  D' 
also  contained  P" ,  the  continuum  consisting  of  D'  and  its  limit  points  in  K 
would  be  a  proper  subcontinuum  of  N  containing  P'  and  P",  which  is  im- 
possible. Therefore  P"  lies  in  a  maximal  connected  subset  oi  N  —  K  different 
from  D',  and  we  shall  denote  the  one  in  which  P"  lies  by  D".  The  set 
K+D'+D"  is  a  continuum  which  is  a  subset  of  N  and  contains  P'  and  P", 
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and  must  therefore  be  identical  with  A^.  Therefore  N  —  K  consists  of  two 
and  only  two  maximal  connected  subsets,  one  of  which  contains  P' ,  and  the 
other  P".  Let  us  denote  by  E'  and  E"  the  sets  of  points  of  K  which  are  limit 
points  of  D'  and  D"  respectively.  Since  P  is  not  a  point  of  either  E'  or  E", 
the  sets  E' ,  E"  have  no  points  in  common.  For  if  they  had  points  in  common, 
D'+E'+D"-i-E"  would  be  a  proper  subcontinuum  of  A'^  containing  both 
P'  and  P",  which  is  impossible.  Also  D'+E'  is  irreducible  between  P'  and 
any  point  of  E',  and  D"+E"  is  irreducible  between  P"  and  any  point  of  E", 
while  K  is  irreducible  between  some  point  of  E'  and  some  point  of  E". 

Let  us  select  a  sequence  of  subcontinua  of  N:Ni,  N2,  N3,  •  •  •  ,  such 
that  for  i  =  l,  2,  3,  ■  ■  •  ,  (1)  Ni  contains  Ni+i,  (2)  Nt  contains  P,  but  not 
P'  or  P",  (3)  the  diameter  of  Ni  is  less  than  l/i.  For  each  of  the  sets  Ni, 
let  D'  and  D!'  denote  the  maximal  connected  subsets  oi  N  —  Ni  containing 
P'  andP"  respectively.  The  sequence  of  continua  Ni+D{ ,  N2+D2  ,  N3+D3 , 
•  •  •  ,  has  the  property  that  each  continuum  contains  the  one  following  it  in 
the  sequence.  There  is  therefore  a  continuum  K'  common  to  the  members 
of  the  sequence.  Evidently  K'  contains  P'  and  P,  but  contains  no  points 
of  any  of  the  sets  DC . 

Also  there  is  a  continuum  K"  common  to  all  the  members  of  the  sequence 
Ni+DC ,  Ni+Di' ,  Ni+Di' ,  ■  ■  ■  ,  and  K"  contains  P"  and  P,  but  no  points 
of  any  of  the  sets  Di .  Therefore  the  only  points  that  K'  and  K"  can  have  in 
common  are  those  points  which  are  common  to  all  members  of  the  sequence 
Ni,  N2,  N3,  •  •  •  ,  and  the  point  P  is  the  only  point  common  to  all  the  sets 
Ni.  Therefore  K'  and  K"  have  only  P  in  common. 

The  set  A''  can  also  be  expressed  as  the  point  P  plus  the  sum  of  the  in- 
finite collection  of  connected  sets  Di  ,  Di ,  Di ,  •  ■  -  ,  each  of  which  is  con- 
tained in  all  that  follow  it  in  the  sequence.  It  therefore  follows  that  P  is 
a  non-cut  point  of  K',  and  that  therefore  the  point  P,  considered  as  a  point 
of  the  continuum  A'",  is  a  limit  point  of  the  connected  subset  K'—P  of 
M  —  K".  That  is,  P  fails  to  have  property  6,  which  is  contrary  to  hypothesis. 

Theorem  10.  If  a  point  P  of  a  bounded  continuum  M  has  property  5,  it  has 
property  4. 

Suppose  P  has  property  5,  but  not  property  4.  Then  M  contains  a  sub- 
continuum  N,  such  that  N—P  is  disconnected.  In  that  case,  A'^  can  be  ex- 
pressed as  the  sum  of  two  continua  A^  and  N2  having  only  P  in  common. 
Let  Pi  be  a  point  of  Ni(i  =  l,  2),  and  let  Ki  be  a  subcontinuum  of  Ni  which 
is  irreducible  between  Pi  and  P.  The  continuum  Ai-f  A'2  is  irreducible  be- 
tween Pi  and  P2,  and  therefore  P  does  not  have  property  5,  which  is  contrary 
to  hypothesis. 
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Theorem  11.  If  a  point  P  of  a  bounded  continuum  M  has  both  property 
5  and  properly  9,  it  has  property  6. 

We  shall  show  that  if  P  has  properties  5  and  9,  and  if  N  is  any  sub- 
continuum  of  M  containing  P,  then  P  is  not  a  limit  point  of  the  set  M  —  N, 
and  therefore  P  has  property  6.  Suppose  then  that  P  has  properties  5  and  9, 
but  that  for  some  subcontinuum  N  of  M,  the  point  P  is  a  limit  point  of 
M—N.   We  shall  show  that  this  leads  to  a  contradiction. 

Let  Po  be  a  point  of  N  whose  distance  from  P  is  less  than  the  distance 
X  (of  property  9).  Then  N  contains  a  subcontinuum  A'^o  irreducible  between 
Po  and  P,  and  P  is  also  a  limit  point  of  the  set  M  —  No-  If  P'  is  any  point 
of  M— iV^o  whose  distance  from  P  is  less  than  x,  every  subcontinuum  of  M 
that  contains  P'  and  P  must  contain  the  continuum  No,  otherwise  P  fails  to 
have  property  9. 

Let  Pi  be  a  point  of  M  —  No  whose  distance  from  P  is  less  than  x,  and 
let  Ni  be  a  subcontinuum  of  M  irreducible  between  Pi  and  P.  We  have  just 
shown  above  that  A^o  is  a  subset  of  Ni.  Since  A'^o  contains  P,  the  set  iVi  —  No 
is  connected. 

If  A'^i  contains  all  points  of  M  —  No  which  are  at  a  distance  from  P  less 
than  some  constant  k  then  if  we  add  to  Ni  —  No  the  set  of  its  limit  points 
(which  includes  P),  the  resulting  continuum  must  contain  No,  as  we  have 
shown  above.  In  other  words,  A''o  is  a  continuum  of  condensation  of  A'^i. 
But  in  that  case  A^i  is  irreducible  between  Pi  and  any  point  of  No,  and  P 
fails  to  have  property  5.  Therefore  there  are  points  of  M  —  No  arbitrarily 
close  to  P  which  are  not  points  of  A'^i,  that  is,  P  is  a  limit  point  of  the  set 
M-Ni. 

Therefore  let  us  select  a  point  P^  of  M  —  Ni  whose  distance  from  P  is 
less  than  x/2.  If  A'^2  is  any  subcontinuum  of  M  irreducible  between  Pi  and  P, 
then  N2  contains  A'^i  and  P  is  a  limit  point  of  the  set  M  —  Ni-  In  general,  if 
(for  i  =  2,  3,  4,  •  •  •)  Pi  is  a.  point  of  M  —  Ni-i  whose  distance  from  P  is  less 
than  x/i,  then  any  subcontinuum  Ni  of  M  which  is  irreducible  between  Pi 
and  P,  contains  A'^.-i,  and  P  is  a  limit  point  of  the  set  M  —  Ni. 

Let  us  then  select  a  definite  sequence  of  points  Po,  Pi,  P2,  •  •  •  ,  and  a 
definite  sequence  of  continua  No,  Ni,  N2,  •  ■  ■  having  the  properties  des- 
cribed above.  We  shall  show  that  if  K  denotes  the  continuum  consisting 
of  A^o  +  A'^i  +  -A'^2+  •  ■  •  plus  limit  points,  then  every  proper  subcontinuum 
of  iC  is  a  continuum  of  condensation  of  K  and  therefore  K  is  indecomposable.* 


*  A  continuum  is  said  to  be  indecomposable  if  it  cannot  be  expressed  as  the  sum  of  two  of  its 
proper  subcontinua. 
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Suppose  some  proper  subcontinuum  Z  of  A"  is  not  a  continuum  of  con- 
densation of  A'.  Evidently  the  points  of  L  which  are  not  limit  points  ol  K—L 
do  not  lie  entirely  in  the  set  of  limit  points  oi  N{,-\-Ni-'rN2-\-  •  ■  ■  ,  and  there- 
fore L  must  contain  a  point  Q  of  one  of  the  sets  No,  Ni,  Ni,  •  •  •  ,  say  Nj, 
such  that  Q  is  not  a  limit  point  oi  K  —  L. 

Suppose  L  does  not  contain  P.  The  closed  set  H  consisting  of  (K—L) 
plus  limit  points  of  (K—L)  is  a  proper  subset  of  K,  and  consists  of  a  col- 
lection (G)  of  maximal  continua  of  H.  The  continuum  d  of  this  collection 
that  contains  F  can  contain  none  of  the  points  Pi+Pj+i+Pf+2+  ■  ■  ■  . 
The  continuum  L  also  can  contain  only  a  finite  number  of  points  of  the 
sequence  Po,  Pi,  P2,  •  ■  ■  and  therefore  there  exists  an  integer  k  such  that 
no  point  of  the  sequence  Pk,  Pk+i,  Pk^2,  •  •  •  is  a  point  of  L  or  of  d.  Let  Pm 
and  P„  be  two  points  such  that  m'^k,  n^k,  and  m'^j,  n^j.  If  P„  and  P» 
were  in  different  continua  of  (G),  then  by  adding  to  L+d  each  of  these 
continua  in  turn,  we  obtain  two  continua  in  which  we  can  construct  sub- 
continua  of  M  irreducible  between  P„  and  P,  and  between  P„  and  P  re- 
spectively, neither  of  which  contains  the  other,  which  is  contrary  to  the 
hypothesis  that  P  has  property  9.  Therefore  all  points  of  Pj+k,  Pj+k+i, 
Pj+k+2,  ■  ■  ■  are  points  of  the  same  maximal  continuum  of  H.  Since  P  is.  a 
limit  point  of  the  set  Pj+k+P,+k+i+Pi+ic+2+  •  •  •  ,  it  follows  that  P  also 
belongs  to  the  maximal  continuum  of  H  that  contains  this  set.  But  this  is 
impossible,  as  the  continuum  d  containing  P  contains  no  points  of  the  set 
P,+P,+x-FP,+2+  •  •  ■  . 

Suppose  L  contains  P.  If  L  contains  any  point  P„  of  the  set  Pg+Pi+Pi 
+  ■  ■  ■  ,  then  L  must  contain  all  the  points  P0+P1+  ■  ■  ■  +P„.  If  there 
were  no  integer  k  such  that  P*  is  a  point  oi  K—L  then  L  would  be  identical 
with  K,  which  is  contrary  to  our  supposition  that  Z,  is  a  proper  subcontinuum 
of  K.  Therefore  there  is  some  integer  k,  such  that  Pk,  Pt+i,  Pk+i,  •  ■  ■  are 
all  points  ol  K  —  L.  As  in  the  preceding  paragraph,  all  the  points  P*,  Pk+i, 
Pk+2,  •  •  •  lie  in  the  same  continuum  of  (G),  and  this  continuum  also  contains 
P.  But  this  is  impossible,  as  the  continuum  containing  P  cannot  contain 
any  points  of  the  sequence  P,-j-P,-,.j-)-Py+2+  •  ■  •  .  Therefore  K  is  inde- 
composable. 

Any  indecomposable  continuum  K  has  this  property:  given  any  point  P 
there  are  two  other  points  such  that  A'  is  irreducible  between  any  two  points 
of  the  three.  It  follows  that  if  M  contains  an  indecomposable  continuum  K 
containing  P,  then  P  does  not  have  property  5.  But  this  is  contrary  to 
hypothesis,  and  therefore  Theorem  11  is  true. 

Note  that  the  above  argument  establishes  the  following  theorem: 
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Theorem  12.  Given  a  sequence  of  points  Po,  Pi,  Pt,  •  •  •  whose  sequential 
limit  point  is  P,  and  a  collection  oj  continua  Nt,  Ni,  iVj,  •  •  •  ,  such  that  Ni  is 
irreducible  between  Pi  and  P,  and  such  that  Ni  is  a  proper  subset  of  iV,+i. 
//  the  continuum  K  consisting  of  No+Ni+Ni-^  ■  ■  ■  plus  limit  points  has 
the  property  that  any  subcontinuum  of  K  irreducible  between  Pi  and  P  is  a 
subset  of  every  subcontinuum  of  K  irreducible  between  Pi+\  and  P,  then  K  is  an 
indecomposable  continuum. 

This  theorem  can  be  used  to  establish  the  indecomposability  of  two 
examples  due  to  Knaster.*  To  recapitulate: 

Theorem  13.   For  a  point  of  a  bounded  continuum, 

(1)  property  9  is  stronger  than  property  8; 

(2)  property  8  is  stronger  than  property  4 ; 

(3)  property  7  is  stronger  than  property  6; 

(4)  property  6  is  stronger  than  properly  5; 

(5)  property  5  is  stronger  than  property  4; 

(6)  properties  5  and  9  together  are  stronger  than  property  6. 

The  following  set  of  examples  shows  that  no  logical  relations  exist  among 
properties  4-9,  excepting  those  given  in  Theorems  6-11,  and  therefore  the 
truth  of  Theorem  13  follows  from  the  examples  and  from  Theorems  6-11. 

An  end  point  of  a  straight  line  interval  has  all  the  properties  4-9;  an 
interior  point  has  none  of  them.  The  point  P  of  example  1  (of  Part  3)  has 
properties  4-7,  but  not  8  or  9.  The  point  P  of  example  2  has  properties  4-8, 
but  not  9. 

Example  3.  Let  M  consist  of  the  curve  y  =  sin  (1/x),  for  0<a;^l,  and 
the  straight  line  interval  from  (0,  —1)  to  (0,  1).  Let  P  be  the  point  (0,  1), 
which  has  properties  4,  8,  and  9,  but  not  5,  6,  or  7. 

Example  4.  Let  M  consist  of  the  continuum  of  example  3,  plus  the 
curve  3'  =  sin  (l/x),  for  0>x^  —1.  Let  P  be  the  point  (0,  1),  which  has 
properties  4  and  8,  but  none  of  the  properties  5-7,  9. 

Example  5.  Let  M  consist  of  the  continuum  of  example  3,  plus  the  set 
of  semicircles  lying  on  the  negative  side  of  the  y-axis,  with  center  at  the  point 
(0,  1-3/2")  and  radius  equal  to  1/2",  for  n  =  1,  2,  3,  •  •  •  .  Let  P  be  the 
point  (0,  1),  which  has  property  4,  but  none  of  the  properties  5-9. 

Example  6.  Let  M  consist  of  the  continuum  of  example  2,  plus  the  set 
of  curves 


*  Contained  in  C.  Kuratowski,  ThiorU  des  continue  irriductibUs  entre  deux  points,  Fundamenta 
Mathematicae,  vol.  3  (1922),  pp.  200-223.  These  examples  are  described  on  pp.  209-210  and  on 
pp.  216-217  respectively. 
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between  (1/2")  <x^  (1/2"-'),  for  w  =  l,  2,3,  •  ■  •.  Let  P  be  the  point  (0,  0), 
which  has  properties  4  and  5,  but  none  of  the  properties  6-9. 

Example  7.  Let  M  consist  of  the  straight  line  intervals  from  (1,  0)  to 
(0,  0),  and  from  (1,  0)  to  (0,  \/n),  for  «  =  1,  2,  3,  •  •  ■  .  Let  P  be  the  point 
(0,  0),  which  has  properties  4,  5,  and  8,  but  none  of  the  properties  6,  7,  9. 

Example  8.*  Let  M  consist  of  the  straight  line  intervals  from  (0,  0)  to 
(1,  0),  from  (1/2",  0)  to  (1/2",  1/2"),  from  (1/2",  1/2")  to  (-1/2",  1/2"), 
from  (-1/2",  1/2")  to  (-1/2",  -1/2"),  from  (-1/2",  -1/2")  to  (1,  -1/2"), 
from  (1,  -1/2")  to  (1,  -3/2"+'),  from  (1,  -3/2"+')  to  (0,  -3/2"+')  for 
w  =  0,  1,  2,  ■  ■  •  .  Let  P  be  the  point  (0,  0),  which  has  properties  4,  5,  6, 
and  8,  but  not  property  7  or  property  9. 

Example  9.  Let  M  consist  of  the  continuum  of  example  8,  plus  the  set  of 
semicircles  lying  on  the  positive  side  of  the  :K-axis,  with  center  at  the  point 
(3/2",  0)  and  radius  equal  to  1/2",  for  w  =  2,  3,  4,  ■  •  ■  .  Let  P  be  the  point 
(0,  0),  which  has  properties  4,  5,  6,  but  none  of  the  properties  7,  8,  and  9. 

Example  10.  Let  Mq  denote  the  indecomposable  continuum  described 
by  Knaster  in  his  thesis,!  and  designated  there  by  Ki.  This  continuum  lies 
within  the  square  whose  vertices  are  (0,  0),  (1,  0),  (1,  1),  (1,  0)  and  is  irre- 
ducible between  the  point  (1,  0)  and  any  point  which  cannot  be  joined  to 
(1,  0)  by  an  arc  in  Mo-  The  continuum  M^  can  also  be  constructed  by  the 
method  used  in  constructing  the  second  example  in  Kuratowski's  article. 

Let  Mn{n  =  1,2,3,  •  •  •  )  be  the  set  of  points  {x' ,  y')  obtained  by  subjecting 
the  points  {x,  y)  of  if  o  to  the  following  transformation:  x'  =  (x-|-2"+'  —  2)/2", 
y'  =3'/2".  Let  P  be  the  point  (2,  0),  and  let  M  be  the  continuum  consisting 
of  P-fMo-|-Mi-|-iW2+  •  •  •  .  The  point  P  has  properties  4,  5,  6,  8,  and  9, 
but  not  property  7. 

Example  11.  Let  M  denote  an  indecomposable  continuum  every 
subcontinuum  of  which  is  indecomposable.  An  example  of  such  a  continuum 
has  been  given  by  Knaster,  J  who  designates  it  by  K^.  If  P  is  any  point  of  M, 
P  has  properties  4,  8,  and  9,  but  none  of  the  properties  5-7.  This  combination 
of  properties  of  a  point  has  already  been  illustrated  in  example  3. 

5.  Concerning  property  3  for  a  bounded  continuum 
The  following  theorem  follows  from  the  definitions  of  properties  3  and  6. 


*  This  e.xample  is  due  to  Whybum,  loc.  cit.,  proof  of  Theorem  30. 

t  B.  Knaster,  Vn  continu  dont  tout  soiis-cottlitiu  est  indecomposable,  Fundamenta  Mathematicae, 
vol.  3  (1922),  pp.  245-286.  This  example  is  described  on  pp.  269-271. 
t  Loc.  cit.,  pp.  275-279. 
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Theorem  14.  //  a  point  P  of  a  bounded  continuum  M  has  property  3, 
it  has  property  6. 

We  have  not  been  able  to  determine  whether  or  not  P  must  have  property 
3  when  it  has  property  6.  However,  the  arguments  given  to  prove  Theorems 
8  and  1 1  also  establish  the  following  theorems  concerning  property  3. 

Theorem  15.  //  a  point  P  of  a  bounded  continuum  M  has  property  7, 
it  has  property  3. 

Theorem  16.  If  a  point  P  of  a  bounded  continuum  M  has  property  5 
and  property  9,  it  has  property  3. 

We  can  combine  Theorem  13  and  the  results  of  this  section  into  the  follow- 
ing theorem. 

Theorem  17.   For  a  point  of  a  hounded  continuum 

(1)  property  9  is  stronger  than  property  8; 

(2)  property  8  is  stronger  than  property  4 ; 

(3)  property  7  is  stronger  than  property  3 ; 

(4)  property  6  is  stronger  than  property  5; 

(5)  property  5  is  stronger  than  property  4; 

(6)  properties  5  and  9  are  stronger  than  property  3 ; 

(7)  either  properties  3  and  6  are  equivalent,  or  properly  3  is  stronger  than  proper- 
ty 6. 

In  case  property  3  is  stronger  than  property  6,  the  question  remains 
whether  examples  exist  of  a  point  having  properties  4-6,  8  but  not  3,  7,  9, 
and  of  a  point  having  properties  4-6,  but  not  properties  3,  7-9,  or  whether 
some  further  logical  relations  exist  among  properties  3-9  for  a  bounded 
continuum. 

6.  Some  theorems  concerning  points  with  properties  1-9 

In  the  preceding  discussion  we  have  assumed  the  following  theorem, 
whose  truth  follows  from  the  definitions  of  properties  1-9. 

Theorem  18.  //  a  point  P  of  a  bounded  continuum  M  has  property  x 
{where  x=\,  2,  •  •  •  ,  9),  and  N  is  a  subcontinuum  of  M  containing  P,  then 
P  has  property  x  in  the  continuum  N. 

Theorem  19.  The  set  of  points  of  a  bounded  continuum  which  have  property 
3  is  totally  disconnected. 
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If  the  theorem  were  not  true,  there  would  exist  a  bounded  continuum 
M  which  contains  a  connected  subset  K  consisting  of  more  than  one  point, 
such  that  every  point  of  K  has  property  3.  Let  P  be  a  point  of  K. 

If  A'  is  a  proper  subset  of  AI,  and  Q  is  any  point  of  M  —  K,  any  sub- 
continuum  iV  of  M  which  is  irreducible  between  P  and  Q  contains  no  points 
of  K,  except  P,  because  N—P  —  Q  can  contain  no  points  having  property  5, 
and  therefore  none  having  property  3,  by  Theorems  14  and  9.  Therefore 
M  —  {N—P)  contains  K,  and  P  fails  to  have  property  3,  which  is  contrary 
to  hypothesis. 

If  K  is  identical  with  M,  any  subcontinuum  N  oi  M  which  is  irreducible 
between  any  two  points  P  and  Q  of  M,  consists  entirely  of  points  of  K. 
But  no  point  of  N—P  —  Q  can  have  property  5,  and  therefore  none  can  have 
property  3.  Therefore  no  point  of  N—P  —  Q  is  a  point  of  K,  which  is  contrary 
to  hypothesis.    Therefore  Theorem  19  is  true. 

Corollary  19a.  The  set  of  points  of  a  bounded  continuum  which  have 
property  7,  is  totally  disconnected* 

Corollary  19b.  The  set  of  points  of  a-«bounded  continuum  which  have 
both  properties  5  and  9  is  totally  disconnected. 

Corollary  19c.  The  set  of  end^  points  of  a  continuous  curve  is  totally 
disconnected.] 

Theorem  20.  A  bounded  continuum  which  is  irreducible  between  two  of 
its  points,  cannot  contain  more  than  two  points  with  property  5.| 

Theorem  2 1 .  The  set  of  points  of  a  bounded  continuum  which  have  properly 
5,  contains  no  continuum. 

Corollary  21a.  The  set  of  points  of  a  bounded  continuum  which  have 
property  6,  contains  no  continuum. 

However,  the  set  of  points  of  a  bounded  continuum  which  have  property 
9  may  contain  a  continuum,  as  was  shown  in  example  11.  Similarly  with 
the  set  of  points  having  property  8,  and  with  the  set  having  property  4. 

Theorem  22.  If  M  is  a  bounded  continuum,  and  K  is  any  subset  of  the 
set  of  points  of  M  which  have  property  5,  then  M  —  K  is  strongly  connected. 

•  Menger,  loc.  dt.,  p.  283,  Theorem  V. 

t  Whybura,  loc.  cit.,  Theorem  21.  See  footnote  on  p.  391.  We  have  shown  in  Part  2  of  this 
paper  that  an  end  point  in  WTiybum's  sense  is  equivalent  to  an  end  point  in  Menger's  sense,  in  the 
case  of  a  continuous  curve. 

X  In  Whybum's  Theorem  31  the  second  paragraph  should  be  omitted,  as  his  "end  point"  has 
property  5,  and  therefore  P  cannot  be  any  point  other  than  A  or  B. 
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If  this  is  not  true,  then  M  —  K  contains  two  points  P  and  Q  such  that 
every  subcontinuum  of  M  containing  P  and  Q  contains  a  point  of  K.  In 
particular,  any  subcontinuum  N  ol  M  irreducible  between  P  and  Q  contains 
a  point  of  K.  But  no  point  of  N—P—Q  can  have  property  5,  and  therefore 
no  point  N—P  —  Q  is  a  point  of  A',  which  is  a  contradiction. 

Corollary  22a.  //  M  is  a  continuous  curve,  and  K  is  any  subset  of  the 
end  points  of  M,  then  M  —  K  is  strongly  connected* 

By  example  11,  we  see  that  Theorem  22  is  not  true  if  property  5  is 
replaced  by  any  of  the  properties  4,  8,  or  9.  In  fact,  in  that  case  M—K  may 
be  disconnected.  The  theorem  remains  true,  of  course,  if  property  5  is  re- 
placed by  any  of  the  properties  3,  6,  or  7. 

Theorem  23.  A  necessary  and  sufficient  condition  that  a  bounded  continuum 
M  be  an  acyclic  continuous  curve,  is  that  every  non-cut  point  have  property  5. 

The  necessity  of  the  condition  follows  from  the  fact  that  every  non-cut 
point  of  an  acyclic  continuous  curve  is  an  end  point,t  and  therefore  has 
property  5. 

The  condition  is  sufficient,  because  if  every  non-cut  point  of  a  bounded 
continuum  M  has  property  5,  the  set  of  non-cut  points  of  M  is  identical 
with  the  set  of  points  of  M  which  have  property  5.  If  K  is  any  subcontinuum 
of  M,  then  A'  contains  a  subcontinuum  A^^  which  is  irreducible  between  two 
points  X  and  F,  and  therefore  no  point  of  N—X—Y  has  property  5.  In 
other  words,  every  point  ol  N —X  —  Y  isa.  cut  point  of  M.  But  if  every  sub- 
continuum A  of  M  contains  uncountably  many  cut  points  of  M,  then  M 
is  an  acyclic  continuous  curve. f 

The  sufficiency  of  the  condition  can  also  be  established  by  Theorem  22 
and  Whyburn's  Theorem  32. 

Note  that  the  condition  remains  necessary  and  sufficient  if  we  replace 
property  5  by  any  of  the  stronger  conditions  3,  6,  or  7.  In  case  property  5  is 
replaced  by  property  4  or  property  8  the  condition  is  necessary,  but  not 
sufficient,  as  Example  11  shows.  If  property  5  is  replaced  by  property  9, 
the  condition  is  neither  necessary  nor  sufficient. 

Theorem  24.  //  a  point  P  of  a  bounded  continuum  M  has  property  7, 
then  P  is  a  litnit  point  of  cut  points  of  M. 


*  W.  L.  Ayres,  loc.  cit.,  Theorem  6,  p.  401. 
t  Wilder,  loc.  cit.,  Theorem  7,  p.  358. 

i  R.  L.  Moore,  Concerning  the  cut-points  of  continuous  curves,  etc.,  Proceedings  of  the  National 
Academy  of  Sciences,  vol.  9  (1923),  pp.  101-106.  See  Theorem  £,  p.  103. 
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Given  any  positive  number  «,  there  is  a  cut  point  of  M  whose  distance 
from  P  is  less  than  e  and  therefore  P  is  a  limit  point  of  cut  points  of  M. 
Since  a  point  having  any  of  the  properties  3-9  is  a  non-cut  point  of  M, 
a  point  having  property  7  is  a  non-cut  point  of  M  which  is  a  limit  point  of 
cut  points.  However,  the  converse  is  not  true,  as  a  point  P  may  be  a  non-cut 
point  and  a  limit  point  of  cut  points,  and  still  not  have  any  of  the  properties 
3-9,  even  if  M  is  a  continuous  curve.  An  example  which  shows  this,  is  a 
continuous  curve  M  consisting  of  the  continuum  of  example  2,  plus  the 
straight  line  intervals  from  (0,  0)  to  (0,  1),  from  (0,  1)  to  (1,  1),  and  from 
(1,  1)  to  (1,  0),  where  P  is  the  point  (0,  0). 

The  above  theorem  is  not  true  if  we  replace  property  7  by  any  or  all 
of  the  properties  3-6,  8-9,  as  is  shown  by  example  10,  where  P  has  all  3-6, 
8-9,  but  is  not  a  limit  point  of  cut  points  of  M. 

Corollary  24a.  //  P  is  an  end  point  of  a  continuous  curve  M,  then  P  is 
a  limit  point  of  cut  points  of  M. 

We  have  already  proved  Corollary  24a  incidentally  in  the  proof  of  The- 
orem 1,  where  we  used  this  fact  to  establish  that  if  P  has  property  1,  it  has 
property  7. 

Theorem  25.  //  a  point  P  of  a  hounded  continuum  M  has  property  7, 
then  M  is  connected  im  kleincn  at  P. 

Given  any  positive  number  *,  there  is  a  domain  D  containing  P  of  di- 
ameter less  than  e,  and  such  that  the  set  of  points  of  Af  in  Z)  plus  its  boundary 
is  a  continuum  ^V.  If  5  is  any  positive  number  which  is  less  than  the  distance 
from  P  to  any  point  of  the  exterior  of  D,  then  any  two  points  of  M  at  a  dis- 
tance less  than  5  from  P  are  points  of  A^,  and  since  N  is  of  diameter  less  than 
€,  it  follows  that  M  is  connected  im  kleinen  at  P. 

Theorem  26.  //  a  point  P  of  a  bounded  continuum  M  has  property  5 
and  property  9,  then  M  is  connected  im  kleinen  at  P. 

In  the  proof  of  Theorem  11 ,  we  showed  that  if  P  has  properties  5  and  9, 
and  if  A^  is  any  subcontinuum  of  M  containing  P,  then  P  is  not  a  limit  point 
of  the  set  M  —  N .  Given  any  positive  number  e,  let  A'  be  a  subcontinuum  of 
M  of  diameter  less  than  «  and  containing  P,  and  let  6  be  less  than  the  distance 
from  P  to  any  point  oi  M  —  N.  Then  as  in  the  proof  of  Theorem  25,  it  follows 
that  M  is  connected  im  kleinen  at  P. 

These  two  theorems  might  be  combined  into  the  single  theorem  that  M 
is  connected  im  kleinen  a.tPii  M  has  properties  3-7,  or  3-6,  8,  and  9.  Example 
11  shows  that  M  is  not  necessarily  connected  im  kleinen  at  P,  if  P  has  proper- 
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ties  4,  8  and  9,  and  example  8  shows  that  P  may  have  properties  3-6,  and  8, 
and  still  M  need  not  be  connected  im  kleinen  at  P.  Therefore  the  hypothesis 
of  neither  of  the  above  theorems  can  be  weakened. 

Whyburn*  has  shown  that  if  a  point  P  of  a  bounded  continuum  M  has 
property  6  and  is  accessible  from  some  point  of  a  domain  complementary  to 
M,  then  M  is  connected  im  kleinen  at  P.  This  naturally  raises  the  question 
as  to  the  conditions  under  which  a  point  P  having  certain  of  the  given  proper- 
ties is  accessible  from  a  domain  complementary  to  M. 

If  M  is  a  continuous  curve,  every  point  of  M  (whether  it  be  an  end  point 
or  not)  is  accessible  from  every  complementary  domain  on  whose  boundary 
the  point  lies.  However,  a  point  may  be  an  end  point  of  a  continuous  curve 
and  also  have  property  8,  and  still  not  be  on  the  boundary  of  any  comple- 
mentary domain.  An  example  which  shows  this,  is  the  continuous  curve  M 
consisting  of  the  straight  line  interval  from  (0,  0)  to  (1,  0),  and  the  set  of 
circles  a;2+>'2  =  l/n^,  for  w  =  1,  2,  3,  •  •  •  .  The  point  P  =  (0,  0)  has  properties 
1-8,  but  is  not  on  the  boundary  of  any  complementary  domain. 

However,  if  an  end  point  of  a  continuous  curve  has  property  9,  it  is  a 
boundary  point  of  a  complementary  domain,  by  Theorem  4. 

If  Af  is  a  bounded  continuum  (not  necessarily  a  continuous  curve),  a 
point  P  may  have  all  the  properties  3-9,  and  still  not  be  a  boundary  point 
of  a  complementary  domain.  An  example  which  shows  this,  is  the  con- 
tinuum consisting  of  the  point  (0,  0),  the  set  of  circles  x^+y^  =  l/4:",  and  the 
two  sets  of  curves  whose  equations  in  polar  coordinates  are 
r  =  (3+0/(6i  +  l))/2''+2,  for  6^0,  and  r  =  {3-d/{e+l))/2''+\  for  6^0,  and 
for  n  =  0,1,2,  ■  •  •.  The  point  P  =  (0,  0)  has  properties  3-9,  but  is  not  on 
the  boundary  of  any  domain  complementary  to  M.  Therefore,  in  the  two 
following  theorems,  it  is  necessary  to  assume  that  P  is  on  the  boundary  of  a 
complementary  domain. 

Theorem  27.  If  a  point  P  of  a  bounded  continuum  M  has  property  7  and 
is  on  the  boundary  of  a  domain  D  complementary  to  M,  then  P  is  accessible  from 
D. 

Since  P  has  property  7,  if  C  is  any  circle  about  P  as  center,  there  exists 
a  domain  E  interior  to  C,  containing  P,  whose  exterior  contains  points  of  D, 
and  whose  boundary  F  has  just  one  point  X  in  common  with  M.  The  domain 
E  can  also  be  selected  so  that  F—X  is  connected. f   The  domain  E  contains 


*  Loc.  cit.,  Theorem  30,  p.  395.  ^ 

t  R.  L.  Moore,  Concerning  the  sum  of  a  countable  number  of  mutually  exclusive  continua  in  Ike 
plane,  Fundamenta  Mathematicae,  vol.  6  (1924),  p.  191,  Theorem  3. 
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points  of  D,  and  since  the  exterior  of  E  also  contains  points  of  D,  it  follows 
that  all  points  oi  F  —  X  are  points  of  D.  If  Ci  is  any  circle  about  P  as  center, 
and  interior  to  E,  any  two  points  Pi  and  P2  of  D  interior  to  Ci  can  be  joined 
by  a  connected  subset  of  D  interior  to  C, — the  connected  subset  consisting 
oi  F—X  plus  the  points  in  E  of  any  arc  joining  Pi  to  P2  in  D.  Hence  D  is 
"connected  near  P"  and  hence*  P  is  accessible  from  D. 

Theorem  28.  If  a  point  P  of  a  bounded  continuum  M  has  property  5 
and  property  9,  and  is  on  the  boundary  of  a  domain  D  complementary  to  M, 
then  P  is  accessible  from  D. 

If  B  is  the  boundary  of  D,  then  P  has  properties  3-6,  8-9  in  the  con- 
tinuum B,  by  Theorem  18.  Therefore  B—P  is  connected  and  B  contains  no 
continuum  of  condensation  containing  P,  and  therefore  D  is  connected 
near  P,  and  P  is  accessible  from  D.\ 

Again,  we  might  combine  the  above  two  theorems  into  the  single  theorem 
that  P  is  accessible  from  a  complementary  domain  D,  if  P  is  on  the  boundary 
of  D,  and  has  either  properties  3-7,  or  properties  3-6,  8-9.  Examples  8  and  11 
show  that  neither  hypothesis  can  be  weakened  and  the  theorem  remain  true, 
as  these  examples  show  that  a  point  may  have  properties  4,  8,  and  9  or 
properties  3-6,  and  8,  and  be  on  the  boundary  of  a  complementary  domain 
of  M,  and  still  not  be  accessible  from  that  domain. 

In  conclusion,  I  wish  to  express  my  sincere  appreciation  to  Professor 
R.  L.  Moore  for  his  inspiring  assistance  in  the  preparation  of  all  the  papers 
written  during  my  year  as  National  Research  Fellow. 


*  R.  G.  Lubben,  Concerning  connectedness  near  a  point  set. 
t  R.  G.  Lubben,  loc.  cit. 

The  University  or  Texas, 
Austin,  Texas 


CONCERNING  THE  ARC-CURVES  AND  BASIC  SETS 
OF  A  CONTINUOUS  CURVE* 

BY 

W.  L.  AYRES 

In  this  paper  we  define  and  discuss  some  of  the  properties  of  certain  sub- 
sets of  a  continuous  curve,!  which  we  call  the  arc-curves.  Probably  the 
most  interesting  property  of  these  subsets  is  that  whenever  the  arc-curve 
is  closed,  it  is  itself  a  continuous  curve.  The  arc-curves  are  intimately  con- 
nected with  the  theory  of  separation  of  points  in  continuous  curves,  since  if 
a  closed  set  separates  a  pair  of  points  in  the  arc-curve  of  the  pair  of  points 
with  respect  to  a  given  continuous  curve,  the  closed  set  separates  the  points 
in  the  given  continuous  curve.  We  define  a  basic  set  of  a  continuous  curve 
as  any  set  whose  arc-curve  is  the  continuous  curve  itself.  Necessary  and 
sufl&cient  conditions  are  given  in  order  that  a  subset  of  a  continuous  curve 
be  a  basic  set  and  in  order  that  a  basic  set  be  irreducible. 

It  is  assumed  that  all  point  sets  of  the  paper  lie  in  a  two-dimensional 
euclidean  space. t 

Notation.  Wherever  a  symbol  E  is  used  to  denote  a  point  set,  the  symbol 
U  denotes  the  point  set  consisting  of  the  points  of  //  plus  all  limit  points  of  H. 
If  u  and  V  are  points  of  a  simple  continuous  arc  a,  the  symbol  in  denotes  the 
subarc  of  a  with  ii  and  v  as  end  points  if  U9^v,  and  if  u  =  v,  the  symbol  uv 
denotes  the  single  point  m(  =  z')-  Hereafter  we  shall  use  the  term  "arc"  to 
mean  "simple  continuous  arc."  If  uv  is  an  arc  with  end  points  u  and  v, 
the  symbols  <uv,  uv>,  <jiv>  denote  uv  —  u,  uv—v,  uv  —  u  —  v  respectively. 
If  A  and  B  are  sets  of  points,  the  symbol  A  cB  means  A  is  a.  subset  of  B, 
but  it  is  tiot  implied  that  yl  is  a  proper  subset  of  B. 


Lemma.  IfP  is  a  point  of  a  set  K  such  that  K  —P  is  the  sum  of  two  mutually 
separated  point  sets  K\  and  K^  and  A  and  B  are  distinct  points  of  K\-\-P, 
then  Ki  contains  no  point  of  any  arc  from  A  to  B  which  belongs  entirely  to  K. 

*  Presented  to  the  Society,  May  7,  1927;  received  by  the  editors  in  July,  1927. 

t  A  continuous  curve  is  a  point  set  which  is  connected  and  connected  im  kleinen.  This  is  some- 
times called  a  generalized  continuous  curve.  See  S.  Mazurkiewicz,  Sur  Us  lignes  de  Jordan,  Funda- 
menta  Mathematicae,  vol.  1  (1920),  p.  193. 

i  (Added  in  proof.)  In  a  paper  Concerning  continuous  curves  in  space  of  n  dimensions,  which  is 
not  yet  published,  I  have  recently  shown  that  all  the  results  of  this  paper,  except  part  of  Theorem  10, 
hold  in  eucUdean  space  of  «  dimensions. 
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Definition.  Let  A'  be  a  subset  of  a  continuous  curve  M .  The  set  of  all 
points  [P],  such  that  P  lies  on  some  arc  of  M  whose  end  points  are  points  of 
K,  will  be  called  the  arc-curve  of  K  with  respect  to  M  and  will  be  denoted  by 
M{K).  In  case  A'  consists  of  a  single  point,  we  define  the  arc-curve  of  K 
with  respect  to  M  to  be  this  single  point. 

It  is  evident  that  the  set  M{K)  is  connected  and  contains  the  set  K. 
We  shall  proceed  to  determine  further  properties  of  the  point  set  M{K). 

Theorem  1 .  IJ  H  and  K  are  subsets  of  the  continuous  curve  M  and  H  is  a 
subset  of  K,  then  M{H)  is  a  subset  of  M{K). 

The  truth  of  this  theorem  follows  easily  from  the  definition. 

Theorem  2.    If  K  is  any  subset  of  the  continuous  curve  M,  the  point  set 


M{K)  —M{K)  is  a  subset  oj  the  point  set  K  —  K. 


Suppose  there  exists  a  point  x  which  belongs  to  M{K)  —  M{K)  but  not  to 
K  —  K.  Then  x  belongs  to  M  —  K.  Let  y  be  a  point  of  A",  and  let  xy  denote 
an  arc  of  M  whose  end  points  are  x  and  y.  If  d  is  any  component*  of  M  —  xy, 
let  Pj:d  and  Pyd  denote  the  first  and  last  limit  points  of  d  on  xy  in  the  order 
from  X  to  y.  The  points  P^d  and  Pyd  exist  (but  are  not  necessarily  distinct) 
for  each  component  d  since  the  set  of  limit  points  of  d  on  the  arc  xy  is  closed. 
Let  2i  denote  the  first  point  of  K+y  on  the  arc  xy  in  the  order  x  to  y.  Evi- 
dently Xt^Zi.  If  a  consists  of  a  single  point  or  ii  M—xy  is  vacuous,  we  may 
arrive  at  a  contradiction  easily  by  using  the  Lemma.  If  neither  of  these  two 
hold,  let  5  be  the  set  of  all  points  [P.rd]  such  that  d  contains  a  point  of  A. 
The  arc  xy  contains  a  point  £«  such  that  either  (a)  Zi  belongs  to  5  and  every 
point  of  S  lies  on  the  subarc  Z2y  of  xy,  or  (b)  ^2  belongs  to  xy—S,  every  point 
of  5  lies  on  the  subarc  Z2y  of  .t_v  and  Sj  is  a  limit  point  of  S,  or  (c)  5  is  vacuous 
and  Z2  =  2i.  Since  x  does  not  belong  to  M{K),  x  is  not  a  point  of  S.  If  x  is  a 
limit  point  of  S,  it  is  also  a  limit  point  of  Af  which  is  contrary  to  the  hy- 
pothesis. Then  C2?^-v.  Let  Zi  be  the  first  point  of  the  set  =i-t-22  on  the  arc  xy 
in  the  order  x  to  y.  If  Z3  =  y,  we  may  obtain  a  contradiction  by  using  the 
Lemma.  Thenxy^ZiT^y. 

Suppose  <xz3  contains  a  point  p  such  that  M—xy  contains  no  com- 
ponent d  such  that  p  lies  between  P^rd  and  Pyd.    If  x  and  y  lie  in  the  same 


*  A  set  Z  is  said  to  be  a  component  of  a  set  H,  if  A'  is  a  connected  subset  of  H  and  there  is  no 
connected  subset  of  H  which  contains  K  as  a  proper  subset. 

t  Since  only  a  finite  number  of  the  components  of  it—xy  are  of  diameter  greater  than  any 
given  positive  number.  Cf.  my  paper,  I\'ole  on  a  theorem  concerning  continuous  curves,  Annals  of 
Mathematics,  (2),  vol.  28  (1927),  pp.  501-2. 
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component  of  M—p,  there  exists  an  arc  a  with  end  points  :*;  and  y  and 
lying  entirely  in  the  set  M  —  p*  In  the  order  from  x  X.o  y  the  arc  a  has  a 
last  point  h  in  common  with  the  subarc  xp  of  the  arc  xy;  and  on  the  subarc 
hy  of  a  there  is  a  first  point  h  in  common  with  the  subarc  py  of  xy.  If  da 
denotes  the  component  of  M  —  xy  containing  the  subarc  hh  of  a,  the  point 
p  lies  between  the  points  P^d^  andP^d^  contrary  to  our  supposition  that  no 
such  component  exists.  Hence 

M     -     p     =      M^    +     My, 
• 

where  Mx  and  My  are  non-vacuous  mutually  separated  sets  containing  x 
and  y  respectively,  and  Mx  is  connected.  Then  My+poK,  and  by  the 
Lemma,  x  is  not  a  limit  point  of  M{K),  which  contradicts  the  hypothesis 
of  the  theorem.  Thus  we  have  shown  that  if  p  is  any  point  of  <X23  there  is 
a  set  dp  such  that  p  lies  between  Pxd,,  andPyd^. 

Since  only  a  finite  number  of  the  components  of  M  —  xy  are  of  diameter 
greater  than  a  given  positive  number,  there  is  a  component  d^  such  that  (a)  23 
lies  between  Pxd^  and  P„i,  on  the  arc  xy,  (b)  if  d  is  any  component  oi  M  —  xy 
such  that  23  lies  between  Pxd  and  Pyd  on  the  arc  xy,  then  Pxd  lies  on  the 
subarc  yPxd^-  HPxd^T^x,  there  is  a  component  (/2  of  M  — xy  such  that  (a)  Pid^ 
lies  between  Pxd,  and  P„rf„  (b)  if  d  is  any  component  oiM  —  xy  such  thatPid, 
lies  between  Pxd  and  P„d,  then  P^j  lies  on  the  subarc  yPxd^  of  the  arc  xy. 
Continue  this  process.  In  general,  if  Pi<i,_i  ?^x,  there  is  a  component  di{i  >  1) 
of  M  —  xy  such  that  (a)  Pxd,_,  lies  between  P^j,.  and  P„j,  on  the  arc  xy, 
(b)  if  d  is  any  component  of  M  —  a;y  such  thatPxrf,_,  lies  between  Pid  andP„i, 
then  Pxd  lies  on  the  subarc  yPxdi  of  the  arc  xy.  If  for  any  value  of  i,  Pxdi  =  x, 
the  process  terminates  at  this  point;  if  not,  we  continue  the  process  in- 
definitely. 

In  the  set  ZiPydi>  there  is  a  point  20  such  that  either  (1)  there  is  a  com- 
ponent da  of  M —xy  containing  a  point  2  of  K  such  that  Pxdo  =  zo,  or  (2)  Zo 
is  a  point  of  X.  In  case  (1),  by  a  theorem  due  to  R.  L.  Wilder,!  there  exists 
an  arc  Ao  whose  end  points  are  2  and  Zo  and  such  that  Ao  belongs  to  do 
except  for  the  point  Zq.  In  case  (2),  let  Ao  and  2  each  denote  the  single  point 
Zo.  For  every  i>0  such  that  di  is  defined,  there  exists  an  arc  Ai  with  end 
points Pxj,.  and Pydi  and  such  that  di  contains  <^i>. 

If  there  exists  an  integer  «  such  that  Pxd„  =  x  and  n  is  odd,  let 


•  Cf.  R.  L.  Moore,  Concerning  continuous  curves  in  the  plane,  Mathematische  Zeitschrift,  vol.  15 
(1922),  p.  255,  Theorem  1. 

t  Concerning  continuous  curves,  Fundamenta  Mathematicae,  vol.  7  (1925),  Theorem  1,  p.  342. 
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ai  =  Ao  +  ZoP^di  +  A2  +  Pxd.Pvdi  +  ^4  +  •  •  ■  +  Pxdu-iPydu 

+  ^„  +   •  •  •  +  ^„_,  +  Pxd„+,X, 
"2    =    yPydi  +  ^1  +   PxdiPydi  +  .4,  +    •    •    •    +   Pxdu-^Pvdu+l 

It  is  evident  that  ai  and  a^  are  arcs  with  end  points  s  and  x  and  y  and  x  respec- 
tively, and  that  they  have  only  the  point  x  in  common.  Then  ai-ra2  is  an 
arc  of  M  from  y  to  s  containing  the  point  x.  If  there  exists  an  integer  n 
such  that  Pxd„  =  x  and  n  is  evert,  let 

ai    =   Ao  +  ZoPydi  +  Ai+   Pxd^Pyd,  +  A^+    ■    ■    ■    +   Pxd^-lPydu 

+  ^,.   +    ■    •    •+Pxd„_,Pvd„+^„, 

«2    =    yPydi  +  ^1  +   PxdiP^d,  +  ^3  +    •    •    •    +   Pxdu~lPydu+l 

+  ^!.+l  +    •    •    •    +  ^n-1  +   Pxd„-iX. 

In  this  case  we  see  that  ai  +  ao  is  an  arc  of  M  from  z  to  v  which  contains  the 
point  X. 

If  for  every  integer  n,  Pxd„r^x,  there  is  a  point  q  which  is  the  sequential 
limit  point  of  the  sequence  P^rf,,  Pxd,,  Pxd^,  ■  ■  ■  .  We  shall  show  that  q  —  x. 
If  not,  then  there  is  a  component  J,  of  M  —  xy  satisfying  the  conditions 
(a)  and  (b)  with  respect  to  the  point  q.  There  is  a  smallest  integer  j  such  that 
Pxdj  is  a  point  of  qPyd,>.  Then  dj+i  fails  to  satisfy  condition  (b),  since 
Pxdj  lies  between  Pxd,  and  Pyd^  on  the  arc  xy  but  the  arc  yPxd,^-^  does  not  con- 
tain Pxd,-    Hence  q  =  x.    In  this  case  let 

Oil  =  Aa  +  ZoPydi  +    ^{A^i  +  PxduPydin^t)' 

i=l 
"2   =    yPyd^    +      X)U2-1  +   Pxdu-lPydu+l)- 

Since  x  is  the  sequential  limit  point  of  the  sequences  [Pidj,]  and  [Pxij,.,]  and 
the  diameters  of  the  arcs  A ,  approach  zero  as  i  increases,  the  sets  ai  and  0:2 
are  arcs  of  M  with  end  points  z  and  x  and  y  and  x  respectively.  It  is  evident 
that  the  arcs  oi  and  02  have  only  the  point  x  in  common,  and  thus  ai-{-ai 
is  an  arc  of  AI  with  end  points  z  and  y  and  containing  the  point  x. 

In  any  case  then,  the  point  x  lies  on  some  arc  of  AI  whose  end  points  y 
and  z  belong  to  A'.  But  this  is  contrary  to  the  assumption  that  xcM{K) 
—  M{K),  which  proves  our  theorem. 
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Theorem  3.  If  K  is  any  subset  of  the  continuous  curve  M  and  a  is  an  arc 
of  M  whose  end  points  belong  to  M{K),  the  arc-curve  M{K)  contains  every 
point  of  a  except  possibly  the  end  points. 


Suppose  there  exists  an  arc  a  of  M  whose  end  points  belong  to  M(K) 
such  that  <a>  contains  a  point  z  that  does  not  belong  to  M{K).  Since  the 
end  points  of  a  belong  to  M{K),  the  set  K  contains  at  least  two  points.  Since 
z  belongs  to  <a> ,  it  is  not  an  end  point  of  M*  Hence  either  (a)  s  is  a  cut 
point  of  M  or  (b)  z  lies  on  some  simple  closed  curve  of  M.f  Suppose  2  is  a 
cut  point  of  M.  As  M{K)  is  connected  and  does  not  contain  2,  there  is  a 
component  H  of  M  —  z  which  contains  M{K).  As  <a>  contains  2,  the 
point  2  is  not  an  end  point  of  the  continuous  curve  H-\-z;  and  as  H  is  con- 
nected, s  is  not  a  cut  point  of  H-\-z.  Hence  z  lies  on  a  simple  closed  curve  of 
H-\-z.  Then  in  either  case  z  lies  on  a  simple  closed  curve  /  of  M,  and  if 
2  is  a  cut  point  of  M,  the  set  /  — 2  lies  in  the  component  of  M  —  2  containing 
M{K). 

By  a  theorem  due  to  G.  T.  Whyburnf  there  is  a  maximal  cyclic  curve  C 
of  M  containing  the  simple  closed  curve  /.  If  C  contains  two  points  x  and 
y  of  K,  let  /j.  be  a  simple  closed  curve  of  C  containing  x  and  2.  If  the  point 
y  lies  on  J^,,  there  is  an  arc  of  /^  with  end  points  x  and  y  and  containing  2. 
Suppose  y  does  not  belong  to  /u.  Now  as  x  is  not  a  cut  point  of  C,§  there 
exists  an  arc  yvz  oi  C  —  x  with  end  points  y  and  2.  In  the  order  from  y  to  z 
let  t  be  the  first  point  of  Jxz  on  the  arc  yvz.  11  t9^z,  then  the  subarc  yt  of  yvz 
plus  that  arc  of  /i,  from  /  to  x  that  contains  2  is  an  arc  of  C  from  x  to  y  con- 
taining 2 ;  while  if  /  =  2,  either  arc  of  Jxz  from  a;  to  z  may  be  used  together  with 
the  subarc  yt  of  yvz.  Then  if  C  contains  two  points  x  and  y  of  K,  there  is  an 
arcofC  with  end  points  X  andy  and  containing  2;  and  thus  2  belongs  to  M{K). 
Now  suppose  C  contains  just  one  point  x  of  A".  Then  some  component  Z)„ 
of  M  —  C  contains  a  point  y  of  A'.    The  component  Dy  has  just  one  limit 


*  Cf.  W.  L.  Ayres,  Concerning  continuons  curves  and  correspondences,  Annals  of  Mathematics,  (2), 
vol.  28  (1927),  pp.  396-418,  Theorem  4,  and  G.  T.  Whyburn,  Concerning  conlinna  in  the  plane, 
these  Transactions,  vol.  29  (1927),  pp.  369-400,  Theorem  12. 

t  W.  L.  Ayres,  Concerning  conlinuous  curves  and  correspondences,  loc.  cit.,  Theorem  3,  and 
G.  T.  Whyburn,  loc.  cit..  Theorem  22. 

X  Cyclicly  connected  continuous  curves.  Proceedings  of  the  National  Academy  of  Sciences,  vol.  13 
(1927),  pp.  31-38,  Theorem  3.  A  continuous  curve  M  is  said  to  be  cyclicly  connected  if  every  two 
points  of  M  lie  together  on  some  simple  closed  curve  of  jl/.  A  cyclicly  connected  continuous  curve  C, 
which  is  a  subset  of  a  continuous  curve  M,  is  said  to  be  a  maximal  cyclic  curve  of  M  if  M  contains 
no  cyclicly  connected  continuous  curve  of  which  C  is  a  proper  subset. 

§  No  point  of  a  cyclicly  connected  continuous  curve  is  a  cut  point  of  the  curve.  See  G.  T. 
Whyburn,  Cyclicly  connected  continuous  curves,  loc.  cit. 
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point  w  in  C*  We  may  assume  tha.twy^x,  ioriiw  =  x,  then,  with  the  Lemma, 
we  could  find  another  component  oi  M  —  C  containing  a  point  of  K  and  whose 
limit  point  in  C  is  not  x.  Since  M(K)  is  a  connected  subset  of  M  —  z,  the 
points  w  and  z  are  distinct.  There  exists  an  arc  ai  with  end  points  w  and  y 
and  lying  in  Dy  except  for  the  point  w.  As  above  there  exists  an  arc  02  of  C 
with  end  points  w  and  x  and  containing  the  point  s.  The  set  ai+az  is  an  arc 
of  M  containing  z  and  whose  end  points  x  and  y  belong  to  K.  Hence  2  belongs 
to  M{K).  Finally  we  suppose  that  C  contains  no  point  of  K.  Let  [D\  be 
the  set  of  all  components  of  M  —  C  that  contain  points  of  K,  and  let  [P  ]  be  the 
set  of  all  points  of  C  such  that  each  point  P  is  the  limit  point  of  one  of  the 
components  of  [D\.  If  [P]  consists  of  just  one  point  P,  then  P  is  a  cut 
point  of  M,  and  let 

M  -  P  =  Mi+  M2, 

where  Mi  and  M2  are  non-vacuous  mutually  separated  sets  and  Mi  is  that 
component  of  M  —P  containing  C—P.  Evidently  z 9^P,  for  M{K)  and  J  —  P 
lie  in  different  components  of  M—P.  Then  M{K)  cM^y+P  and,  by  the 
Lemma,  z  cannot  belong  to  the  arc  a.  Thus  [P]  contains  at  least  two  points 
Ml  and  2<2-  Let  D^{i=\,  2)  be  a  component  of  [D]  with  «,■  as  its  limit  point. 
The  set  Z>,  contains  a  point  Vi  of  A'.  There  exists  an  arc  0i  whose  end  points 
are  m,  and  Vi  and  which  lies  in  Di  except  for  Ui.  There  exists  an  arc  ft  of  C 
with  end  points  Mi  and  U2  and  containing  2.  The  set  /Si  +  ft+iSs  is  an  arc  of  M 
containing  2  whose  end  points  Vi  and  112  belong  to  K.  Hence  z  belongs  to  M(K). 
Thus  the  assumption  that  2  does  not  belong  to  M{K)  leads  to  a  contradiction 
in  every  case. 

In  Theorem  3  we  see  that  every  interior  point  of  an  arc  of  M,  whose  end 
points  belong  to  M(K),  belongs  to  M{K).  We  may  ask  if  the  end  points 
must  belong  to  M{K)  also.  The  following  simple  example  shows  that  this 
is  not  the  case.  Let  M  be  the  interval  whose  end  points  are  (0,  0)  and  (1,0). 
Let  K  be  the  segment,  i.e.  the  interval  minus  its  end  points,  from  (0,  0) 
to  (1,0).  The  points  (0,  0)  and  (1,  0)  are  points  of  M{K)  —  M{K),  and  every 
interior  point  of  the  arc  of  M  joining  them  is  a  point  of  M(K). 

Theorem  4.    //  M  is  a  continuous  curve  and  K  is  a  subset  of  M,  the  set 


M{K)  is  identical  with  the  arc-curve  M{K). 

By  Theorem  1,  M{K)  c  M{K) ;  and  by  Theorem  2, 


M{K)  -  M{K)  c  K  -  K. 


I 


*  G.  T.  Whyburn,  Cydicly  connected  continuous  curves,  loc.  cit.,  Theorem  2. 
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Hence  M{K)==MiK)  +  (W(K)-M(K))  cMiK)  +  iK-K)  =  M{K).  Since 
KcM(K),KcM{K).  By  Theorem  1,  M{K)  cMjMiK)).  But  by  Theorem 
3,   M{MXK))=M(K).      As   M{K)  cM{K)  cMiM{K))  =  M(K),    we    have 

M(A')=M(Z). 

Theorem  5.  //A'  is  any  subset  of  the  continuous  curve  M,  the  set  M{K) 
is  arc-wise  connected  im  kleinen* 

Let  X  be  any  point  of  M(K),  and  e  be  any  positive  number.  Since  M 
is  a  continuous  curve,  there  exists  a  positive  number  S.i  such  that  any  point 
of  M  whose  distance  from  x  is  less  than  S^  can  be  joined  to  x  by  an  arc  of  M 
whose  diameter  is  less  than  e.  Let  y  be  any  point  of  M{K)  whose  distance 
from  X  is  less  than  6,x-  There  exists  an  arc  a  of  M  with  end  points  x  and  y 
and  whose  diameter  is  less  than  t.  By  Theorem  3,  every  point  of  a  belongs 
to  M{K),  and  thus  M(K)  is  arc-wise  connected  im  kleinen. 

From  Theorems  4  and  5,  we  have 


Theorem  6.  //  K  is  any  subset  of  the  continuous  curve  M,  the  set  M{K) 
is  connected  im  kleinen. 

Since  every  point  of  a  continuous  curve  which  is  not  an  end  point  is  an 
interior  point  of  some  arc  belonging  to  the  continuous  curve,  we  have  from 
Theorems  3  and  6  the  following  result:  //  K  is  any  subset  of  the  continuous 
curve  M,  every  point  of  the  set  M{K)  —  M(K)  is  an  end  point  of  the  continuous 
curve  M{K). 

From  Theorems  2  and  5,  we  have  the  important  result 

Theorem  7.  If  K  is  a  closed  subset  of  the  continuous  curve  M,  the  arc- 
curve  M{K)  is  a  continuous  curve. 

Theorem  8.  Ifx  and  y  are  distinct  points  of  the  continuous  curve  M,  neither 
X  nor  y  is  a  cut  point  of  the  arc-curve  M{x-\-y). 

Every  point  z  of  M(x-^y)  lies  on  some  arc  A^  of  M  whose  end  points  are 
X  and  y.  The  subarc  yz  of  A^  is  a  subset  of  M{x-\-y)  —x.  As  each  point  of 
M{x-^y)—x  may  be  joined  to  y  by  an  arc  which  belongs  to  M{x-{-y)—x, 
the  set  M{x-\-y)—x  is  connected.  Similarly  M(x-]-y)—y  is  connected. 
Hence  neither  x  nor  y  is  a  cut  point  of  M(x+y). 

The  following  example  shows  that  Theorem  8  does  not  remain  true  if  the 
set  A'  contains  more  than  two  points.    Let  M  be  the  interval  from  (0,  0) 


•  A  point  set  //  is  said  to  be  arc-wise  connected  im  kleinen  if  for  each  point  x  of  11  and  each 
positive  number  e,  there  exists  a  positive  number  5(i  such  that  any  point  of  H  whose  distance  from 
X  is  less  than  5,i  can  be  joined  to  x  by  an  arc  of  //  whose  diameter  is  less  than  e.  For  closed  sets  the 
properties  connected  im  kleinen  and  arc-wise  connected  im  kleinen  are  equivalent. 
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to  (2,  0).   Let  the  set  K  consist  of  the  three  points  (0,  0),  (1,  0),  and  (2,  0). 
In  this  case  the  point  (1,  0)  is  a  cut  point  of  the  arc-curve  M{K). 

Theorem  9.  //  K  is  any  subset  of  the  continuous  curve  M,  then  (1)  if  P 
is  a  cut  point  of  M{K)  every  component  of  M{K)  —P  contains  at  least  one  point 
of  K,  (2)  every  cut  point  of  M{K)  is  a  cut  point  of  M. 

Part  (1)  is  an  application  of  the  Lemma.  For  Part  (2),  let  P  be  a  cut 
point  of  M(K)  and  x  and  y  points  of  M(K)  —P  which  do  not  lie  in  the  same 
component  of  M{K)  —P.  If  M  —P  is  connected,  there  is  an  arc  a  of  M  —P 
with  end  points  x  and  y*  By  Theorem  3,  every  point  of  a  belongs  to  M{K). 
Hence  x  and  y  belong  to  the  same  component  of  M{K)—P,  contrary  to 
hypothesis.  Then  every  cut  point  of  M{K)  is  also  a  cut  point  of  M. 

Theorem  10.  //  K  is  a  closed  subset  of  the  continuous  curve  M,  then  (1) 
every  end  point  of  M{K)  belongs  to  K,  (2)  if  T  is  a  maximal  connected  subset 
of  M  —  M{K),  the  set  T  has  only  one  limit  point  in  M{K),  (3)  if  D  is  a  bounded 
complementary  domain  of  M{K)  such  that  no  point  of  K  is  interior  to  the  outer 
boundary  of  D\,  then  the  boundary  of  D  is  a  simple  closed  curve,  (4)  if  D  is  a 
complementary  domain  of  M{K)  there  is  a  complementary  domain  Di  of  M 
which  is  a  subset  of  D  and  such  that  every  boundary  point  of  D  is  also  a  boundary 
point  of  Di. 

Part  (1).  If  P  is  a  point  of  M{K)—K,  there  exists  an  arc  of  M  whose 
end  points  are  points  of  K  and  containing  P  as  an  interior  point.  Then  P 
cannot  be  an  end  point  of  M{K)  by  Theorem  4  of  my  paper  Concerning 
continuous  curves  and  correspondences.  % 

Part  (2).  Suppose  T  has  two  limit  points  P  and  Q  in  M{K).  Using  a 
theorem  due  to  R.  L.  Wilder, §  there  exists  an  arc  whose  end  points  are  P 
and  Q  and  which  lies  entirely  in  T  except  for  the  points  P  and  Q.  But  this  is 
seen  to  be  impossible  from  Theorem  3. 

Part  (3)  may  be  proved  using  a  theorem  due  to  R.  L.  Moore. || 

Part  (4)  may  be  proved  without  difficulty  using  Part  (2)  and  the  result  of 
my  paper  Note  on  a  theorem  concerning  continuous  curves.*^ 


*  Cf.  R.  L.  Moore,  loc.  cit. 

t  Cf.  R.  L.  Moore,  loc.  cit.,  for  definition  of  outer  boundary  and  theorems  concerning  it. 
t  Loc.  cit. 
§  Loc.  cit. 

II  Concerning  paths  thai  do  not  separate  a  given  continuous  curve,  Proceedings  of  the  National 
Academy  of  Sciences,  vol.  12(1926),  pp.  745-753,  Theorem  6. 
ULoc.  cit. 
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II 

Definition.  A  subset  A'  of  a  continuous  curve  M  will  be  called  a  basic 
set  of  the  continuous  curve  if  M{K)  =M.  A  basic  set  of  a  continuous  curve 
M  will  be  said  to  be  irreducible  if  it  contains  no  proper  subset  which  is  a 
basic  set  of  M. 

Theorem  11.  In  order  that  a  subset  K  of  a  continuous  curve  M  be  a  basic 
set  of  M,  it  is  necessary  and  sufficient  that  (1)  K  contain  at  least  two  points 
unless  M  consists  of  a  single  point,  (2)  K  contain  every  end  point  of  M,  (3)  if 
P  is  a  cut  point  of  M,  K  contain  a  point  of  every  component  of  M  —P. 

The  conditions  are  necessary.  The  necessity  of  the  first  condition  is  ob- 
vious. The  necessity  of  the  second  and  third  conditions  follows  from  Theorem 
10,  Part  (1),  and  Theorem  9,  Part  (1),  respectively,  since  we  assume 
M{K)=M. 

The  conditions  are  sufi&cient.  Let  Khe  a  subset  of  M  satisfying  the  three 
conditions,  and  let  us  suppose  that  M  —  M(K)  is  not  vacuous.  Let  x  be  any 
point  of  M  —  M{K)  and  y  a  point  of  M{K),  and  let  xy  denote  an  arc  of  M 
with  end  points  x  and  y.  Let  z  denote  the  first  point  of  M(K)  on  the  arc 
xy  in  the  order  x  to  y. 

Suppose  X  is  not  a  limit  point  of  M{K).  Then  the  points  x  and  z  are 
distinct.  If  2  is  a  cut  point  of  M,  let  Mi  be  the  component  of  M  — 2  containing 
X,  and  M2  be  some  other  component  of  M  —  z.  By  condition  (3),  Mi  and  M2 
contain  points  Ci  and  ej  of  K.  There  exists  an  arc  ai,  whose  end  points  are 
X  and  ci  and  every  point  of  which  belongs  to  Mi,  and  an  arc  a^,  whose  end 
points  are  62  and  2  and  such  that  every  point  of  02  except  2  is  a  point  of  M 2. 
Let  p  be  the  first  point  of  the  subarc  xz  of  the  arc  xy  on  the  arc  ai  in  the  order 
fii  to  X.  Since  ai  cMi,  p?^z.  Then  the  subarc  eip  of  ai  plus  the  subarc  pz 
of  xy  plus  the  arc  a2  is  an  arc  of  M  whose  end  points  ei  and  62  belong  to  K. 
Then  every  point  of  the  subarc  pz  of  xy  belongs  to  M{K).  But  every  point 
of  the  set  pz  >  precedes  2  on  the  arc  xy  in  the  order  x  to  y,  which  contradicts 
our  assumption  that  2  is  the  first  point  of  the  set  M{K)  on  this  arc  in  this 
order. 

If  2  is  not  a  cut  point  of  M,  let  w  be  a  point  of  A'  distinct  from  2.  The 
existence  of  the  point  w  follows  from  condition  (1).  As  M—z  is  connected, 
there  is  an  arc  xw  with  end  points  x  and  w,  every  point  of  which  belongs  to 
M  —  z.  In  the  order  x  to  w  let  qi  be  the  last  point  of  the  subarc  xz  of  xy 
on  the  arc  xw,'a,nd  let  q^  be  the  first  point  of  the  set  M{K)  on  the  subarc 
q-iw  of  xw.  We  have  qi9^qi9^z,  and  thus  the  subarc  q^qi  of  xw  plus  the  subarc 
qiz  of  xy  is  an  arc  of  M  which  has  only  its  end  points  in  common  with  M{K). 
But  this  is  impossible  by  Theorem  3. 
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Hence  every  point  x  of  M  —  M{K)  is  a  limit  point  of  M{K),  and  thus  of 
K  (Theorem  2).  As  no  point  of  M —M{K)  is  an  end  point  of  M  (Condition 
(2)),  the  point  x  is  either  a  cut  point  of  M  or  lies  on  some  simple  closed 
curve  J  of  M*  If  a;  is  a  cut  point  of  M,  let  Mi  and  M  2  be  distinct  components 
of  M —X,  and  let  Ci  and  e^  be  points  of  A'  which  belong  to  M\  and  M^  respec- 
tively. Every  arc  of  M  with  end  points  ei  and  €2  contains  x.  Hence  x  belongs 
to  M{K),  contrary  to  assumption.  If  x  lies  on  a  simple  closed  curve  /  of  M, 
let  y  and  2  be  points  of  J  distinct  from  x  and  from  each  other,  and  let  yxz 
denote  the  arc  of  /  from  y  to  z  which  contains  the  point  x.  The  points  y 
and  z  belong  to  M{K),  since  we  have  shown  above  that  M{K)=M.  Then 
the  point  x  belongs  to  M{K),  since  yxz  is  an  arc  of  M  whose  end  points  belong 
to  M{K).  Therefore  the  conditions  are  sufficient. 

Theorem  12.  In  order  that  a  basic  set  K  of  a  continuous  curve  M  be  irre- 
ducible, it  is  necessary  and  stifficient  that  there  should  not  exist  an  arc  of  M 
which  contains  three  distinct  points  of  K. 

The  condition  is  necessary.  Suppose  K  is  an  irreducible  basic  set  of  M, 
and  that  M  contains  an  arc  a  which  contains  three  distinct  points  x,  y,  z  of  K. 
One  of  these  points,  and  we  will  suppose  x  is  the  one,  lies  between  the  other 
two  on  the  arc  a.  We  shall  prove  that  A'  — x  is  a  basic  set  of  M  and  thus 
show  that  A  is  reducible,  by  showing  that  K—x  satisfies  the  three  conditions 
of  Theorem  11. 

The  set  K  —  x  satisfies  condition  (1)  since  it  contains  the  two  points  y 
and  2.  The  set  A  contains  every  end  point  of  M  since  it  is  a  basic  set  of  M, 
and  X  is  not  an  end  point  of  M  since  it  is  interior  to  an  arc  of  M ,  namely  the 
arc  a.  Hence  K  —  x  contains  every  end  point  of  M  and  condition  (2)  is 
satisfied.  If  K  —  x  does  not  satisfy  condition  (3),  there  is  a  cut  point  P  of 
M  and  a  component  M\  of  M—P  which  contains  no  point  of  K—x.  Since 
K  satisfies  condition  (3),  Mi  contains  the  single  point  x  of  A.  Then,  by 
the  Lemma,  the  point  x  cannot  be  interior  to  the  subarc  yz  of  a.  Thus  K  —  x 
satisfies  all  three  conditions  of  Theorem  11  and  is  a  basic  set  of  M. 

The  condition  is  sufficient.  Suppose  A  contains  a  proper  subset  H  which 
is  a  basic  set  of  if .  Let  x  be  a  point  of  A  — fl^.  Since  xcM —  H  =  M{B)—H, 
there  exists  an  arc  /S  of  M,  which  contains  x  and  whose  end  points  y  and  z  are 
points  of  E.  Then  the  arc  /3  of  Af  contains  three  distinct  points  x,  y  and  2  of  K. 

Theorem  13.  In  order  that  a  basic  set  K  of  a  continuous  curve  M  be  irre- 
ducible it  is  necessary  and  sufficient  that  (1)  A  contain  no  cut  point  of  M, 

*  See  my  paper,  Concerning  continuous  ctirves  and  correspondences,  loc.  cit.,  Theorem  3.  See 
also  G.  T.  Whyburn,  Concerning  conlinua  in  the  plane,  loc.  cit.,  Theorem  22. 
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(2)  if  C  is  a  maximal  cyclic  curve  of  M,  the  set  C  contain  two  points,  one  point 
or  no  point  of  K  according  as  C  contains  no  cut  point,  one  cut  point  or  more 
than  one  cut  point  of  M. 

The  conditions  are  necessary.  Let  K  be  an  irreducible  basic  set  of  the 
continuous  curve  M.  If  A'  contains  a  point  z  which  is  a  cut  point  of  M,  let  Mi 
and  Mz  be  two  distinct  components  of  M—z.  Since  A  is  a  basic  set,  by 
Theorem  11  the  component  Mi  (i=l,  2)  contains  a  point  x,  of  K.  Let  a 
denote  an  arc  of  M  whose  end  points  are  Xi  and  x^.  Since  Mi  and  M^  are  com- 
ponents of  M  —  z,  the  arc  a  contains  the  point  z.  Then  K  is  not  irreducible 
by  Theorem  12. 

If  C  is  a  maximal  cyclic  curve  of  M  and  contains  no  cut  point  of  M, 
then  C  =  M.*  Then  A'  consists  of  just  two  points,  for  if  A'  contains  three 
or  more  points,  there  exists  an  arc  of  M  containing  three  points  of  Af  and, 
by  Theorem  12,  the  set  A  is  not  an  irreducible  basic  set.  If  C  contains  just 
one  cut  point  P  of  M ,  the  set  C—P  is  a  component  of  M  —P  and  thus  con- 
tains at  least  one  point  of  A  by  Theorem  11.  If  C—P  contains  two  points  x 
and  y  of  A,  there  is  an  arc  ai  belonging  to  C  which  contains  y  and  whose 
end  points  are  P  and  x.  Let  Mi  be  a  component  of  M  —P  which  is  distinct 
from  C—P,  and  let  z  be  a  point  of  A  which  belongs  to  Mi  (Theorem  11). 
There  exists  an  arc  a^  whose  end  points  are  P  and  z  and  which  lies  in  Mi 
except  for  the  point  P.  Then  ai+a2  is  an  arc  of  M  which  contains  three 
points  X,  y,  z  of  A.  But  this  is  impossible  since  A  is  an  irreducible  basic  set 
(Theorem  12).  If  C  contains  two  cut  points  P  and  Q  of  M,  let  Mi  be  a  com- 
ponent of  M—P  which  does  not  contain  C—P,  and  let  Mj  be  a  component 
of  M—Q  which  does  not  contain  C—P.  It  may  be  seen  easily  that  Mi  and 
Mi  have  no  common  points.  Let  x  and  y  be  points  of  A  which  belong  to  Mi 
and  Mi  respectively  (Theorem  11).  Now  suppose  C  contains  a  point  z 
of  A.  Since  condition  (1)  is  necessary,  P?^Z7^().  There  exist  arcs  ai  and  az 
with  end  points  .v  and  P  and  y  and  Q  respectively,  and  such  that  ai  lies  in  Mi 
except  for  the  point  P  and  as  lies  in  M^  except  for  the  point  Q.  There  exists 
an  arc  ai  with  end  points  P  and  Q  and  such  that 

2  c  as  c  C. 

Then  ai-l-a'2+a3  is  an  arc  of  M  containing  three  points  x,  y,  and  z  of  A. 
But  this  is  impossible,  for  A  is  an  irreducible  basic  set  of  M. 


*  Cf.  G.  T.  Whybum,  Cyclidy  connected  continuous  curves,  loc.  cit.,  Theorem  1. 
t  In  the  proof  of  Theorem  3  we  showed  that  if  x,  y  and  s  are  any  three  points  of  a  cyclidy  con- 
nected continuous  curve  C,  there  is  an  arc  of  C  with  end  points  x  and  y  and  containing  z. 
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The  conditions  are  sufficient.  Let  A'  be  a  basic  set  of  M  satisfying  the  two 
conditions,  and  suppose  that  A'  is  reducible.  Then  A  contains  a  proper 
subset  H  which  is  a  basic  set  of  M.  Let  x  be  a  point  of  K  —  H.  By  Theorem  11, 
the  set  H  contains  every  end  point  of  M.  Then  the  point  x  is  not  an  end  point 
of  M.  By  condition  (1),  the  set  K  contains  no  cut  point  of  M ;  and  since  x  c  A, 
the  point  x  is  not  a  cut  point  of  M.  Hence  the  point  x  must  lie  on  some 
simple  closed  curve  of  M,  and  there  is  a  maximal  cyclic  curve  C  containing 
the  point  x*  If  C  contains  no  cut  point  of  M,  every  point  of  H  belongs  to  C. 
Since  H  contains  at  least  two  points  (Theorem  11)  and  H  cK,  the  maximal 
cyclic  curve  C  contains  three  points  of  A,  contrary  to  condition  (2).  If  C 
contains  one  cut  point  P  of  M ,  the  set  C—P  is  a  component  of  M  —P  and 
contains  at  least  one  point  of  H  (Theorem  11).  Then  the  curve  C  contains 
two  points  of  A,  contradicting  condition  (2).  If  C  contains  more  than  one 
cut  point  of  M,  C  contains  the  point  x  of  K,  thus  contradicting  condition  (2). 
Hence  the  conditions  are  sufficient. 

It  is  evident  that  every  basic  set  of  a  bounded  continuous  curve  contains 
a  subset  which  is  an  irreducible  basic  set.  Also  there  are  continuous  curves 
which  have  more  than  one  irreducible  basic  set. 


*  Cf .  G.  T.  Whyburn,  CycUcly  connected  continuous  curves,  loc.  cit. 
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CONCERNING  THE  ARC-CURVES  AND  BASIC  SETS  OF 
A  CONTINUOUS  CURVE,  SECOND  PAPER* 

BY 

W.  LEAKE  AYRESt 

I.  Introduction 

In  an  earlier  paperj  with  the  same  title,  we  have  defined  and  studied  the 
properties  of  certain  subsets  of  a  continuous  curve§  which  we  call  the 
arc-curves  of  the  continuous  curve.  In  a  recent  paper,  G.  T.  Whyburn||  has 
defined  the  cyclic  elements  of  a  continuous  curve,  and  he  has  considered  a 
continuous  curve  as  composed  of  its  cyclic  elements  and  has  given  a  large 
number  of  the  properties  of  connected  collections  of  cyclic  elements.  On 
examining  the  two  papers  it  is  found  that  arc-curves  and  connected  collec- 
tions of  cyclic  elements  have  many  properties  in  common;  and,  in  fact,  in 
part  II  of  the  present  paper  we  shall  show  that,  although  these  two  sets  were 
defined  very  differently,  every  connected  collection  of  cyclic  elements  of  a 
continuous  curve  is  an  arc-curve  of  the  continuous  curve,  and  conversely, 
every  arc-curve  that  contains  more  than  one  point  is  a  collection  of  cyclic 
elements  of  the  continuous  curve.  In  part  III  we  will  develop  some  new 
theory  concerning  the  basic  sets  of  a  continuous  curve,  which  were  defined  in 
Arc-curves,  first  paper,  and  shall  show  the  relation  between  the  basic  sets  and 
the  nodes  of  a  continuous  curve.  In  part  IV  we  shall  show  that  an  irreducible 
basic  set  of  a  continuous  curve  resembles  in  its  properties  the  set  of  all  end 
points  of  the  continuous  curve. 

All  point  sets  considered  in  this  paper  are  assumed  to  lie  in  a  metric, 
separable,  locally  compact  space. 

Notation.  We  shall  use  the  common  notation  of  the  theory  of  sets, 
such  as  A  +B,  A—B,  A  B,  etc.,  in  its  usual  meaning,  li  H  is  a.  point  set, 
the  symbol  H  denotes  the  point  set  consisting  of  the  points  of  H  together 


*  Presented  to  the  Society,  San  Francisco  Section,  June  2,  1928;  received  by  the  editors  in 
June,  1928. 

t  National  Research  Fellow  in  Mathematics. 

J  Concerning  the  arc-curves  and  basic  sels  of  a  continuous  curve,  these  Transactions,  vol.  30  (1928), 
pp.  567-578.  Hereafter  in  the  present  paper  we  will  refer  to  this  paper  as  Arc-curves,  first  paper. 

§  A  continuous  curve  is  a  point  set  which  is  closed,  connected  and  connected  im  kleinen.  Unless 
definitely  stated,  there  is  no  assumption  as  to  compactness. 

II  Concerning,  the  structure  of  a  continuous  CMri'c,  American  Journal  of  Mathematics,  vol.  50  (1928), 
pp.  167-194.   Hereafter  we  will  refer  to  this  paper  as  Structure. 
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with  all  the  limit  points  of  H.  If  X  and  Y  are  point  sets  (either  of  which  may, 
in  particular,  be  a  single  point),  the  distance  from  A''  to  F,  denoted  by 
d{X,  Y),  is  the  greatest  lower  bound  of  all  the  numbers  d{x,  y),  where  x 
is  a  point  of  X,  y  is  a  point  of  F  and  d{x,  y)  denotes  the  distance  from  the 
point  X  to  the  point  y.  If  xyz  denotes  an  arc  with  end  points  x  and  z,  the 
symbols  <xyz,  xyz> ,<xyz>  denote  xyz—x,  xyz  —  z  and  xyz—x  —  z  re- 
spectively. 

II.  The  arc-curves  and  the  cyclic  elements 

Definitions.*  If  K  is  a  subset  of  the  continuous  curve  M ,  the  set  of  all 
points  [P],  such  thatP  lies  on  some  arc  of  M  whose  end  points  belong  to  K, 
is  called  the  arc-curve  of  K  with  respect  to  M  and  is  denoted  by  M{K).  In 
case  the  set  K  consists  of  but  a  single  point,  the  arc-curve  of  K  with  respect 
to  M  is  defined  to  be  this  single  point.  A  continuous  curve  M  is  said  to  be 
cyclicly  connected  if  every  two  points  of  M  lie  together  on  some  simple  closed 
curve  of  M.  A  cyclicly  connected  continuous  curve  C  which  is  a  subset  of  a 
continuous  curve  M  is  said  to  be  a  maximal  cyclic  curve  of  M  if  and  only  if  no 
cyclicly  connected  continuous  curve  which  is  a  subset  of  M  contains  C  as  a 
proper  subset.  A  subset  £  of  a  continuous  curve  M  is  said  to  be  a  cyclic  ele- 
ment of  M  provided  that  E  is  either  (a)  a  maximal  cyclic  curve  of  M ,  (b)  a 
cut  pointf  of  M  or  (c)  an  end  point  |  of  M.  A  point  set  iV  is  said  to  be  a 
simple  cyclic  chain  of  M  between  two  cyclic  elements  E\  and  £2  of  M  provided 
that  N  is  connected,  contains  £1  and  £0,  is  the  sum  of  the  elements  of  some 
collection  of  cyclic  elements  of  M,  and  furthermore  no  proper  connected 
subset  of  N  contains  £1  and  £2  and  is  the  sum  of  the  elements  of  such  a 
collection. 

Theorem  1.  If  M  is  a  continuous  curve  and  K  is  a  subset  of  M  containing 
more  than  one  point,  then  the  arc-curve  M{K)  is  a  collection  of  cyclic  elements  of 
M.  Conversely,  if  the  connected  subset  H  of  M  is  a  collection  of  cyclic  elements 
of  M,  then  there  is  a  subset  K  of  H  such  that  H  is  the  arc-curve  M{K). 


*  These  definitions  are  given  in  Arc-curves,  first  paper,  p.  568,  and  Structure,  pp.  167-8. 

t  The  point  P  of  the  connected  set  M  is  said  to  be  a  non-cut  point  or  a  cut  point  according  as  the 
set  M —Pis  connected  or  not.  See  R.  L.  Moore,  Concerning  the  cut  points  of  continuous  curves  and  other 
closed  and  connected  point  sets.  Proceedings  of  the  National  Academy  of  Sciences,  vol.  9  (192.3), 
pp.  101-106. 

t  The  point  P  of  a  continuous  curve  M  is  said  to  be  an  end  point  of  M  provided  that  if  P'  is  any 
other  point  of  M  and  P'Pisany  arc  of  M  with  endpointsP  and  P'.then  the  setM  —  P'P>  contains 
no  connected  subset  containing  more  than  one  point  that  contains  the  point  P.  See  R.  L.  Wilder, 
Concerning  continuous  curves,  Fundamenta  Mathematicae,  vol.  7  (1925) ,  p.  358.  For  other  definitions 
that  are  equivalent  to  that  of  Wilder,  see  H.  M.  Gehman,  Concerning  end  points  of  continuous  curves 
and  other  continua,  these  Transactions,  vol.  30  (1928),  pp.  63-84. 
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Let  A  and  B  be  any  two  points  of  K  and  let  a  be  any  arc  of  M  from  A  to 
B.  Let  P  be  any  point  of  the  set  <  a  > .  If  P  is  a  cut  point  of  M,  then  it  is 
itself  a  cyclic  element  of  M.  If  P  is  not  a  cut  point  of  M,  then  by  a  result  due 
to  G.  T.  Whyburn*  there  is  a  maximal  cyclic  curve  C  having  in  common  with 
a  an  arc  /S  which  contains  P.  Let  X  and  V  denote  the  end  points  of  /3  such 
that  we  have  the  order  AXYB  on  the  arc  a.  If  Q  is  any  point  of  C  —  X  —  Y, 
it  follows  by  a  theorem  due  to  the  authorf  that  there  exists  an  arc  7  of  C 
with  end  points  X  and  Y  and  containing  the  point  Q.  Then  the  arc  7  together 
with  the  subarcs  ^.Y  and  YB  of  a  is  an  arc  of  M  with  end  points  A  and  B. 
Hence  every  point  Q  oi  C  belongs  to  the  arc-curve  M{K).  Thus  if  P  is  not 
a  cut  point  of  M,  it  belongs  to  a  maximal  cyclic  curve  of  M  which  belongs 
to  the  arc-curve  M{K). 

Now  consider  the  point  A,  the  case  for  B  being  similar.  If  A  is  an  end 
point  or  a  cut  point  of  M,  then  it  is  itself  a  cyclic  element  of  M .  If  the  point 
A  is  neither,  it  belongs  to  some  simple  closed  curve  /  which  is  a  subset  of  M.X 
There  is  a  maximal  cyclic  curve  C  containing  the  simple  closed  curve  /.§ 
As  .4  is  a  non-cut  point  of  M ,  the  curve  C  and  the  arc  a  have  in  common 
an  arc  /3  containing  A.\\  Let  X  be  the  end  point  of  /S  different  from  A.  If 
Q  is  any  point  of  C  — .4,  there  exists  an  arc  7  of  C  with  end  points  A  and  X 
and  containing  the  point  Q.  Then  the  arc  7  plus  the  subarc  XB  of  a  is  an  arc 
of  M  whose  end  points  A  and  B  belong  to  A'.  Hence  every  point  Q  of  C 
belongs  to  the  arc-curve  M(K). 

We  have  shown  that  every  point  of  the  arc-curve  M{K)  is  a  subset  of 


•  G.  T.  Whyburn,  Some  properties  of  continuous  curves,  Bulletin  of  the  American  Mathematical 
Society,  vol.33  (1927),  pp. 305-308.  Whyburn  states  the  result  for  two  dimensions  only, but  with  the 
use  of  certain  results  established  in  my  paper  Concerning,  continuous  curves  in  metric  spate,  to 
appear  in  the  American  Journal  of  Mathematics,  it  may  be  easily  extended  to  the  more  general 
space  considered  here. 

t  See  my  paper  Continuous  curves  which  are  cyclicly  connected,  Bulletin  de  rAcad^mie  Polonaise 
des  Sciences  et  des  Lettres,  1928,  pp.  127-142. 

I  See  W.  L.  Ayres,  Concerning  continuous  curves  and  correspondences.  Annals  of  Mathematics, 
vol.  28  (1927),  pp.  396-418,  Theorem  3,  and  G.  T.  Whyburn,  Concerning  conlinua  in  the  plane, 
these  Transactions,  vol.  29  (1927),  pp.  369-400,  Theorem  22.  These  results  are  e,xtended  to  more 
general  space  in  my  paper  Concerning  continuous  curies  in  metric  space.  In  general  this  is  true 
of  all  other  references  in  this  paper  which  state  results  for  two  dimensions  only.  When  this  is  not  the 
case  mention  will  be  made  of  the  extension.  Otherwise  it  will  be  understood  that  the  extension  is  to 
be  found  in  the  above  paper. 

§  G.  T.  Whyburn,  Cyclicly  connected  continuous  curves,  Proceedings  of  the  National  Academy 
of  Sciences,  vol.  13  (1927),  pp.  31-38,  Theorem  3. 

II  If  P  is  a  non-cut  point  of  a  continuous  curve  M  belonging  to  a  maximal  cyclic  curve  C  of  M, 
and  a  is  an  arc  of  M  containing  P,  then  C  and  a  have  in  common  an  arc  /3  containing  P,  and  if  P 
is  interior  to  the  arc  a  it  is  an  interior  point  of  0. 

The  proof  is  sufficiently  evident  to  be  omitted. 
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some  cyclic  element  of  M  that  belongs  to  the  arc-curve  M{K)\  or  in  other 
words,  the  arc-curve  M{K)  is  a  collection  of  cyclic  elements  of  M. 

Conversely,  we  shall  show  that  if  fl^  is  a  connected  subset  of  M  which  is 
a  collection  of  cyclic  elements  of  M,  then  H  contains  a  subset  K  such  that  H 
is  the  arc-curve  M{K).  Let  K  be  the  set  H.  G.  T.  Whyburn*  has  shown 
that  H  contains  every  arc  of  M  joining  two  points  of  H;  hence  the  arc-curve 
M{H)  is  a  subset  of  //.  But  evidently  //  is  a  subset  of  the  arc-curve  M{H). 
Therefore  H  is  identical  with  the  arc-curve  M{H).  There  are  also  many 
proper  subsets  K  of  H  such  that  H  is  identical  with  the  arc-curve  M{K). 

Theorem  2.  If  A  and  B  are  distinct  points  of  the  continuous  curve  M,  and 
K  is  the  arc-curve  M{A+B),  then  there  are  two  cyclic  elements  Ei  and  Ei] 
of  M  containing  A  and  B  respectively  such  that  K  is  a  simple  cyclic  chain  of  M 
between  the  two  cyclic  elements  Ei  and  Ei.  Conversely,  if  H  is  a  simple  cyclic 
chain  of  M  hetiveen  two  cyclic  elements  Ei  and  Ei  of  M,  then  Ei  and  E2  contain 
points  A  and  B  respectively  such  that  H  is  the  arc-curve  M(A  -\-B). 

By  Theorem  1  there  are  two  cyclic  elements  Ei  and  £2  of  M  that  contain 
A  and  B  respectively  and  belong  to  the  arc-curve  A'.  Also  the  set  A'  is  con- 
nected and  is  the  sum  of  the  elements  of  a  collection  of  cyclic  elements  of  M. 
There  is  a  unique!  simple  cyclic  chain  H  of  M  between  Ei  and  £2  which  is  a, 
continuous  curve§  and  is  a  subset  of  A.||  If  //  is  a  proper  subset  of  the  con- 
tinuous curve  A,1I  let  N  he  a  component  oi  K  —  H.  If  the  component  A^  of 
K  —  H  has  more  than  one  limit  point  in  H,  it  is  easy  to  see  that  M  contains 
an  arc  whose  end  points  belong  to  H  and  which  lies  except  for  its  end  points 
entirely  in  the  set  A'^.  But  this  is  impossible  since  H  contains  every  arc  of 
M  joining  two  points  of  H.**  Hence  the  set  H  contains  just  one  limit  point 
of  N .  Let  P  be  this  point.  Then  P  is  a  cut  point  of  the  arc-curve  A  and  the 
component  N  of  K—P  contains  neither  A  nor  B.  This  is  impossible  by  a 
theorem  of  the  author. ft  The  assumption  that  £?  is  a  proper  subset  of  A" 
leads  to  an  absurdity.  Thus  Zfis  identical  with  A. 

For  the  converse,  if  £1  is  a  single  point  let  this  point  be  ^.     If  Ei  is  a 


*  Strtuture,  Theorem  8. 

t  The  two  elements  £i  and  £;  are  not  necessarily  different. 

X  Structure,  Theorem  3. 

§  Structure,  Theorem  4. 

II  Structure,  Theorem  8. 

H  Whenever  A'  is  a  closed  point  set,  the  arc-curve  M(X)  is  a  continuous  curve.   See  Arc-curves, 
first  paper.  Theorem  7. 

•*  Structure,  Theorem  8. 

ft  If  P  is  a  cut  point  of  the  arc-curve  M{K),  ever)'  component  of  M(K)—P  contains  a  point  of 
K.   See  Arc-curves,  first  paper.  Theorem  9. 
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maximal  cyclic  curve  of  M,  let  A  be  any  point  of  £i  that  is  not  a  cut  point 
of  H.  Only  one  point  of  £i  is  a  cut  point  of  H  and  thus  A  may  be  chosen  as 
any  other  point  of  £i.  In  a  similar  manner  let  us  select  a  point  B  of  the  cyclic 
element  £2.  Since  every  arc  of  M  joining  two  points  of  H  belongs  to  H, 
the  arc-curve  M{A-\-B)  is  a  subset  of  H;  and  in  much  the  same  manner  as 
above  we  may  show  that  it  is  not  a  proper  subset.  Then  the  arc-curve  of 
A+B  with  respect  to  M  must  be  identical  with  the  simple  cyclic  chain  H. 
In  view  of  the  relation  between  collections  of  cyclic  elements  and  arc- 
curves  shown  in  the  preceding  theorems,  we  have  the  following  forms  for 
three  results  of  G.  T.  Whyburn* 

Theorem  3.  If  A  and  B  are  distinct  points  of  the  continuous  curve  M,  K 
is  the  arc-curve  M{A  +B)  and  G  is  a  cyclic  element  of  K  that  contains  neither 
A  nor  B,  then  K  —  G  =  Ki+K2,  where  Ki  and  A'2  are  mutually  separated 
point  sets,  and  (1)  Ki  and  K2  are  connected  and  contain  A  and  B  respectively, 
(2)  the  cyclic  element  G  contains  a  point  C  such  that  Ki-\-G  and  K2+G  are  the 
arc-curves  of  A-\-C  and  B-\-C  respectively  with  respect  to  M. 

Theorem  4.  If  A  and  B  are  distinct  points  of  the  continuous  curve  M,  the 
arc-curve  H  of  A-\-B  with  respect  to  M  is  not  disconnected  by  the  omission  of 
any  cyclic  element  of  M  which  contains  either  A  or  B  and  belongs  to  H,  or  by 
any  set  of  such  cyclic  elements. 

Theorem  5 .  Every  arc-curve  of  the  continuous  curve  M  is  uniformly  con- 
nected im  kleinen. 

Since  every  connected  collection  of  cyclic  elements  is  an  arc-curve,  and 
every  arc-curve  of  two  points  is  a  simple  cyclic  chain,  and  the  converse  of 
each  is  true,  it  is  to  be  expected  that  there  is  some  overlap  in  the  results  of 
the  two  papers.  For  instance,  Whyburn  f  proves  that  if  fl^  is  a  connected 
collection  of  cyclic  elements  of  M,  then  (1)  H  is  arc-wise  connected,  cyclicly 
chainwise  connected  J  and  contains  every  simple  continuous  arc  of  M 
which  joins  two  points  of  H,  (2)  each  point  oiH  —  H  isa  cyclic  element,  (3)  if 
H  is  closed  it  is  a  continuous  curve.  Property  (1)  is  contained  in  Theorem  3 
of  Arc-curves,  first  paper,  which  states  that  if  K  is  any  subset  of  M  and  a  is  an 
arc  of  M  whose  end  points  belong  to  M{K),  then  the  arc-curve  M{K) 
contains  every  point  of  a  except  possibly  the  end  points.    In  Arc-curves, 


*  Slructure,  Theorems  5,  6,  9. 

t  Slructure,  Theorems  8,  10,  11. 

t  A  subsetHof  a  continuous  curve  M  is  said  to  be  cyclicly  chainufise  connected  if  every  two  cyclic 
elements  of  M  which  belong  to  H  can  be  joined  by  a  simple  cyclic  chain  of  M  that  is  a  subset  of  H. 
See  Structure,  p.  175. 
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first  paper  we  have  the  result  that  every  point  of  M{K)  —  M{K)  is  an  end 
point  of  the  continuous  curve  M{K).  This  corresponds  closely  to  property 
(2).  Property  (3)  is  identical  with  Theorem  6  of  Arc-curves,  first  paper. 

Menger*  has  shown  that  a  regular  curve  B  is  an  acyclic  continuous  curve 
if  and  only  if  the  common  part  of  any  two  subcontinua  of  B  is  connected  or 
vacuous.  We  may  state  a  similar  property  of  the  arc-curves  of  any  continu- 
ous curve. 

Theorem  6.  If  K  and  H  are  two  subsets  of  a  continuous  curve  M,  the  set  of 
common  points  of  the  arc-curves  M{n)  and  M{K)  is  either  vacuous  or  itself  an 
arc-curve  of  M. 

Let  N  be  the  set  of  common  points  of  the  arc-curves  M{H)  and  M{K). 
If  N  is  vacuous  or  contains  but  a  single  point,  our  theorem  is  true,  for  a  point 
is  the  arc-curve  of  that  point  with  respect  to  M.  Now  let  x  and  y  be  two 
distinct  points  of  N,  and  let  a  be  an  arc  of  M  with  end  points  x  and  y.  By 
a  theorem  of  the  author,  f  every  point  of  an  arc  joining  two  points  of  an  arc- 
curve  belongs  to  the  arc-curve.  Hence  every  point  of  a  belongs  to  both 
M{K)  and  M{H),  and  thus  TV  contains  the  arc  a.  Thus  every  arc  of  M 
joining  two  points  of  A'^  belongs  to  N .  Hence  N  is  its  own  arc-curve  with 
respect  to  M. 

Expressed  in  terms  of  cyclic  elements,  Theorem  6  is  as  follows:  The 
common  part  of  any  two  connected  collections  of  cyclic  elements  of  the  continuous 
curve  M  is  either  vacuous  or  itself  a  connected  collection  of  cyclic  elements  of  M. 

III.  The  nodes  and  basic  sets  of  a  continuous  curve 

Definitions.  The  subset  K  of  the  continuous  curve  M  is  said  to  be  a 
basic  set  of  M  if  M  is  identical  with  the  arc-curve  M{K).  The  subset  K  of  M 
is  said  to  be  an  irreducible  basic  set  of  M  if  K  is  a  basic  set  of  M  but  no  proper 
subset  of  iiC  is  a  basic  set  of  M.X  A  subset  £  of  a  continuous  curve  M  is  said 
to  be  a  node  of  M  if  £  is  an  end  point  of  M  or  is  a  maximal  cyclic  curve  of  M 
that  contains  at  most  one  cut  point  of  M.§  If  Z7  is  a  connected  collection  of 
cyclic  elements  of  the  continuous  curve  M,  the  subset  E  oi  H  will  be  said 
to  be  a  node  or  an  end  point  of  H  provided  it  is  a  node  or  an  end  point  of  the 
continuous  curve  H. 


*  Ueber  reguldre  Baumkurven,  Mathematische  Annalen,  vol.  96  (1926),  p.  575. 

t  Arc-curves,  first  paper,  Theorem  3. 

%  For  these  definitions,  see  Arc-curves,  first  paper,  p.  575. 

§  See  Structure,  p.  178. 
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Theorem  7.*  In  order  that  a  cyclic  element  E  of  a  continuous  curve  M 
should  he  a  node  of  M  it  is  necessary  and  sufficient  that  the  set  K  should  contain 
a  point  of  E  which  is  a  non-cut  point  of  M,  for  any  arc-curve  M{K)  that  contains 
the  set  E. 

The  condition  is  necessary.  Let  M(K)  be  any  arc-curve  of  M  containing 
the  set  E.  If  E  is  an  end  point  of  M,  no  arc  of  M  contains  E  as  an  interior 
point. t  Hence,  as  E  belongs  to  the  set  M{K),  it  must  be  a  point  of  the  set  K. 
As  every  end  point  of  the  continuous  curve  If  is  a  non-cut  point  of  M , 
our  condition  is  satisfied.  If  £  is  a  maximal  cyclic  curve  of  M  containing  no 
cut  point  of  M,  then  M=E  and  every  point  oi  K  is  a,  non-cut  point  of  M 
and  belongs  to  E.  If  £  is  a  maximal  cyclic  curve  of  M  containing  just  one 
cut  point  P  of  M,  then  either  our  condition  is  satisfied  or  E—P  contains  no 
point  of  the  set  A'.  Suppose  the  latter  holds.  Then  the  set  A  is  a  subset  of  the 
set  M-iE-P).  It  is  evident  that 

M  =  E+  (M  -  {E-  P)), 

and  that  the  sets  E  and  {M  —  (E—P))  have  just  one  point  in  common.  Then 
the  set  M—{E—P)  contains  every  arc  of  M  whose  end  points  belong  to  it. 
As  iiC  is  a  subset  of  M  —  {E—P),  the  arc-curve  M{K)  is  a  subset  of  M  — 
(E—P).  But  this  is  impossible  as  the  arc-curve  M{K)  contains  the  set  E. 
The  condition  is  sufficient.  Suppose  the  cyclic  element  E  is  not  a  node  of 
M.  Then  E  is  either  a  cut  point  or  a  maximal  cyclic  curve  of  M  containing 
more  than  one  cut  point  of  M.  If  £  is  a  cut  point  of  M,  let  x  and  y  be  points 
oi  M  —  E  that  do  not  belong  to  the  same  component  of  M—E.  Then  every 
arc  of  M  with  end  points  x  and  y  contains  E.  Thus  the  arc-curve  M(x-\-y) 
contains  E  but  the  set  x-\-y  belongs  to  M  —  E.  This  is  contrary  to  our 
assumed  condition.  If  £  is  a  maximal  cyclic  curve  of  M  containing  more  than 
one  cut  point  of  M,  let  x  and  y  be  two  cut  points  of  M  that  belong  to  £. 
As  every  point  of  £  lies  on  some  arc  of  E  with  end  points  x  and  yt,  the  arc- 
curve  M(x+y)  contains  every  point  of  E.  But  neither  x  nor  y  is  a  non-cut 
point  of  M,  which  contradicts  our  assumed  condition.  The  assumption  that 
£  is  not  a  node  has  led  to  a  contradiction  with  our  condition  in  both  cases. 
Hence  the  condition  is  sufficient. 


•  Compare  this  result  with  Theorem  13  of  Structure. 

t  See  G.  T.  Whyburn,  Concerning  continua  in  the  plane,  loc.  cit.,  Theorem  12,  and  my  paper 
Concerning  continuous  curves  and  correspondences,  loc.  cit..  Theorem  4. 
X  See  my  paper  Continuous  curves  which  are  cyclicly  connected,  loc.  cit. 
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Theorem  8.  In  order  that  a  subset  K  of  a  compact  continuous  curve  M, 
which  is  not  cyclicly  connected,  be  a  basic  set  of  M  it  is  ftecessary  and  sufficient 
that  each  node  of  M  should  contain  at  least  one  non-cut  point  of  M  that  belongs 
toK. 

The  condition  is  necessary  by  the  preceding  theorem.  We  shall  show 
that  the  condition  is  also  sufficient.  Let  P  be  any  point  of  M.  If  Pis  an  end 
point  of  M,  then  P  belongs  to  A',  for  every  end  point  is  a  node.  If  P  is  a  cut 
point  of  M,  let  Mi  and  M2  be  two  components  of  M  —P.  If  Mi+P  is  cyclicly 
connected,  then  Mi+P  is  a  node  of  M  and  Mi  contains  a  point  of  K  by  the 
condition.  If  Mi+P  is  not  cyclicly  connected,  then  Mi+P  contains  two 
nodes  of  itself.*  There  are  three  cases  to  consider:  (a)  one  of  the  nodes  is  an 
end  point  z  of  Mi+P  distinct  from  P,  (b)  P  is  an  end  point  of  Mi+P  and 
the  other  node  is  a  maximal  cyclic  curve  C  of  Mi+P,  (c)  both  nodes  are 
maximal  cyclic  curves  of  Mi+P.  Under  case  (a)  if  there  exists  an  arc  of  M 
containing  the  point  2  as  an  interior  point,  then  this  arc  contains  a  subarc 
containing  z  as  an  interior  point  and  belonging  to  Mi+P,  for  there  is  a 
neighborhood  of  s  such  that  every  point  of  M  belonging  to  this  neighborhood 
belongs  to  Mi+P.  But,  as  2  is  an  end  point  of  Mi+P,  no  arc  of  Mi+P 
contains  s  as  an  interior  point.  Thus  no  arc  of  M  has  s  as  an  interior  point 
and  z  is  an  end  point  of  M.  Hence  z  belongs  to  A'  by  our  condition.  In  case 
(b)  let  Q  be  the  cut  point  of  Mi+P  belonging  to  the  node  C.  The  point  P 
does  not  belong  to  C  since  P  is  an  end  point  of  Mi+P  and  hence  belongs  to 
no  simple  closed  curve  of  Ml +P.  Then 

Mi  +  P  -  Q  =  (C  -  Q)  +  Up, 

where  C  —  Q  and  Mp  are  mutually  separated  sets  and  Mp  contains  the  point 
P.  As  M-(Mi+P)  has  just  one  limit  point  P  in  Mi+P,  the  sets  C-Q 
and  M  —  C  are  mutually  separated.  Then  the  set  C  is  a  node  of  M.  Then 
C  —  Q  contains  a  point  of  K  by  our  condition.  In  case  (c)  let  Ci  and  C2  be 
two  nodes  of  Mi+P  which  are  maximal  cyclic  curves  of  Mi+P.  If  either  Ci 
or  C2  does  not  contain  P,  then,  as  in  case  (b),  that  maximal  cyclic  curve. is  a 
node  of  M  and  contains  a  point  of  K  by  the  condition.  If  both  Ci  and  C2 
contain  P,  then  P  is  a  cut  point  of  Mi+P  as  every  point  common  to  two 
maximal  cyclic  curves  of  a  continuous  curve  is  a  cut  point  of  that  curve. 
But  P  is  not  a  cut  point  of  Mi+P,  for  the  set  Mi  is  connected.  Thus  in  any 
of  the  three  cases  we  see  that  Mi  contains  a  point  x  of  A'.  Similarly  the 
component  M2  of  M—P  contains  a  point  y  of  A.  Every  arc  of  M  whose  end 


*  See  Structure,  Theorem  14. 
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points  are  x  and  y  contains  the  point  P.  Hence  every  cut  point  of  M  belongs 
to  the  arc-curve  M(K). 

If  P  is  neither  a  cut  point  nor  an  end  point  of  M,  then  P  is  a  non-cut  point 
of  M  which  belongs  to  some  simple  closed  curve  J  of  M.  Let  C  be  the  maxi- 
mal cyclic  curve  of  M  containing  the  curve  /.  As  M  is  not  cyclicly  connected 
the  maximal  cyclic  curve  C  contains  at  least  one  cut  point  of  M.  If  C  con- 
tains just  one  cut  point  Q  of  M,  then  C  is  a  node  of  M  and  contains  a  non-cut 
point  y  ol  M  belonging  to  A'.  If  this  point  is  P,  then  the  arc-curve  M(K) 
contains  P.  If  not,  let  Mi  be  a  component  of  M  —  Q  not  containing  C  —  Q. 
As  shown  in  the  preceding  paragraph,  the  component  Mi  oi  M  —  Q  contains 
a  point  X  of  K.  There  exists  an  arc  of  C  with  end  points  Q  and  y  and  contain- 
ing P,  and  there  exists  an  arc  with  end  points  Q  and  x  and  lying  wholly  in 
Mi  +  Q.  The  sum  of  these  two  arcs  is  an  arc  of  M  containing  P  and  whose 
end  points  belong  to  K.  Hence  P  belongs  to  the  arc-curve  M{K).  If  C  con- 
tains more  than  one  cut  point  of  M,  let  Qi  and  Q2  be  two  such  points.  Let 
Ml  and  M2  be  components  of  M  —  Qi  and  M  —  Q2  respectively  that  do  not 
contain  C  —  ^.  Evidently  Mi  and  M2  are  mutually  separated.  By  the  argu- 
ment of  the  preceding  paragraph  we  see  that  Mi  and  M2  contain  points  x 
and  y  of  K.  There  exists  an  arc  of  C  with  end  points  Qi  and  Q2  and  containing 
the  point  P,  and  there  exist  two  arcs  with  end  points  x  and  Qi  and  y  and  Qi 
and  lying  in  Mi+Qi  and  M2+Q2  respectively.  The  sum  of  the  three  arcs  is 
an  arc  of  M  containing  P  and  whose  end  points  belong  to  K.  Hence  P  be- 
longs to  the  arc-curve  M{K). 

Corollary  8A.  The  set  of  all  nodes  of  a  compact  continuous  curve  is  a 
basic  set  of  the  continuous  curve. 

With  the  use  of  the  preceding  theorem  we  may  demonstrate  the  following 
three  results. 

Theorem  9.  In  order  that  a  subset  K  of  a  compact  continuous  curve  M, 
•which  is  not  cyclicly  connected,  be  an  irreducible  basic  set  of  M  it  is  necessary 
and  sufficient  that  (\)  no  point  of  K  be  a  cut  point  of  M ,  and  (2)  each  point  of  K 
belong  to  some  node  of  M  and  each  node  of  M  contain  exactly  one  point  of  K. 

Theorem  10.  The  compact  continuous  curve  M  has  a  unique  irreducible 
basic  set  if  and  only  if  every  node  of  M  is  a  point  {i.e.  every  maximal  cyclic 
curve  of  M  contains  at  least  two  cut  points  of  M).  This  unique  irreducible  basic 
set  of  M  is  the  set  of  all  end  points  of  M. 

Theorem  1 1 .  The  compact  continuous  curve  M  has  a  unique  irreducible 
basic  set  if  and  only  if  the  common  part  of  every  two  basic  sets  of  M  is  a  basic 
set  of  M. 
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Theorem  12.  If  x,  y,  z  are  three  points  of  a  continuous  curve  M,  then 
either  there  is  an  arc  of  M  containing  all  three  points  or  there  is  a  cyclic  element 
C  of  M  such  that  M  —  C  contains  all  three  points  x,  y,  z  and  no  two  of  them  lie 
in  the  same  component  of  M—C. 

If  the  arc-curve  M(x+y)  contains  the  point  z,  there  is  an  arc  of  M  with 
end  points  x  and  y  and  containing  the  point  z.  If  not,  then  the  component 
N  oi  M  —  M(x+y)  containingshas  just  one  limit  point  win  M(a;+)').*  If  the 
point  w  is  either  x  or  y,  it  is  easy  to  see  that  the  curve  M  contains  an  arc 
containing  x,  y  and  s.  Suppose  x^w^^y.  It  is  evident  that  neither  x  and  z 
nor  y  and  2  can  lie  in  the  same  component  of  M  minus  any  subcontinuum 
of  M  containing  w.  If  the  point  w  is  a  cut  point  of  the  arc-curve  M(x+y), 
then  w  is  a  cut  point  of  Mf  and  is  the  desired  cyclic  element  of  M.  If  the 
point  w  is  not  a  cut  point  of  the  arc-curve  M(x+y),  it  belongs  to  some  simple 
closed  curve  /  of  M(x+y),  and  let  E  be  the  maximal  cyclic  curve  of  M  con- 
taining /.  It  is  not  difficult  to  see  that  the  set  £  is  a  subset  of  the  arc-curve 
M(x+y).  If  E  contains  both  x  and  y,  then  there  exists  an  arc  a  of  £  with  end 
points  X  and  w  and  containing  the  point  y.  There  exists  an  arc  (3  with  end 
points  w  and  2  and  lying  in  A''  except  for  the  point  w.  The  set  a+fi  is  an  arc  of 
M  containing  x,  y  and  3.  If  the  curve  E  contains  one  of  the  two  points  x  and 
y,  but  not  both,  we  will  suppose  it  contains  x  and  not  y.  Let  v  be  the  limit 
point  in  E  of  the  component  H  of  M{x-\-y)—E  containing  the  point  y. 
Since  we  have  assumed  that  the  point  w  was  not  a  cut  point  of  M{x+y), 
the  points  w  and  v  are  distinct.  There  exists  an  arc  7  with  end  points  v  and  y 
and  lying  in  .ff-|-ii.  There  exists  an  arc  -q  oi  E  with  end  points  w  and  v  and 
containing  the  point  x.  Then  /S -1- 7 -|- r;  is  an  arc  of  M  containing  x,  y  and  s. 
If  the  maximal  cyclic  curve  E  contains  neither  x  nor  y,  since  each  point  of  E 
lies  on  some  arc  of  M  with  end  points  x  and  y  and  no  component  of  If  —  £ 
has  more  than  one  limit  point  in  E,  then  x  and  y  must  belong  to  different 
components  oiM  —  E.  Then  E  is  the  desired  cyclic  element  of  M. 

Corollary  12A.  In  order  that  every  three  points  of  a  continuous  curve 
M  lie  on  some  arc  of  M  it  is  necessary  and  sufficient  that  M  —  E  should  he  con- 
nected or  the  sum  of  two  connected  sets,  for  each  cyclic  element  E  of  M. 

Theorem  13.  In  order  that  a  compact  continuous  curve  M  should  have  a 
basic  set  consisting  of  two  points  it  is  necessary  and  sufficient  that  every  three 
points  of  M  should  lie  on  some  arc  of  M . 


*  See  Arc-curves,  first  paper,  Theorem  10,  part  (2). 
t  Arc-curves,  first  paper,  Theorem  9,  part  (2). 
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The  condition  is  necessary.  If  M  contains  two  points  x  and  y  such  that 
M  =  M{x+y),  then,  by  Theorems  3  and  4,  the  set  M  — £  is  connected  or  the 
sum  of  two  connected  sets  for  each  cyclic  element  E  of  M.  Thus,  by  Corol- 
lary 12 A,  it  follows  that  every  three  points  of  M  lie  on  some  arc  of  M. 

The  condition  is  sufl&cient.  If  M  is  cyclicly  connected,  any  two  points  of 
M  form  a  basic  set  of  M.  If  M  is  not  cyclicly  connected,  by  Theorem  1  and 
a  result  due  to  G.  T.  Whyburn,*  the  set  M  has  at  least  two  nodes  of  itself. 
And  the  continuous  curve  M  cannot  have  more  than  two  nodes,  for  if  it  did 
contain  three  nodes,  then,  as  each  node  contains  a  non-cut  point  of  M,  there 
would  be  an  arc  of  M  containing  three  such  points  by  the  condition  of  the 
theorem.  But  it  has  been  pointed  out  that  no  non-cut  point  of  M  which 
belongs  to  some  node  of  M  can  be  interior  to  an  arc  of  M  whose  end  points 
do  not  belong  to  this  node.  Hence  M  contains  just  two  nodes,  and  let  x 
and  y  be  points  of  these  two  nodes  which  are  non-cut  points  of  M.  Then 
a;+y  is  a  basic  set  of  M  by  Theorem  8. 

Corollary  13 A.  //  the  compact  subcontinuum  K  of  the  continuous  curve 
M  is  the  sum  of  a  collection  of  cyclic  elements  of  M,  then  K  is  a  simple  cyclic 
chain  of  M  if  and  only  if  every  three  points  of  K  lie  on  some  arc  of  M. 

In  view  of  Theorem  2  we  get  the  following  form  for  a  theorem  of  G.  T. 
Whyburn.  t 

Theorem  14.  //  x  and  y  are  points  of  a  compact  continuous  curve  M,  then 
there  exist  two  points  w  and  z  of  M  such  that  the  arc-curve  M{w-\-z)  contains 
the  arc-curve  M{x-\-y)  and  is  not  a  proper  subset  of  the  arc-curve  with  respect  to 
M  of  any  two  points  of  M. 

In  the  next  theorem  we  will  give  an  analogue  to  Theorem  14  for  a  more 
general  arc-curve.  Before  doing  this  we  will  prove  several  lemmas. 

Lemma  15A.  A  continuous  curve  M  contains  a  countable  set  of  points 
Xi,  y\,  x-i,  yi,  Xi,  yz,  ■  ■  ■  such  that  (1)  every  point  of  M  is  either  an  end  point  of 
M  or  a  point  of  one  of  the  arc-curves  M{xi-\-y^,  (2)  for  any  positive  integer  n, 
the  set  M(xi-{-yi)-\-M(x2-\-y2)+  ■  ■  •  -\-M{x„-{-y„)  is  a  continuous  curve  M„, 
(3)  Mn  has  only  one  point  in  common  with  the  arc-curve  M(a:„+i-f-y„+i)  and  this 
is[either  the  point  a:„+i  or  the  point  yn+i,  {^)  for  each  positive  number  e  and  each 
hypersphere  S  there  exists  an  integer  p  such  that  for  n>p,  the  set  M  —  M„  con- 
tains no  component  of  diameter  greater  than  e  which  contains  a  point  interior  to  S. 


*  See  Structure,  Theorem  14. 
t  See  Structure,  Theorem  IS. 
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This  lemma  may  be  proved  in  much  the  same  way  as  a  theorem  of  R.  L. 
Wilder  of  which  it  is  an  analogue.* 

Lemma  15B.t  If  K  is  an  arc-curve  of  the  continuous  curve  M  {or  if  K  is  a 
connected  collection  of  cyclic  elements  of  M),  then  there  are  only  a  countable 
number  of  nodes  of  K  that  are  not  nodes  of  M. 

Let  G  be  the  collection  of  all  nodes  of  A'  that  are  not  nodes  of  M.  Since 
every  cyclic  element  of  A  is  a  cyclic  element  of  M  and  no  continuous  curve 
contains  more  than  a  countable  number  of  maximal  cyclic  curves,  all  but  a 
countable  number  of  the  nodes  of  the  collection  G  are  end  points  of  K. 
Let  G'  be  the  collection  of  all  elements  of  G  that  are  end  points  of  K.  As 
each  cyclic  element  of  A  is  a  cyclic  element  of  M  and  no  node  in  G  is  a  node 
of  M ,  each  point  of  G'  is  a  cut  point  of  M .  Then  each  point  of  G'  belongs  to 
one  of  the  arc-curves  M{Xi-\-yi).  If  any  arc-curve  M{xi-\-yi)  contains  three 
points  of  G' ,  then,  by  Theorem  13,  t  there  is  an  arc  a.  of  M{xi-\-yi)  with  two 
of  these  points  as  end  points  and  containing  the  third.  The  arc  a  belongs  to 
the  arc-curve  A'  since  every  arc-curve  contains  every  arc  of  M  whose  end 
points  belong  to  the  arc-curve.  But  no  end  point  of  an  arc-curve  K  is  interior 
to  an  arc  of  K.  Then  no  arc-curve  M{xi-\-yi)  contains  more  than  two  points 
of  the  collection  G' .  Then  the  collection  G'  is  countable.  Hence  the  collection 
G  must  be  countable. 

In  proving  the  last  lemma  we  have  established  a  somewhat  more  general 
result. 

Lemma  15C.  If  K  is  an  arc-curve  of  the  continuous  curve  M,  then  there  are 
only  a  countable  number  of  nodes  of  K  that  are  not  end  points  of  M . 

Theorem  15.  If  K  is  any  subset  of  the  compact  continuous  curve  M,  there 
exists  a  subset  K'  of  M  such  that  (1)  the  arc-curve  M{K')  is  closed  and  contains 
the  arc-curve  M{K),  (2)  if  K"  is  any  subset  of  M  such  that  the  arc-curve  M(K') 
is  a  subset  of  the  arc-curve  M(K")  then  every  node  of  M{K')  is  a  node  of 
M{K"),  (3)  the  set  K'  is  countable  unless  M{K)  contains  an  uncountable 
number  of  end  points  of  M,  (4)  if  M{K)  has  n  nodes  {n  finite  and  greater  than 
one)  then  K'  contains  just  n  points. 

If  M{K)  is  a  point  or  is  cyclicly  connected,  we  may  apply  Theorem  14 
and  obtain  a  set  K'  =  w-\-z  such  that  the  arc-curve  M(-d>-\-z)  contains  the 


*  R.  L.  Wilder,  Concerning  continuous  curves,  loc.  cit.,  Theorem  IS. 

t  This  lemma  is  closely  related  to  a  theorem  of  R.  L.  Moore.  See  his  paper  Concerning  the  cut 
points  of  continuous  curves  and  of  other  closed  and  connected  point  sets,  loc.  cit.,  Theorem  B*. 
{  Compactness  was  not  used  in  proving  the  necessity  of  Theorem  13. 
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arc-curve  M(K),  and  is  not  a  proper  subset  of  any  arc-curve  of  two  points 
of  M.  It  is  not  difficult  to  see  that  the  set  K'  satisfies  the  conditions  of  the 
theorem. 

If  M(K)  is  not  cyclicly  connected,  let  G  be  the  set  of  all  nodes  of  M{K). 
Let  E  be  any  node  of  G.  If  £  is  a  node  of  M,  let  Pe  be  a  non-cut  point  of  M 
which  belongs  to  E.  If  E  is  not  a  node  of  M,  then  E  is  either  a  cut  point  of 
M  or  a  maximal  cyclic  curve  of  M  containing  more  than  one  cut  point  of  M. 
In  either  case  there  is  a  component  He  of  M  —  M{K)  that  has  just  one  limit 
point  Qe  in  E,  and  Qe  is  not  a  cut  point  of  M{K).  As  in  the  proof  of  Theorem  8 
we  may  show  that  He  contains  a  node  E'  of  M.  Let  Pe'  be  a  non-cut  point  of 
M  which  belongs  to  the  node  E' .  Let  K'  be  the  set  of  all  points  Pe  and  all 
the  points  Pe'.  We  shall  show  that  the  set  K'  has  the  desired  properties. 

By  Theorem  8  the  set  [P<,]  +  [Qe]  is  a  basic  set  of  M{K).  Hence  if  each 
point  of  this  set  belongs  to  the  arc-curve  M{K'),  then  every  point  of  M{K) 
belongs  to  M(K')  since  every  other  point  of  M{K)  is  on  an  arc  whose  end 
points  belong  to  the  set  [-Pf  ]  +  [(?,]  *  Since  each  point  Pe  belongs  to  A", 
it  belongs  to  M{K').  Let  q}  be  a  point  of  [Qe]  and  letP^,-*  be  the  correspond- 
ing point  of  [Pe']  and  H}  be  the  component  of  M  —  M{'K)  containing  P^-'. 
Let  P}  be  any  point  of  K'  —Pe'^ .  Then  M  —  H}  contains  P}  and  thus  any 
arc  of  M  from  P,,-'  to  P}  must  contain  the  point  Q}  .  Hence  the  arc-curve 
M{K')  contains  the  arc-curve  M(K). 

We  shall  now  show  that  M(K')  is  closed.  If  M{K')  is  not  closed,  every 
point  of  M{K')  —  M{K')  is  a  limit  point  of  K' .\  Let  X  be  any  point  of 
M{K')-M{K').  Either  (1)  the  point  X  is  a  limit  point  of  points  of  K'  that 
belong  to  M  —  M{K),  or  (2)  it  is  a  limit  point  of  points  of  K'  that  belong 
to  M{K).  Since  M{K)  is  a  continuous  curvet  and  is  a  subset  of  M{K'),  case 
(2)  is  impossible.  In  case  (1)  the  point  X  is  a  limit  point  of  the  subset 
[Pe']  of  K'.  But  no  component  of  M  —  M{K)  contains  more  than  one  point 
of  [Pe']  and  thus  every  limit  point  of  [P,-]  belongs  to  M(K).  But  X  cannot 
be  such  a  point  for  M(K)  is  a  subset  of  M(K')  while  X  belongs  to  M{K') 
—  M{K').  Thus  we  obtain  a  contradiction  in  both  cases  and  the  set  M(K') 
must  be  closed. 

Every  point  Pe  of  A''  is  a  non-cut  point  of  M  which  belongs  to  a  node 
EoiM  and  every  point  Pe'  of  K'  is  a  non-cut  point  of  M  that  belongs  to  some 
node  E'  of  M .  It  follows  easily  that  M(K')  contains  every  point  of  all  the 
nodes  [E]  and  [£']  of  M.  Then  each  of  these  sets  is  a  node  of  M{K')  and 
of  every  arc-curve  of  M  containing  M{K').    This  proves  part  (2). 

*  Arc-curves,  first  paper,  Theorem  3. 
t  Arc-curees,  first  paper.  Theorem  2. 
X  Arc-curves,  first  paper.  Theorem  7. 


608  W.  L.  AYRES  [July 

From  the  definition  of  the  set  K'  it  is  seen  that  the  cardinal  number  of 
the  set  A''  is  the  same  as  that  of  the  set  of  nodes  of  the  arc-curve  M(K), 
except  when  M{K)  is  a  point  or  is  cyclicly  connected.  This  establishes 
part  (4)  and,  with  Lemma  15C,  establishes  part  (3). 

Corollary  15A.  //  the  connected  subset  H  of  the  compact  continuous  curve 
M  is  the  sum  of  a  collection  of  cyclic  elements  of  M,  then  there  exists  a  subcon- 
tinuum  K  of  M  such  that  (1)  K  contains  H  and  is  the  sum  of  a  collection  of 
cyclic  elements  of  M,  (2)  if  N  is  any  connected  subset  of  M  which  contains  K  and 
is  the  sum  of  a  collection  of  cyclic  elements  of  M,  then  every  node  of  K  is  a  tiode  of 
N,  (3)  the  set  of  nodes  of  K  has  the  same  cardinal  number  as  the  set  of  nodes  of 
H,  unless  H  is  a  point  or  is  cyclicly  connected,  in  which  case  K  may  have  one  or 
two  nodes. 

IV.  The  irreducible  basic  sets  and  the  set  of  end  points 

In  Arc-curves,  first  paper  it  was  shown  that  every  basic  set  of  a  con- 
tinuous curve  contains  every  end  point  of  the  continuous  curve.  However, 
a  basic  set  may  contain  many  other  points,  in  fact  it  may  be  the  entire 
continuous  curve.  The  set  of  end  points  may  or  may  not  be  a  basic  set  of 
the  curve.  The  condition  under  which  this  was  true  was  given  in  Theorem 
10.  If  the  set  of  end  points  is  a  basic  set,  it  is  an  irreducible  basic  set.  An 
irreducible  basic  set  of  a  continuous  curve  may  contain  a  countable  number 
of  points  that  are  not  end  points  of  the  curve,*  but  in  many  respects  an 
irreducible  basic  set  is  similar  to  the  set  of  all  end  points  of  the  continuous 
curve.  No  end  point  of  a  continuous  curve  is  a  cut  point  of  the  curve,  and 
similarly  no  point  of  an  irreducible  basic  set  is  a  cut  point  of  the  curve.  No 
end  point  of  a  continuous  curve  is  interior  to  an  arc  of  the  curve.  We  have 
the  somewhat  analogous  property  that  no  point  P  of  an  irreducible  basic  set 
of  a  continuous  curve  M  is  interior  to  any  arc  of  M ,  neither  of  whose  end 
points  belong  to  that  node  of  M  containing  the  point  P.  Karl  Menger,t 
G.  T.  WhyburnI  and  the  author§  have  shown  that  the  set  of  all  end  points 


*  By  Theorem  9  there  is  a  (1,  1)  correspondence  between  the  points  of  an  irreducible  basic  set 
and  the  set  of  nodes  in  which  they  are  contained.  By  Lemma  15C,  all  but  a  countable  number  of 
nodes  are  end  points.  Hence  all  but  a  countable  number  of  the  points  of  an  irreducible  basic  set 
are  end  points  of  the  continuous  curve. 

t  K.  Menger,  Grundziige  einer  Theorie  der  Kurven,  Mathematische  Annalen,  vol.  95  (1925)i 
pp.  277-306.  Menger  defines  the  term  end  point  in  a  different  sense  from  that  of  R.  L.  Wilder,  but 
the  two  definitions  have  been  shown  to  be  equivalent  by  H.  M.  Gehman.  See  his  paper  Concerning 
end  points  etc.,  loc.  cit.,  Theorem  1. 

X  G.  T.  Whybum,  Concerning  continua  in  the  plane,  loc.  cit.,  Theorem  21. 

§  W.  L.  Ayres,  Concerning  continuous  curves  and  correspondences,  loc.  cit.,  Theorem  5. 
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of  a  continuous  curve  is  totally  disconnected.*  It  has  been  shown  by  the 
author!  that  if  K  is  any  subset  of  the  set  of  end  points  of  a  continuous  curve 
M,  then  M  —  K  is  strongly  connected. J  We  shall  show  that  both  of  these 
properties  hold  for  irreducible  basic  sets  of  a  continuous  curve. 

Theorem  16.  //  M  is  a  continuous  curve,  then  every  irreducible  basic 
set  of  M  is  totally  disconnected. 

Let  A'  be  an  irreducible  basic  set  of  M  and  suppose  that  A'  contains  a 
connected  subset  H  containing  more  than  one  point.  Since  the  set  of  end 
points  of  M  is  totally  disconnected,  the  set  H  contains  a  point  P  which  is  not 
an  end  point  of  M.  Since  no  point  of  K  is  a  cut  point  of  il/,§  the  point  P 
belongs  to  some  simple  closed  curve  J  oi  M  and  let  C  be  the  maximal  cyclic 
curve  of  M  containing  /.  By  a  theorem  of  G.  T.  Whyburn,||  the  common  part 
of  H  and  C  is  a  connected  set  A''.  As  P  is  not  a  cut  point  of  M,  the  set  N 
contains  points  other  than  the  point  P.  Then  the  irreducible  basic  set 
K  contains  a  connected  set  N  containing  more  than  one  point  and  lying  in  a 
maximal  cyclic  curve  C  of  M.  But  this  is  impossible  for  no  maximal  cyclic 
curve  of  a  continuous  curve  contains  more  than  two  points  of  an  irreducible 
basic  set  of  the  continuous  curve  by  Theorem  9. 

Theorem  17.  If  K  is  any  subset  of  an  irreducible  basic  set  of  a  continuous 
curve  M,  which  is  not  cyclicly  connected,  then  M  —  K  is  arc-wise  connected. 

Let  Pi  and  Po  be  points  of  M  —  K.  There  are  four  possible  cases: 
(1)  both  Pi  and  P.>  belong  to  a  maximal  cyclic  curve  C  of  M 
which  is  a  node,  (2)  neither  Pi  nor  Po  belongs  to  a  node  of  M 
containing  a  point  of  A,  (3)  both  Pi  and  P2  belong  to  nodes  of  M 
containing  points  of  A  but  not  both  to  the  same  node,  (4)  either  Pi 
or  P2  belongs  to  a  node  of  M  containing  a  point  of  A  but  the  other  does  not. 
In  case  (1),  since  M  is  not  cyclicly  connected,  the  curve  C  contains  at  most 
one  point  Q  of  A  by  Theorem  9.  And  as  Q  is  not  a  cut  point  of  C,  there  is  an 
arc  oi  C  —  Q  whose  end  points  are  Pi  and  P2.  Since  this  arc  belongs  to  C  —  Q, 
it  belongs  to  M  —  K.  In  case  (2)  let  a  be  any  arc  of  M  with  end  points  Pi 
and  P2.  Every  point  of  A  is  a  non-cut  point  of  M  belonging  to  some  node  of 
M  and  no  such  point  is  interior  to  any  arc  of  M  whose  end  points  do  not  belong 
to  the  node.  Hence  no  point  of  A  is  an  interior  point  of  the  arc  a. 

*  A  point  set  is  said  to  be  totally  disconnected  if  it  contains  no  connected  subset  containing  more 
than  one  point. 

t  Concerning  continuous  curves  and  correspondences,  loc.  cit.,  Theorem  6. 

t  A  point  set  K  is  said  to  be  strongly  connected  if  each  pair  of  points  of  K  belongs  to  some  con- 
tinuum which  is  a  subset  of  A'. 

§  Arc-curves,  first  paper.  Theorem  13. 

II  Structure,  Theorem  30. 
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In  case  (3)  let  iVi  and  N2  be  the  nodes  of  M  containing  Pi  and  P2  respec- 
tively. Let  Qi  and  Qo  be  the  points  of  A'  and  .Yi  and  Xo  be  the  cut  points  of 
M  belonging  to  A''i  and  N2  respectively.  Evidently  P,9^Q,^Xi  (i  =  l,  2). 
Then,  as  Ni  —  Qi  is  connected,  there  exists  an  arca^  of  Nf  —  Qi  fromPj  to  X,. 
Let  as  be  any  arc  of  M  with  end  points  .Yi  and  A'2.  It  is  seen  that  M  —  Ni  —  Ni 
contains  the  set  <a!3  >  and  that  no  point  of  A"  belongs  to  the  arc  as.  Then  the 
set  ai+a2+a3  is  an  arc  of  M  with  end  points  Pi  and  Po  and  containing  no 
point  of  K. 

Case  (4)  is  very  similar  to  case  (3)  and  need  not  be  considered  separately. 

Corollary  17A.  //  A  is  an  irreducible  basic  set  of  a  continuous  curve  M, 
then  M  —  K  consists  of  a  finite  number  of  components. 

Lemma  18A.  In  order  that  a  connected  subset  K  of  a  continuous  curve  M 
he  connected  im  kleinen  at  a  point  P  of  A  it  is  necessary  and  sufficient  that  the 
set  H  ■  A  should  be  connected  im  kleinen  at  the  point  P  for  each  maximal  cyclic 
curve  H  of  M  containing  the  point  P. 

The  condition  is  necessary.  If  P  belongs  to  no  maximal  cyclic  curve  of 
M,  the  condition  is  satisfied  vacuously.  If  not,  let  H  be  any  maximal  cyclic 
curve  of  M  containing  the  point  P,  and  let  e  be  any  positive  number.  Since 
K  is  connected  im  kleinen  at  P,  there  exists  a  positive  number  3,  such  that 
any  point  of  A  whose  distance  from  P  is  less  than  5,  lies  with  P  in  a  connected 
subset  of  A  of  diameter  less  than  e.  Let  Q  be  any  point  oi  H  ■  K  such  that 
d{P,  Q)  <5,  and  let  A'^  be  a  connected  subset  of  A  of  diameter  less  than  t 
containing  both  P  and  Q.  As  ^  is  a  maximal  cyclic  curve  of  M ,  the  set  N  ■  B 
is  connected.  It  is  a  subset  of  H  K  of  diameter  less  than  e  and  contains  P 
and  Q.  Hence  H  Kis  connected  im  kleinen  at  P. 

The  condition  is  sufficient.  If  e  is  any  positive  number,  there  are  only  a 
finite  number  of  components  of  M—P  of  diameter  greater  than  «,*  and 
let  A^i,  A2,  As,  •  •  •  ,  A„  denote  these  components.  If  P  does  not  belong  to  a 
simple  closed  curve  of  Ni+P,  then  there  is  a  point  Qi  of  Ni  such  that  every 
point  of  the  component  L,  of  Ni+P  —  Qi  containing  the  point  P  is  within  a 


•  For  two  dimensions  this  result  may  be  found  in  my  paper  Nole  on  a  theorem  concerning  continu- 
ous curves,  Annals  of  Mathematics,  (2),  vol.  28  (1927),  pp.  501-2.  While  this  result  does  not  hold 
in  space  of  more  than  two  dimensions,  it  may  be  shown  that  if  M  is  a  continuous  curve  and  N  is  a 
compact  subcontinuum  of  M,  e  is  any  positive  number  and  r;  is  any  positive  number  less  than  e,  then 
only  a  finite  number  of  the  components  C  of  M  —  N  that  are  of  diameter  greater  than  i  are  such  that  the 
set  of  limit  points  of  C  in  N  is  of  diameter  less  than  r).  The  result  of  the  paper  mentioned  above  may  be 
obtained  from  this  theorem  since  if  M  lies  in  the  plane  and  TV  is  a  continuous  curve,  we  can  show  that 
there  are  only  a  finite  number  of  components  C  of  A/  — TV  such  that  the  set  of  limit  points  of  C  in  iV 
is  of  diameter  greater  than  or  equal  to  ?;. 
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distance  e  of  P.*  It  is  easy  to  see  that  the  set  K-{Li+Qi)  is  connected. 
Let  5ti  =  hd{P,  Ni+P  —  Li).  Then  every  point  oi  KNt  whose  distance  from 
P  is  less  than  8,i  belongs  to  K-  (Li+Qi)  and  thus  lies  withP  in  a  connected 
subset  of  K  of  diameter  less  than  e. 

If  P  belongs  to  a  simple  closed  curve  of  Nt+P,  there  is  one  (and  only  one) 
maximal  cyclic  curve  C,-  of  Ni+P  containing  P.  The  set  d  is  also  a  maximal 
cyclic  curve  of  M.  Hence  by  the  condition  there  exists  a  positive  number 
SJ  such  that  any  point  of  A'C,-  whose  distance  from  P  is  less  than  5,/  lies 
with  P  in  a  connected  subset  of  K  d  every  point  of  which  is  within  a  distance 
e/2  of  P.  Since  only  a  finite  number  of  the  components  of  Nt+P  —  d  are 
of  diameter  greater  than  a  given  positive  number  and  each  of  them  has  just 
one  limit  point  in  C,,t  there  exists  a  positive  number  5,/'  such  that  if  X 
is  any  point  of  Ni+P  —  d  whose  distance  from  P  is  less  than  S„",  then  X 
belongs  to  a  component  of  diameter  less  than  e/2  and  the  limit  point  of  this 
component  in  C,  is  within  a  distance  6</  of  P.  Let  8ti  be  the  smaller  of  the 
numbers  8J  and  SJ'  .  Now  let  Q  be  any  point  of  K  ■  Nt  whose  distance  from 
P  is  less  than  6,,.  If  Q  belongs  to  TV.+P  — C.,  let  Z,  be  the  component  of 
A'^.+P  —  C,  containing  Q  and  let  F,  be  its  limit  point  in  C,.  The  set  Wi  =  K  Li 
^-Ki  is  a  connected  subset  of  A'  of  diameter  less  than  e/2  and  containing  the 
point  F,.  If  Q  belongs  to  C,  let  W i  and  Yi  be  identical  with  the  point  Q. 
Since  d{P,  F;)  <5,,',  there  is  a  connected  subset  F,  of  KCi  containing  P 
and  Yi,  every  point  of  which  is  within  a  distance  e/2  of  P.  Then  every  point 
Q  ol  KNi  whose  distance  from  P  is  less  than  bti  lies  with  P  in  a  connected 
subset  Wi  +  Viol  KNi  every  point  of  which  is  within  a  distance  e  of  P. 

If  5<  is  the  smallest  of  the  numbers  5,i,  5,2,  5,3,  ■  •  •  ,  5,„,  it  is  easily  seen 
that  every  point  of  A'  whose  distance  from  P  is  less  than  5,  lies  with  P  in  a 
connected  subset  of  K  every  point  of  which  is  within  a  distance  e  of  P. 

Theorem  18.  If  K  is  any  subset  of  an  irreducible  basic  set  of  a  continuous 
curve  M,  then  M  —  K  is  connected  im  kleinen. 

If  M  is  cyclicly  connected,  then  K  has  at  most  two  points  and  M  —  K  is 
connected  im  kleinen  since  it  is  an  open  subset  of  M .  If  M  is  not  cyclicly  con- 
nected, by  Theorem  17  the  set  M  —  K  is  connected.  Then,  by  the  preceding 
lemma,  the  theorem  is  true  if  {M  —  K)  C  is  connected  im  kleinen  for  every 
maximal  cyclic  curve  C  of  M.  As  M  is  not  cyclicly  connected,  the  maximal 


*  Any  such  point  P  is  an  end  point  of  Ni+P  by  Theorem  3  of  my  paper  Concerning  continuous 
curves  and  correspondences,  loc.  cit.,  and  thus  the  point  Qi  exists.  See  H.M.  Gehman,  Concerning  end 
points  etc.,  loc.  cit.,  especially  property  7. 

t  If  J)  is  chosen  as  any  positive  number  less  than  t,  then  there  is  no  component  C  of  Ni-\-P  —  Ci 
such  that  the  set  of  limit  points  of  C  in  d  is  of  diameter  greater  than  ?;. 
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*  See  Structure,  p.  178  and  Theorems  16-19. 
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cyclic  curve  C  contains  at  most  one  point  of  K.  It  is  evident  that  any  maxi- 
mal cyclic  curve  or  a  maximal  cyclic  curve  minus  one  point  is  connected  im 
kleinen. 

Whyburn*  has  defined  the  end  elements  of  a  continuous  curve  and  has 
shown  that  in  many  respects  they  resemble  the  end  points  of  a  continuous 
curve.  He  has  shown  that  if  the  continuous  curve  is  neither  cyclicly  connected 
nor  the  sum  of  two  cyclicly  connected  continuous  curves,  the  set  of  end 
elements  is  totally  disconnected  in  the  sense  that  it  contains  no  connected 
subset  containing  more  than  one  end  element.  However  the  end-point 
properties  mentioned  in  the  two  preceding  theorems  of  this  paper  are  not 
true  for  end  elements,  as  is  seen  in  the  following  example.  Let  M  consist 
of  the  square  with  vertices  (0,  0),  (1,  0),  (1,  -1)  and  (0,  —1)  together  with 
the  circles  with  center  (l/»,  y„)  and  radius  r„  where  w  =  l,  2,  3,  •  •  •  ,  and 
r„  =  l/(2M(w-|-l)).  In  this  example  each  circle  is  an  end  element  of  the 
continuous  curve  M.  If  K  is  the  set  of  end  elements,  then  M  —  K  consists  of 
a  countable  infinity  of  components  and  is  not  connected  im  kleinen  at  the 
point  (0,0).  f- 
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1.  In  this  paper  we  treat  of  continuous  curvesf  in  w-dimensional  euclidean 
space;  the  arguments,  excepting  the  use  of  in  version,  f  are  established  in  more 
general  space. §  The  principal  theorems  are  devoted  to  the  relation  of  such 
curves  to  the  Janiszewski-MuUikin  Theorem.  ||  This,  stated  generally,  is  to 
the  effect  that  two  bounded^  subcontinua  of  a  space,  C,  neither  of  which 
disconnects  C,  can  disconnect  C  in  their  sum  if  and  only  if  their  product  is 
not  connected.**  The  theorem  is  shown  to  characterise,  among  bounded 
cyclicly  connected tt  continuous  curves,  the  simple  closed  surface; tt  among 
bounded  continuous  curves  in  general,  those  whose  maximal  cj^clicly  con- 
nected subsets  are  simple  closed  surfaces;  among  unbounded  cycUcly  con- 
nected continuous  curves,  the  cylinder-trees;§§  and,  in  general,  unbounded 


*  Various  parts  of  this  paper  were  presented  to  the  Society  October  27  and  December  1,  1928 
and  March  30,  1929;  it  was  received  by  the  editors  in  ."^pril,  1929. 

t  For  definitions  and  theorems,  see  R.  L.  Moore,  Report  on  continuous  curves  frotn  the  viewpoint 
of  analysis  situs,  Bulletin  of  the  American  Mathematical  Society,  vol.  29  (1923),  pp.  289-302.  It  is 
assumed  that  the  reader  is  familiar  with  this  Report. 

t  See  C.  Kuratowski,  Sur  la  methode  ({'inversion  dans  Vanalysis  sittis,  Fundamenta  Mathemati- 
cae,  vol.  4  (1923),  pp.  151-163. 

§  For  a  discussion  of  this  space  and  continuous  curves,  see  H.  Hahn,  Mengentheoretische  Charak- 
terisierung  der  stetigen  Kurve,  Wiener  Sitzungsberichte,  vol.  123  (1914),  pp.  2433-2489. 

II  See  Z.  Janiszewski,  Sur  les  coupurcs  du  plan  fattes  par  les  continus,  Prace  Matematyczne- 
Fisyczne,  vol.  26  (1913),  p.  48;  also.  Miss  A.  Mullikin,  Certain  theorems  relating  to  plane  connected 
point  sets,  these  Transactions,  vol.  24  (1922),  p.  154.  _The  theorem  is  readily  seen  to  obtain  on  the 
surface  of  the  sphere,  from  the  manner  of  its  proof  in  the  plane. 

Ij  For  the  cases  that  one  or  both  of  the  continua  are  unbounded,  see  B.  Knaster  and  C.  Kura- 
towski, Sur  les  continus  non-bornes,  Fundamenta  Mathematicae,  vol.  5  (1924),  pp.  35-36. 

**  When  we  speak  of  our  hypothesis,  without  further  quaUfication,  we  shall  be  understood  to 
refer  to  this  theorem.  The  Lemma  and  Theorems  1  and  3  are  aside  from  this  hy-pothesis.  Theorem  2 
is  proved  independently  of  Theorem  5  (of  which  it  is  a  consequence)  and  affords  the  opportunity  for 
introducing  methods  of  proof  which  are  essential  to  the  development  of  the  paper. 

tt  See  G.  T.  Whybum,  Cyclicly  connected  continuous  curves.  Proceedings  of  the  National  Academy 
of  Sciences,  vol.  13  (1927),  pp.  31-38.  Also,  W.  L.  Ayres,  Continuous  curves  which  are  cyclicly  con- 
nected. Bulletin  de  I'Academie  Polonaise,  1927,  p.  127. 

tt  A  set  of  points  homeomorphic  with  the  surface  of  the  sphere. 

§§  I  have  adopted  this  term  from  the  analogy  with  one-dimensional  trees,  and  the  relation  of  this 
surface  to  the  unbounded  cylinder. 
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continuous  curves  whose  maximal  cyclicly  connected  subsets  are  cylinder- 
trees.  From  the  work  of  G.  T.  Whyburn  and  the  generalizations  of  this 
work  by  W.  L.  Ayres,  the  complete  structure  of  these  curves  is  known. 
Moreover,  the  acyclic  continuous  curves  are  found  to  stand  in  peculiar 
relation  to  the  Janiszewski-Mullikin  Theorem,  and  it  is  shown  that  a  con- 
tinuous curve  which  may  be  characterised  by  this  theorem  is  equivalent  in 
the  sense  of  a  Zerlegungsraum*  to  an  acyclic  continuous  curve  of  elements, 
and  these  are  either  points  of  the  given  curve,  or  its  simple  closed  subcurves 
or,  exceptionally,  the  sum  of  three  independent  arcs  joining  two  points  of 
the  curve. 

For  his  assistance  in  the  solution  of  the  problems  of  this  paper,  and  for 
his  untiring  encouragement,  I  am  greatly  indebted  to  Professor  John  Robert 
Khne. 

2.  We  prove  the  following  theorem. 

Theorem  1.  C  is  a  continuous  curve,  B  a  closed  and  totally  disconnected 
subset.  There  exists  in  C  an  acyclic  continuous  curve  which  contains  B,  and  whose 
end  points  are  a  subset  of  B.^ 

We  assume,  at  first,  that  B  is  bounded;  it  is  immaterial  whether  C  is 
bounded.  Any  point  x  of  C  is  contained  in  a  subcontinuous  curve  M(x,  e) 
of  C,  which  is  of  diameter  less  than  e,  a  preassigned  positive  number,  and 
which  in  some  neighborhood  U'^  of  x  is  identical  with  C.J  Then  x  is  an  in- 
terior§  point  of  M(x,  e).  For  an  arbitrary  e',||  suppose  every  point  b  oi  B 
covered  by  continuous  curves  M{b,  e').  Let  ^  Ul'.,  where  the  summation 
runs  from  7  =  1  to  i  =  n,-,  be  a  finite  covering  set  of  neighborhoods  U'i 
corresponding  to  these  curves,  and  assemble  the  curves  of  M{h,  t')  corres- 
ponding to  the  neighborhoods  Ul'.  into  maximal  connected  sets,  Mn,  Mu, 
•  •  •  ,  i/u,.  Then,  since  the  connected  sum  of  a  finite  number  of  con- 
tinuous curves  is  a  continuous  curve,  M^  (i  =  l,  2,  •  ■  •  ,  ^i)  is  a  continuous 
curve.  Let  5i=2i=i  ^u-  Every  point  &  of  B  is  an  interior  point  of  some 
subcurve  of  Bi;  we  shall  say  that  B  is  interior  to  Bi. 

Given  5„=2,J',  M„,,  we  cover  B  by  curves  M{b,  (n+i),  €,!+i<i\/2")e', 


*  See  L.  Vietoris,  Uber  stelige  Abbildungen  einer  Kugdflikhe,  Koninklijke  Akademie  van  Weten- 
schappen  te  Amsterdam,  vol.  29  (1926),  pp.  443-45.1. 

t  See  H.  M.  Gehman,  Concerning  acyclic  continuous  curves,  these  Transactions,  vol.  29  (1927), 
p.  566,  Theorem  5'. 

I  See  H.  Hahn,  loc.  cit.,  p.  2475,  Theorem  21;  the  condition  of  boundedness  is  not  necessary  to 
this  theorem. 

§  A  point  X  is  an  interior  point  of  a  subset  X  of  C,  if  it  is  not  a  limit  point  of  C—X.  In  this  case, 
X  is  said  to  cover  x  in  C. 

II  The  numbers  in  this  paper  are  always  positive. 
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such  that  each  curve  belongs  entirely  to  Uf^i  (of  the  preceding  finite  covering 
of  neighborhoods)  if  it  has  any  point  in  common  with  Ul".  Then,  extracting 
a  finite  covering  of  the  neighborhoods  related  to  the  curves  M{b,  e'„+i),we 
assemble  the  continuous  curves  corresponding  to  these  neighborhoods  into 
maximal  connected  sets,  M„+i,i,  M„+i.2,  ■  ■  ■  ,  Mn+i.ic^^i',  they  are  con- 
tinuous curves.  Let  -Bn+i=^i"=j^'  Mn+i.i-  Then  5  is  interior  to  B„+i;  every 
curve  of  B„+i  and,  therefore,  B„+i  is  interior  to  Bn- 

2.1.  There  is  an  arc  Ln  of  C  joining  a  point  of  Mn  to  a  point  oi^lili  Mu, 
and  this  has  a  subarc  Ln  from  the  last  point  of  Mn  to  the  first  point  thereafter 
on  ^,=2  ^Ln;  say  this  is  a  point  of  Mn.  There  is  an  arc  Ln  joining  a  point 
of  Mil  to  a  point  of  ^I/Lj  Mi„  and  a  subarc  Ln  from  the  last  point  on  Mn  +  Ln 
+  Mi2  to  the  first  point  thereafter  on  X^.Ja  Mii;  say  this  is  a  point  of  M13. 
Then  ^;=i  Mi,+X^,=i  Ln  is  a  continuous  curve,  and  every  point  of  X^,=.i  Lu- 
is a  cut  point  of  it.  Inductively,  there  is  a  finite  set  of  arcs  Ti=^fZi  Lu 
such  that  Ti  =Ti+Bi  is  a  continuous  curve,  and  every  point  of  Ti  is  a  cut 
point  of  that  curve.   Let  Pi  =  TiXBi;  Pi  is  a  finite  set  of  points. 

Suppose  that  we  are  given  r„' .  Let  P„i=P„XM„i,  and  let  B„+i,i  be  that 
subset  of  Bn+i  which  contains  all,  and  consists  only,  of  the  curves  contained 
in  Mni'-Bn+i,i  =  B„+iXMni-  As  above,  but  now  in  M„i,  we  find  a  finite  set 
rjl+ii  of  arcs  of  M„i  such  that  Pni  +  T'n+i.i  +  ^n+i.i  is  a  subcontinuous  curve 
of  M„i,  and  every  point  of  r"+i.i  (excepting  the  points  Pni)  is  a  cut  point. 
We  repeat  this  for  each  of  the  sets  M„i  (i  =  l,  2,  ■  ■  ■  ,  k„)  with  respect  to 
Pn<=P„XMni,  and  5„+i,,=£„+iXM„,-.  We  have,  finally,  a  set  of  arcs 
^n+i=X].=i^n+i..-  such  that  T^+i  =  Tn+T'l,+i+B„+i  is  a  subcontinuous  curve 
of  Tn  ;  and  every  point  of  Tn+i  =  Tn  +  T'^+i  is  a  cut  point  of  Tn'+i. 

We  continue  this  construction  for  all  integral  values  of  >i.  Then  r=J]["+i 
Tn  is  closed  and  connected.  Let  r=2Zr=i  ^m  we  shall  show  that  T  =  T+B. 
Since  5  is  interior  to  every  5„  (w  =  1,2,  ■  •  •),£  cn"^,B„  c"[I,7=,r„' =r.  If 
t  is  any  point  of  T,  there  is  an  n  such  that  t  is  not  a  point*  of  T„  and  /  c  Tn+\. 
Then  /  cHr+iT'm  cJJr+i  T'm  (w^w  +  1).  Since_  r„+i_=r„  +  r_„+i,  and 
TU,cBn,tcB^cXl'[^TJ,  (m^n).  Then  tcjl"  TJ  =T;  and  TcT+B. 
If  b'  is  any  point  of  T  which  does  not  belong  to  B,  let  r{b',B)  =r'>0.'\  Find 
an  n  such  that  {l/2")e' <r'.  Then  b'  is  contained  in  no  M(b,  e„'+i),  and 
cannot  belong  to  5„+i.  Since  b'  cT  c  T^+i,  b'  c  r„+,  c  T.  Then  T  c  T+B, 
and  T  =  T-\-B. 

If  /'  is  any  point  of  T,  it  is  contained  in  a  first  r„;  and  /'  is  not  a  point  of 
5„+i  since  r„'  =r„  +  5„  and  B^+i  is  interior  to  .B„.    Then,  in  a  sufficiently 

*  To  include  the  case  that  i  is  a  point  of  Ti,  allow  n  to  take  the  value  zero  and  define  7"o  as  the 
null  set. 

t  r(A',  F)  is  the  distance  of  the  point  sets  A'  and  1'. 
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small  neighborhood  of  t' ,  T„+i  is  identical  with  T.  Since  T„+i  is  connected  im 
kleinen  at  all  of  its  points  (although  not  necessarily  connected),  T  cannot 
fail  to  be  connected  im  kleinen  at  t',  and  therefore  at  any  point  of  T.  Since 
B  is  totally  disconnected,  T  cannot  fail  to  be  connected  im  kleinen  at  any 
point. t  Then  2"  is  a  continuous  curve.  If  it  contains  any  simple  closed  curve 
K,  there  is  an  arc  k  of  K  no  point  of  which  belongs  to  B,  and  kcT.  But 
every  point  of  T  is  a  cut  point  of  T  since  it  belongs  to  some  r„  and  is  a  cut 
point  of  Tn  ;  it  is  clear  that  such  a  point  separates  two  subcurves  of  S„  and 
therefore  at  least  two  points  of  B,  while  T  is  a  connected  subset  of  T^ 
containing  every  point  of  B.  Then  this  is  not  possible.}  Moreover,  it  must 
follow  that  every  end  point  of  T  is  a  point  of  B.  Then  T  is  the  desired  acy- 
clic continuous  curve. 

We  have  given  the  necessary  condition  of  Gehman's  theorem  (he  is 
concerned  with  the  case  that  B  is  bounded,  and  that  C  is  a  plane  curve) ; 
the  sufficient  condition  follows  his  proof  precisely. 

2.2.  Suppose,  now,  that  B  is  unbounded;  then  C  is  unbounded.  Let  C* 
be  the  inverse  of  C  with  respect  to  a  center  of  inversion  v  which  is  a  point 
of  the  embedding  euclidean  space,  but  not  of  C.§  Then  C*  is  a  continuous 
curve,  and  B*+v  a  bounded,  closed,  and  totally  disconnected  subset.  There 
is  in  C*  an  acychc  continuous  curve  T'  which  contains  B*+v,  and  whose  end 
points  are  a  subset  of  B*+v.  Then  T'  ='^i  Tt,  where  T,  is  an  acyclic  con- 
tinuous curve  (tree),  TiXTj  =  v  (iy^j);  and  d{T„)  ^e,\\  where e is preassigned 
and  w^«e.1f  The  trees  Ti{i  =  l,  2,  ■  ■  •  )  convergeft  to  d.  It  is  clear  that 
V  cannot  be  a  cut  point  of  C*;  if  x*  and  y*  are  two  points  of  C*,  the  cor- 
responding points  X  and  y  of  C  belong  to  an  arc  xy  of  C,  and  v  is  not  a  point 
of  C.  Then  there  is  in  C*  —  v  an  arc  L^'  joining  a  point  of  Ti  to  a  point  of  T^. 
Retain  on  this  arc  (which  can  meet  only  a  finite  number  of  the  trees,  since 
these  converge  to  v  while  L2  is  closed  in  C*  —  v)  the  subarc  from  the  last 
point  on  Ji  to  the  first  point  thereafter  on  Tj  (j>l);  then,  if  jV2,  the  further 
subarc  from  the  last  point  on  T,  to  the  first  point  thereafter  on  Tt  (1  T^k^j) 


t  See  C.  Kuratowski,  Quelques  proprilUs  lopologiques  de  la  demi-droite,  Fundamenta  Mathemati- 
cae,  vol.  3  (1922),  p.  60,  lemme. 

X  See  S.  Mazurkiewicz,  Un  Iheoreme  sur  les  lignes  de  Jordan,  Fundamenta  Mathematicae,  vol.  2 
(1921),  p.  119,  lemme. 

§  See  Kuratowski,  §1  loc.  cit.;  also,  in  Knaster  and  Kuratowski,  loc.  cit.,  pp.  25-.31. 

II  For  d[X)  read  diameter  of  A'. 

K  See  K.  Menger,  Uber  reguldrc  Buumkurven,  Mathematische  Annalen,  vol.  96  (1926-27),  pp 
574-575.  Also,  R.  L.  Wilder,  ConcerntMg  con/JMttO!«  can'Ci,  Fundamenta  Mathematicae,  vol.7  (1925), 
p.  365. 

ft  We  shall  say  that  a  sequence  of  sets  K,,  A'2,  A'3,  •  ■  •  ,  converges  to  a  point  x,  if  x  is  the  unique 
sequential  limit  point  of  any  sequence  of  points  x,,  xi,  xs,  ■  ■  ■  ,  such  that  Xi  is  a  point  of  Kt. 
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and  so  on  inductively  until  we  have  a  subarc  with  last  point  on  T-i.  If  m  of 
the  trees  have  been  thus  connected,  we  may  suppose  the  trees  renumbered 
so  that  these  are  the  first  m,  and  r„*=X7  Ti+L"  (this  is  the  set  of  tn—l 
subarcs  of  Li ,  corresponding  to  the  above  process)  is  a  continuous  curve, 
such  that  V  is  not  a  cut  point  of  it,  but  that  every  simple  closed  curve  of 
TJ'  contains  v.  It  is  obvious  that  we  can  continue  in  this  fashion  to  join  any 
finite  number  of  the  given  trees;  we  wish  so  to  connect  all  of  them,  and  it  is 
essential  that  the  set  of  arcs  which  we  thus  add  to  T'  converge  to  v. 

We  shall  show  that  for  any  preassigned  e,  these  arcs  may  be  chosen  so 
that  not  more  than  a  finite  number  fail  to  be  contained  in  an  e-neighborhood 
of  V.  Let  M(v,  e)  be  a  subcontinuous  curve  of  C*,  of  diameter  less  than  e 
and  in  some  e'-neighborhood,  U,t',  of  v{€'^e)  identical  with  C*.  If  d  is  a 
cut  point  of  M{v,  e)  there  are  at  most  a  finite  number  of  distinct  componentsf 
of  M(v,  e)—v  (see  Lemma) ;  since  v  is  not  a  cut  point  of  C*  it  is  readily  seen 
that  each  component  is  of  diameter,  and  therefore  at  upper  distance  from 
V,  at  least  e'.  Then  there  is  an  n  such  that  Ti  {i>n)  is  contained  entirely 
in  Uvi',  and  has  no  point  in  any  component  of  M(v,  t)—v  if  every  tree  of 
2 J  ^<  lias  no  point  in  that  component.  Then  if  T*  (k'^n)  is  constructed, 
as  above,  to  contain  ^ "  J,,  it  is  clear  that  for  every  tree  T,  (j  >  k)  there  is  an 
arc  L,  such  that  i,  c  (Uvi'—v)  and  joins  a  point  of  J,  to  a  point  of  T*. 
Then  we  are  able  to  define  a  set  of  arcs  L"  converging  to  v,  such  that  T*  =  T' 
+L"  is  connected  and  closed  (since  trees  and  arcs  converge  to  v),  that  T*  —  v 
is  connected,  and  that  every  simple  closed  curve  of  T*  contains  v.  It  is  clear 
that  T*  is  a  continuous  curve  since  it  is  connected  im  kleinen  at  every  point 
of  T*  —  v,  being  in  a  sufficient  neighborhood  of  such  points  identical  with  T' 
plus  a  finite  set  of  arcs. 

Then  T,  the  image  of  T*,  on  C  is  the  desired  acyclic  continuous  curve. 
It  is  connected,  because  r*  —  ii  is  connected,  and  therefore  a  continuous  curve, 
since  T*  is  a  continuous  curve.  Also,  T  is  acyclic,  for  if  it  contains  any  simple 
closed  curve  K,  K  corresponds  on  T*  to  a  simple  closed  curve  which  does  not 
contain  v.  Moreover,  if  b  is  an  end  point  of  T  its  image  point  b*  is  an  end 
point  of  T*,  since  the  property  of  being  an  interior  point  of  an  arc  is  invariant 
under  inversion  (for  points  other  than  v),  and  every  end  point  of  T*  is  an 
end  point  of  T'  because  each  arc  of  L"  has  both  of  its  end  points  on  T'. 
As  b*  images  b  of  T,  therefore  of  C,  it  cannot  be  the  point  v;  then  b*  cB*, 
and  consequently  b  cB. 

3.  Lemma.  A  necessary  and  sufficient  condition  that  a  continuum  M  be  a 
continuous  curve  is  that  if  L  is  any  bounded  subset  of  M,  not  more  than  a  finite 

t  Maximal  connected  subsets. 
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number  of  the  components  of  M  —  L  are  at  an  upper  distance  from  L  exceeding 
any  preas signed  e.f 

If  M  fails  to  be  a  continuous  curve  there  exists  a  number  e  and  a  point  x 
of  M,  such  that  no  finite  set  of  subcontinua  of  M  can  «-separate  x.X  Since 
every  connected  subset  of  M  joining  a;  to  a  point  not  in  Z7i,  contains  at  least 
one  point  of  the  set  iV  =  ( L''s:(3/4)  <  —  ^/ks/a  .) ,  it  is  clear  that  N  cannot  belong  to 
a  finite  number  of  subcontinua  of  H  =  {Uz.  —  Uzii/i)i)-  If,  therefore,  L  =  {Uxt 
—  Uxt)  +  {Ui(i/i),  —  Ux(i/2)€),  the  number  of  components  of  HX{M  —  L) 
containing  points  of  A'^  is  infinite,  and  these  are  at  an  upper  distance  from  L 
not  less  than  \t.  This  estabhshes  the  sufficiency  of  our  condition.  These 
components  are  also  of  diameter  not  less  than  \f  and,  by  a  theorem  of 
Lubben,§  have  a  countable  subsequence  with  a  continuum  of  condensation 
M„;  it  is  seen  that  at  no  point  of  M^  can  M  be  connected  im  kleinen.||  It 
will  be  apparent  that  the  Moore- WilderLemma  is  implicit  in  the  foregoing.^f 

3.1.  The  condition  is  necessary.  If  M  is  a  continuous  curve  and  L  is  any 
bounded  subset,  and  if  M'  is  any  component  of  M  —  L,  then  r{M' ,  L) 
=  r(M',Z)=0.  OtherwiseM  =  M'+A^'  (iV' is  defined  as  M- A/')  and  is  not 
connected.  For  if  m'  is  any  point  of  M',  it  cannot  belong  to  L  and  is  an  in- 
terior point  of  some  component  of  M— L;tt  ^^d  since  M'XL  =  0,  m'  is  seen 
to  be  an  interior  point  of  M' .  Then  m'  is  not  a  limit  point  of  N' .  If  n' 
is  a  point  oiM'  ,n'  does  not  belong  to  L  and  is  an  interior  point  of  M' ;  then  n' 
cannot  be  a  point  of  A^'.  Since  M  is  connected,  it  follows  that  r{M' ,  L)  =0. 
If  the  upper  distance  of  M'  and  L  is  greater  than  «,  from  the  connectedness 
of  M',  there  is  a  point  x  c  M'  such  that  r{x,  L)  =  e.  If  the  number  of  com- 
ponents relative  to  ZJl  whose  upper  distance  from  L  is  greater  than  e  is  in- 
finite, let  {x)  be  an  infinite  set  of  points  not  more  than  a  finite  number  of 
which  belong  to  a  single  component  of  M  —  L,  and  such  that  each  is  at  a 
distance  from  L  equal  to  e.  Since  L  is  bounded,  L+{x)  is  bounded,  and  {x) 
is  bounded. §§  Let  x'  be  any  limit  point  of  {x),  and  {x^  a  subsequence  of  {x) 

t  The  Lemma  will  be  found  to  resemble  in  its  details  a  number  of  known  results.  The  author 
prefers  to  regard  it  as  an  opportunity  for  justifying,  in  a  measure,  his  use  of  theorems  for  which  he 
contemplates  a  more  general  space  (see  §1  third  note)  than  that  for  which  their  proof  is  explicit. 

X  See  P.  Urysohn,  tjber  im  kleinen  zttsammenhangende  Konlinua,  Mathematische  Annalen,  vol. 
98  (1927),  p.  297,  Theorem  1. 

§  See  R.  G.  Lubben,  Concerning  limiting  sets  in  abstract  spaces,  these  Transactions,  vol.  30  (1928) , 
p.  675,  Theorem  5. 

II  See  §2.1,  third  note.  K  See  the  last  paragraph  of  §2.1. 

ft  See  C.  Kuratowski,  Une  definition  topologique  de  la  ligne  de  Jordan,  Fundamenta  Mathemati- 
cae,  vol.  1  (1920),  p.  40. 

tt  A  component  relative  to  X  of  M  is  a  component  of  M—  X. 

§§  This  is  the  only  purpose  in  our  restriction  on  L.  Without  it  the  Lemma,  as  stated,  is  untrue 
but  is  readily  modified. 
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of  which  x'  is  the  sequential  limit.  It  is  clear  that  r{x' ,  L)  =  e,  and  x',  and 
therefore  all  but  a  hnite  number  of  the  points  of  (o^i),  belong  to  a  single  com- 
ponent oi  M  —  L  contrary  to  our  choice  of  the  set  (x). 

3.2.  Remark.  If  M  is  a  continuous  curve  and  Z,  is  a  closed  and  bounded 
subset,  the  complement  of  L  in  M  is  open  and  is  the  sum  of  a  countable  set 
of  components;  each  component  has  at  least  one  limit  point  on  L,  and  is 
connected  im  kleinen.f  Then  L  plus  any  number  of  the  components,  entire, 
•-Xi-*^  L-j.  ^  relative  to  L  is  closed  and  connected,  although  not  necessarily  bounded. 
:fzA.  O'^i-*-*-''  Also,  if  Z,  is  a  continuous  curve,  then  L*  =  L+'^'Mi  (where  Mi  is  a  com- 
ponent relative  to  L,  and  the  prime  indicates  that  the  summation  does  not 
include  all  of  the  components  of  M  —  L)  is  a  continuous  curve.  For  L*  is 
clearly  connected  im  kleinen  at  all  points  of  ^'M,-.  If  p  is  any  point  of  L, 
for  a  preassigned  e  there  is  an  e'  such  that  any  point  of  LX(Upt')  can  be 
joined  to  p  by  an  arc  of  L  of  diameter  less  than  e.  Also,  there  is  an  e"  such 
that  any  point  of  MX(Upe")  can  be  joined  to  p  by  an  arc  of  diameter  less 
than  e'.  It  is  readily  seen  that  any  point  of  L*X{Upt")  can  be  joined  to  p 
by  an  arc  of  L*  of  diameter  less  than  e. 

Suppose,  finally,  that  A'  is  a  simple  closed  curve  of  M.  If  x  of  K  is  a  cut 
point  of  M,  K  —  x  is  contained  in  a  single  component  of  M  —  x,  and  there 
is  another  component  M^  relative  to  x  which  has  no  limit  point  on  K  —  x. 
Then  Mx  is  seen  to  be  a  component  also  of  M  —  K.  The  number  of  these  is 
countable.  If  3*  of  A  is  a  cut  point  of  M  distinct  from  x,  there  is  a  component 
My  relative  to  y,  and  relative  also  to  A',  which  is  distinct  from  M^.  Then 
the  number  of  cut  points  of  M  on  A  is  countable.  { 

4.  We  prove  the  following  theorem: 

Theorem  2.  C  is  a  continuous  curve  of  dimension  one,  containing  at  least 
one  simple  closed  curve  A.  Then  C  cannot  satisfy  the  Janiszewski-Mullikin 
Theorem.^ 

Let  a;  be  a  point  of  A  such  that  C—x  is  connected.  Form  an  e-separation 
of  Cat  a:,  €<d{K).\\  Then  C  =  A+B+D,  AXB  =  BxD  =  AXD  =  AXD  =  0, 
A  ox,  A+Bc  Uxe,  and  B  is  closed  and  totally  disconnected.  Then  there  is 
in  C  an  acyclic  continuous  curve  T  whose  end  points  are  a  subset  of  B  and 
which  contains  B:  see  Theorem  1. 


t  These  are  ready  consequences  of  the  proof  of  the  Lemma.  Compare,  moreover,  C.  Kuratowski, 
§3.1  first  note,  and.S'«r  Ics  conlimts  de  Jordan  et  le  thioreme  de  M.  Brouwer,  Fundamenta  Mathe- 
maticae,  vol.  8  (1926),  pp.  136-149. 

t  Compare  the  lemma  of  Mazurkiewicz,  §2.1  fourth  note. 

§  See  §1,  and  the  fourth  note  thereto. 

II  See  in  P.  Urysohn,  Sur  les  vmlliplUUes  Canlorienncs,  Fundamenta  Mathematicae,  vol.  7 
(1925),  pp.  65-72.  Also  for  all  other  references  to  dimension. 
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If  X  belongs  to  T  it  is  of  finite  order  on  T.  Otherwise  x  is  a  limit  point  of 
end  points  of  T,]  which  is  not  possible  since  these  belong  to  B.  Likewise  x 
is  not  a  limit  point  of  branch  points  of  T.  On  each  branch  Tj  of  T  of  which  x 
is  the  foot,  choose  a  point  pj  such  that  the  arc  xpj  contains  no  point  of  B 
and  no  branch  point  of  T.  Omit  from  T  the  arcs  {xpj  —  p,).  In  C—x, 
join  the  points  {p,)  by  a  set  of  arcs  (pipk),  where  pi  is  a  fixed  one  of  the 
points  and  pk  the  remaining  points  in  succession.  The  set  T—{xpj  —  p,) 
+  ipipi)  is  a  continuous  curve  which  contains  the  set  B  and  is  free  of  x.  It  has 
a  subacyclic  continuous  curve  which  contains  B;  call  this  T' . 

Let  Mx  be  the  maximal  connected  subset  of  C  —  T'  which  contains  x, 
andB'  =  T'XMx.  Let  Tx  be  a  subcontinuum  of  T'  which  is  irreducibly  con- 
nected about  B'-t  Then  T^  is  an  acyclic  continuous  curve. §  Since  the  end 
points  of  Tx  are  non-cut  points  of  Tx,  it  follows  that  the  end  points  of  Tx 
are  a  subset  of  B'.\\  Since  MxcC  —  T'  and  C  —  T'cC  —  B=A+D,  while 
MxXA  :3x,  it  iollovfs  thsit  MxC  A.  Then  MxCA=A+B.  Let  y  be  a  point 
of  KXD;  by  our  choice  of  e  at  least  one  such  point  exists.  Then  yX  MxCy 
XA  =0,  and  r(y,  Mx)  =8y>0.  There  are  two  points  a  and  b  of  KxD  such 
that  the  arc  aySofi^XZ?  satisfies  the  relation  r{ayb,  Mx)  ^45„. 

We  shall  suppos«  first  that  ayb  c  Tx.  If  2  is  a  point  of  ayb  which  is  a  branch 
point  of  Tx,  the  corresponding  branch  or  branches  of  Tx  contain  at  least 
one  end  point  of  Tx,  and  therefore  at  least  one  point  of  B'.  But  B'  c  M^. 
Then  r{z,  B')  ^r{ayb,  Mx)  ^|5„,  and  these  branches  are  at  least  of  diameter 
|8„.  But  the  number  of  such  branches,  and  therefore  the  number  of  cor- 
responding branch  points  z  of  ayb,  is  finite.  Then  there  is  an  arc  a"b"  of  ayb 
which  contains  no  branch  point  of  Tx.  This  has  a  subarc  a'b',  where  a'  and  b^ 
are  non-cut  points  of  C. 

4.1.  By  the  Janiszewski-Mullikin  Theorem,  C  —  {a'  +  b')^  is  connected. 
Then  there  is  an  arc  of  C  —  {a'  +  b')  joining  an  interior  point  o'  of  a'b'  to  the 
point  x.  This  has  a  subarc  px,  where  p  is  the  last  point  on  [a'6'],  in  order 
from  o'  to  x.  Since  p  is  of  order  two  on  Tuff  in  some  neighborhood  of  p  no 
point  of  px  belongs  to  Tx.  Since  pcD  and  xcMx,  while  DXMx  =  0,  there 
is  on  the  arc  px,  in  order  from  p,  a  first  point  q  oiMx',  this  is  not  a  point  of  Mi. 


t  See  §2.2  and  the  third  note  thereto. 

t  See  W.  A.  Wilson,  On  the  oscillation  of  a  conlinuum  al  a  point,  these  Transactions,  vol.  27  (1925), 
§6,  p.  433. 

§  See  S.  Mazurkiewicz,  loc.  cit.,  p.  123,  lemme. 

II  See  H.  M.  Gehraan,  Irreducible  continuous  curves,  American  Journal  of  Mathematics,  vol.  49 
(1927),  p.  190,  Theorem  3. 

II  See  Remark  at  conclusion  of  this  theorem. 

ft  The  arc  a'p  and  pb'  belong  to  Tx,  while  no  point  of  this  arc  is  on  Tx  a  point  of  order  three 
or  more  (branch  point). 


ft 

« 

ll 
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Then  9c  M^  —  MiCT',  since  M^  is  maximally  connected  in  C—T'.  Then 
qcMrXT'=B'  cT^.  Also,  pqXM,-=0.  Therefore  C-T,  is  not  connected. 
And  if,  contrary  to  our  first  supposition,  some  point  y'  of  ayb  does  not  belong 
to  Ti,  then  y'  belongs  to  an  arc  py'q  of  K  whose  end  points  only  belong  to  Tr, 
and  py'qXMr  =  0.    In  either  case,  C  — Ti  is  not  connected. 

The  points  p  and  q  belonging  to  Tx,  there  is  an  arc  Pq  of  T^.  The  two  arcs 
pq  having  only  their  end  points  in  common,  form  a  simple  closed  curve.  On 
the  arc  pq  of  T^  at  most  a  countable  set  of  points  can  be  branch  points  of  T^, 
and  at  most  a  countable  number  cut  points  of  C.  Let  /  be  an  interior  point 
of  this  arc  which  is  neither  a  cut  point  of  C  nor  a  branch  point  of  T^.  Then  t 
separates  p  and  q  on  Tj.  Also,  Tx  =  Ii+l2;  h  and  h  are  trees,  IiXh  =  t, 
hop,  h^q. 

4.2.  Suppose  C  —  Ii  is  not  connected;  then  C  —  h  =  Mu.-\-Mu-\-  •  •  ■  , 
where  Mii  is  a  component  of  C—/i.  Let  lfiiD/2— /.  Then  Mn s 9,  and  there- 
fore MiiD  f/'?]-!  Also,  /i  has  at  least  one  end  point  of  T^,  and  this  is  a  point 
of  B'  and  therefore  a  limit  point  of  M^-  Then  Mn'^Mx-  Form  /*  =  /i  +  Mi2 
-fMi3+  ■  •  •  ;  C  —  I\=Mu,  and  is  connected.  In  the  same  manner  form  I*\ 
C  —  I*  =  Mii,  and  M21O  {Ii  —  t)+[pq]+Mx.  Then  It  and  /»*  are  two  continua 
neither  of  which  disconnects  C.f 

The  set /i*  +  /2*  is  a  continuum,  since /i*X/2* 3  ^  Moreover,  C  —  (I*+I*) 
cC-{Ii+h)=C-Tx.  But  C-(/i*+/2*)  contains  [pq]  and  M^;  then  it  is 
not  connected.  Suppose  I?Xl*:3t'  distinct  from  /.  Then  /'  is  not  a  point 
of  Mil  or  of  M12  and  therefore  it  cannot  belong  to  h  or  to  /i.  But  there  is  in 
C  —  /  an  arc  t's'  of  which  s',  distinct  from  t,  is  the  only  point  on  T^.  If  s'  c  /i, 
then  s'i'cMn,  if  s'ch,  s't'cMn.  Therefore  Itxl^  =  t,  and  A*  and  I? 
are  two  continua  neither  of  which  disconnects  C,  whose  sum  disconnects  C, 
and  whose  product  is  connected.  This  contradicts  the  Janiszewski-MuUikin 
Theorem. 

Remark.  If  it  is  desired  to  restrict  our  hypothesis  so  that  it  does  not 
comprehend  the  case  that  the  continua  are  points,  it  is  possible  to  reduce 
this  case  to  the  restricted  hypothesis,  for  continuous  curves.  If  x  and  y 
are  two  non-cut  points  of  a  bounded  continuous  curve  C,  such  that  their 
sum  disconnects  C,  there  are  two  arcs  xoy  and  xo'y  in  C  which  have  only 
their  end  points  in  common  so  that  they  form  a  simple  closed  curve  A',  and 
which  belong  to  no  connected  subset  of  C  —  {xy).  Let  /i  and  I^  be  two  arcs  of 
K  which  contain  x  and  y  respectively,  and  are  without  common  point. 


t  The  symbol  [pq]  denotes  pq—p—q.    We  understand  here  that  arc  pq  which  has  no  point  in 
common  with  Mi  and  only  its  end  points  on  Tx. 

X  See  Remark  to  Lemma.   If  C— /,  is  connected,  I*  =  I,{j-  1,  2). 


f 
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Forming  /*  and  I*  as  before,  we  shall  find  that  they  contradict  our  restricted 
hypothesis. 

5.  We  prove  the  following  theorem. 

Theorem  3.  C  is  a  one-dimensional  continuous  curve,  bounded  or  unboun- 
ded, not  a  simple  closed  curve.  Then  C  is  disconnected  by  some  acyclic  subcon- 
tinuous  curve. 

If  C  is  itself  acyclic,  there  is  an  arc  which  disconnects  it.  If  C  contains  a 
simple  closed  curve  A',  precisely  as  before  we  construct  the  acyclic  continuous 
curve  Ti.  Rehearsing  the  argument  of  the  previous  theorem,  we  find  that 
either  T^  disconnects  C,  or  there  are  two  non-cut  points  a'  and  b'  on  K  whose 
sum  disconnects  C.  Since  C  is  not  the  simple  closed  curve  A',  one  of  the  arcs 
a'b'  of  K  disconnects  C. 

Although  for  any  proper  subcontinuous  curve  of  the  plane,  and  whether 
it  is  one-  or  two-dimensional,  the  acyclic  continuous  curve  of  this  theorem 
may  be  replaced  by  an  arc,  I  do  not  know  whether  this  may  be  done  in 
general. 

6.  We  prove  the  following  theorem: 

Theorem  4.  C  is  a  cyclicly  connected]  continuous  curve  satisfying  the 
J aniszewski-Mullikin  Theorem.   Then  C  is  a  simple  closed  surface.X 

No  arc  of  C  disconnects  C.  Suppose  that  L  is  an  arc  xy  of  C  such  that 
C—L  =  Ni+Ni  +  Nz+  •  ■  •  ,  in  maximally  connected  sets,  at  least  two  being 
distinct.   Since  no  point  of  C  is  a  cut  point  of  C,  each  set  Ni  has  at  least  two 

t  See  G.  T.  Whyburn,  and  W.  L.  Ayres,  §1  seventh  note.  Any  two  points  of  a  cyclicly  connected 
continuous  curve  C  belong  to  a  simple  closed  subcurve  of  C;  for  this  it  is  necessary  and  sufficient  that 
C  have  no  cut  point.  The  author  has  devised  a  generalization  of  this  which  is  vaUd  in  compact  metric 
space;  the  proof  of  W.  L.  Ayres  has  not  yet  been  published. 

t  After  this  paper  was  in  the  hands  of  the  editors,  there  was  received  in  this  country  volume  13 
of  the  Fundamenta  Mathematicae.  In  this  volume,  Casimir  Kuratowski  in  an  article  entitled  Une 
characterisation  topologique  de  la  surface  de  la  sph^e  gives  a  most  interesting  demonstration  of  the 
above  theorem.  It  results  from  the  work  of  Kuratowski  that  if  the  Janiszewski-MuUikin  Theorem  be 
expressed  as  two  theorems  (as  is  done  in  the  paper  of  Janiszewski,  loc.  cit.),  then  these  theorems  are 
equivalent  for  bounded  continuous  curves,  with  a  consequent  material  reduction  of  our  hypothesis. 
It  had  seemed,  therefore,  as  if  we  might  well  omit  our  proof  even  though  it  little  resembles  that  of 
Kuratowski  and  is  related  to  a  very  different  body  of  supporting  theorems.  However,  it  will  be  evi- 
dent that  to  our  proof  of  Theorem  6  the  arguments  of  Theorem  4  are  absolutely  essential,  and  that 
we  should  be  obhged  to  reproduce  the  demonstration  of  Theorem  4  almost  in  its  entirety  as  argument 
to  Theorem  6;  for  this  reason  it  is  retained.  And  although  the  methods  of  Kuratowski  would  permit  a 
considerable  simplification  of  our  work,  it  has  seemed  proper  to  acknowledge  that  fact  and  to  leave 
the  manuscript  in  its  original  form. 

In  view  of  the  equivalence  referred  to  above,  only  one  case  needs  to  be  considered  in  Theorem  5. 
For  unbounded  continuous  curves  the  equivalence  does  not  obtain,  but  it  is  still  true  that  Theorem  A 
implies  Theorem  B  (see  Janiszewski,  loc.  cit.).  The  Theorems  5  and  6  are  not  part  of  Kuratowski's 
paper. 
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distinct  limit  points  on  L.  Let  x'  and  y'  be  the  first  and  last  points  on  L, 
in  the  order  xx'y'y,  which  are  limit  points  of  Ni.  Since  C—{x'+y')  is 
connected  it  contains  an  arc  pz,  where  p  is  any  point  of  C  —  {L-\-N^  and 
2  c  [ar'y'].  This  has  a  subarc  pz' ,  z'  being  the  first  point  from  p  on  x'y' .  No 
point  of  pz'  belongs  to  Ni.  Otherwise,  since  p  is  not  in  iVi,  there  is  a  point  n' 
on  pz'  such  that  n'  c  A''i,  and  is  a  limit  point  of  points  not  in  N^.  Then, 
"Ni  —  Ni  being  contained  in  x'y' ,  it  follows  that  n'  is  a  point  of  {x'y']  and  con- 
tradicts our  choice  of  z' .  The  arc  z'p  has  a  subarc  z'p'  of  which  z'  is  the  only 
point  on  L.  Then  z'p'  —  z'  belongs  to  a  single  component  relative  to  L,  not 
Ni]  say  this  is  A^2-  Then  z'  is  a  limit  point  of  N^.  Let  2"  be  any  other  point 
of  L  which  is  a  limit  point  of  A^2.  The  arcs  x'y'  and  2'2"  have  a  common 
subarc;  let  /  be  an  interior  point  of  this  arc.  Then  t  separates  x'  and  y'  and 
also  z'  and  2".  Calling  xt  of  L  the  set  /i,  and  yt  the  set  I^,  we  form  the 
sets  /*  and  I*,  as  in  Theorem  2,  and  obtain  the  same  contradiction  of  our 
hypothesis. 

It  readily  follows  that  if  A"  is  any  simple  closed  curve  oi  C,  C  —  K  h  not 
connected.!  Then  C  —  K  =  M i-\- Mi-\- M z  ■  •  •  ,  in  maximally  connected  sets, 
at  least  two  being  distinct.  Each  set  Mi  has  at  least  two  distinct  limit  points 
on  K.  Suppose  that  the  point  y  of  A'  fails  to  be  a  limit  point  of  Mi.  Then, . 
from  y  in  either  direction  on  K,  there  is  a  first  point  which  is  a  limit  point 
of  Mi;  let  these  be  x  and  2,  and  y'  any  point  of  that  arc  xz  on  K  which  does 
not  contain  y.  Then  Mi  —  Micxy'z.  Therefore  C—xy'z  =  Mi+{[xyz] 
+^i>i  Mi),  and  is  not  connected;  for  Mi  consists  of  interior  points,  and  no 
point  of  the  bracket  can  belong  to  Mi.  But  no  arc  of  C  can  disconnect  it. 
Therefore  every  point  of  A  is  a  limit  point  of  each  of  the  sets  M,;  symbolic- 
ally Mi  —  Mi  =  K.  We  wish  to  show  that  there  are  not  more  than  two  K- 
domains.J 

6.1.  We  adopt  the  following  notation:  Up^  is  any  e-neighborhood  of  a 
given  point  p,  and  the  corresponding  Ups  is  any  5-neighborhood  where  5  is 
so  chosen  that  any  point  of  C  whose  distance  from  p  is  not  greater  than  5  can 
be  joined  to  p  by  an  arc  of  C  of  diameter  less  than  e;  an  arc,  therefore,  which 
is  contained  in  Upt.  Moreover,  if  g  is  any  point  of  Ups  and  we  construct  the 
arc  Pq,  we  shall  understand  that  pq  c  Up,. 

On  A  choose  si.x  points  in  the  order  a'b'oc'd'o'.  Find  [/„-,  and  Ud't 
such  that  Ua',X{b'oc'd'o')  =  Ud'eXio'a'b'oc')=0.  Let  q  be  any  point  of 
Ua'sXMi  and  q'  any  point  of  Uj'sXMi.  Construct  the  arcs  a'q  and  d'q', 
and  in  Mi  any  arc  qq'.   The  sum  of  the  three  arcs  is  a  continuous  curve  and 


t  Compare  C.  Kuratowski,  §3.2  loc.  cit.,  p.  145,  Theorem  2. 
I  A  A'-domain  is  a  component  relative  to  K. 
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contains  an  arc  a'd' .  This  has  a  subarc  amd,  where  m  c  Mi,  such  that  [amd] 
cMi,  acKxUa't,  and  dc KxUdu',  then  we  have  on  K  the  order  ah'oc'do' . 
Similarly  we  construct  the  arc  bm'c,  such  that  [6w'c]  c  M2,  b+c  c  K,  and  we 
have  the  order  ahocdo' .  Then  amd+dc+cm'b  +  ha,  where  dc  and  ba  are  the 
arcs  of  A'  which  contain  neither  0  nor  0' ,  is  a  simple  closed  curve  K" .  If 
we  assume  that  C  —  K  contains  at  least  three  iiT-domains,  Mi,  M^,  and  M3, 
we  shall  show  that  C~K"  is  connected. 

Suppose,  otherwise,  that  C-K"=:M  +  N,  MXN=MXN  =  0.  Since  K" 
has  no  point  in  common  with  M3,  M3  is  connected  in  C  —  K"  and  belongs 
entirely  to  Af  or  entirely  to  A/";  say  AfscM.  Then,  MgcM  c  M+K".  Since 
[ao'd]+[boc]cM3cM  +  K",  and  ([ao'(/]+ [^)oc])  X  A"'  =  0,  it  follows  that 
[ao'd]+[boc]cAI;  [ao'd]  is  that  arc  of  K  which  does  not  contain  0,  and 
[boc]  the  arc  of  /C  which  does  not  contain  0'.  Therefore  Md^Ios  ^i  (i^ 
this  is  not  vacuous),  since  each  Mi{i^3)  is  connected  in  C  —  K",  while  Mi 
D  [ao'<f]+[6oc]  (i^l).  ThereremainsofC-A"thesetAf,-[awJ]  (the case 
for  M2—  [6m'c]  is  similar).  Since  0'  is  a  limit  point  of  M,  and  therefore  of 
Ml—  [amd],  if  Mi—  [amd]  is  connected  it  belongs  to  M.  Let  Mn  be  any 
maximal  connected  subset.  If  any  point  of  [ao'</]+  [boc]  is  a  limit  point  of 
Mu,  Mil  c  M.  Then  every  point  of  K  which  is  a  limit  point  of  Mn  belongs  to 
one  of  the  arcs  ab  or  cd,  and  therefore  to  bamdc.  It  is  seen  that  Mn  is  maxim- 
ally connected  in  C  —  {K+amd)  so  that  it  consists  of  interior  points.  On 
the  other  hand,  every  limit  point  of  Mu  which  belongs  to  Mi  is  contained  in 
Mil +  aw(/,  while  every  limit  point  of  Mu  which  does  not  belong  to  Mi  is 
contained  in  K,  and  therefore  in  ab+cd.  Then  Mn  —  Mncbamdc,  and  C  — 
bamdc  =  Mn  +  H  (it  is  sufficient  to  regard  H  as  defined  by  this  relation)  and  is 
not  connected.  This  is  not  possible.  Then  M  ^  Mu,  and  likewise  every 
maximal  connected  subset  of  Mi—  [amd]  so  that  M  d  Mi  —  [amd].  Similarly 
M ^Mi-  [bm'c],  and  A^  is  vacuous.  Then  C  —  K"  is  connected;  since  this  is 
impossible,  it  follows  that  there  are  precisely  two  A'-domains,  which  we 
shall  call  Di  and  A.  Then  Di-Di  =  K  [i  =  1,  2) ;  in  the  sequel,  Di  =  Mi  (J  =  1, 

2). 

The  arc  [amb]  disconnects  Di.  For  Ji  =  amboa  disconnects  C.  But 
C-Ji  =  iDi-[amb])+[ao'b]+Di,  and  if  Di- [amb]  is  connected,  then 
C—Ji  is  connected.  Moreover,  C—Ji  =  Dn+Dii;  say  that  D2,  contains  a 
point  d'  of  Z>2.  Any  other  point  d"  of  D2  can  be  joined  to  d'  by  an  arc  d'd" 
of  A;  d'd"  is  free  of  points  of  Di  +  K,  and  therefore  of  points  of  /i.  Then 
d'd"  cD.i,  and  consequently  D-n-^  D^.  Then  Ai3  [ao'b].  Therefore  £>ii  is 
a  maximal  connected  subset  of  A—  [amb].  Similarly,  if  1^  =  amb  +  [ao'b], 
C—Ji  =  Dn-\-D-a,  and  A2  is  a  maximal  connected  subset  of  D).—  [amb]. 
Then  A- [aw6]  =  A1+A2+  ■  •  •  ,  and  we  shall  show  that  there  are  not 


756  LEO  ZIPPIN  [October 

more  than  two  such  sets.  For  if  D^^  is  a  third,  Z),3  has  at  least  one  limit  point 
on  [awft],  we  may  suppose  this  to  be  the  point  m,  and  at  least  one  limit 
point  on  A',  since  otherwise  [aw&]  would  disconnect  C.  We  choose  on  [aw6] 
four  points  in  order  ap'q'mr's'b.  We  construct,  as  in  the  foregoing  para- 
graphs, two  arcs  phs  and  qkr,  such  that  [phs]  cDn  and  \qkr]  cDn,  and  we 
have  on  amb  the  order  apqmrsb.  Then,  precisely  as  before,  the  simple  closed 
curve  K"  =phsrkqp,  where  sr  and  qp  are  the  subarcs  of  amb,  does  not 
disconnect  C.  Therefore  if  K  is  any  simple  closed  curve  of  C,  and  Di  is  either 
of  its  domains  in  C,  and  [awJ]  is  an  arc  such  that  [am^]  c  Di  while  a  and  b 
are  on  K  separating  two  points  Oi  and  02,  then  Di—  [amb]  is  the  sum  of  two 
subdomainsf  Dn  and  Da,  and  the  boundaryj  of  Du  is  the  simple  closed 
curve  ambOia{i=l,  2).§ 

6.2.  Let  X  be  any  point  of  A'  and  G"  =^*=i  Gi  a  finite  set  of  subcontinua 
of  C  which  ^e-separate  x  in  C,  €<d(A).||  There  exist  subcontinuous  curves 
Fi(i  =  l,  2,  ■  ■  ■  ,  k)  oi  C  such  that  FiDd,  and  d{Fi)  ^d{Gi)  +  kr",  where 
2r"^r{x,  G")^f«,  and  Ir"  ^r{Gi,  G,),  l^i<j^k.yi  It  is  clear  that  F<  X  F,- 
=  0,  i^^j.  Since G"c  [7,(1/2,. ,  it  follows  that  F"=X,*=i  FicU^,.  By  our 
choice  of  r" ,  the  complement  in  C  of  F"  contains  x.  By  our  choice  of  e,  it 
contains  a  point  x'  of  A  such  that  r{x,  x')  >t,x'  does  not  belong  to  the  Compi 
(rel.  G").tt  Since  F"dG",  C-F"  is  not  connected.  It  is  seen  that  F" , 
which  is  the  sum  of  k  disjoint  continuous  curves,  e-separates  x.X\ 

Suppose  a;' c  Compx(rel.  F,);  i  =  \,  2,  •  ■  ■  ,  k.  We  discard  from  the  se- 
quence of  sets  Fi,  Fi,  ■  ■  •  ,  Fk  any  curve  Fi  (1  ^i^k)  such  that  Fi  does  not 
belong  to  Compx(rel.  F,),  j <i.  We  reverse  the  order  of  the  diminished 
sequence  and  repeat  this  process.  We  then  have  a  sequence  of  sets,  Fi  , 
Fi,  ■  ■  ■  ,  F:  (n^k),  such  that  FI  cCompx(rel.  F/)  if  ir^j.  We  add  to 
each  Fi  the  set  of  all  i^/ -domains  excepting  Compi(rel.  FI),  l^i^n.  The 
resulting  continua,  F*,  F*,  ■  ■  ■  ,  F*,  do  not  disconnect  C.  It  is  clear  that 
E?=,  FroZl,  F/.  Also,  1:.=,  F*^ZL  Fi-  For  if  F,{l^j^k)  is  not 
contained  in  X).'=i  F*,  F,  c  Compx(rel.  FI),  i  =  l,2,  ■  ■  ■  ,n;  and  it  is  readily 
shown  that  F,  cannot  have  been  discarded  from  the  original  sequence  on 


t  Compare  R.  L.  Moore,  On  the  foundations  of  plane  a/talysis  situs,  these  Transactions,  vol.  17 
(1916),  p.  144,  Theorem  27.  _ 

J  The  boundary  of  a  set  X  is  the  setX— X. 

§  In  the  argument  of  §6.1  we  have  made  no  use  of  the  boundedness  of  C.  In  anticipation  of  the 
succeeding  sections,  see  §9. 

II  See  P.  Urysohn,  §3  loc.  cit. 

H  By  the  method  of  §2,  writing  G,-  for  B, 

ft  Read  the  component  relative  to  G"  which  contains  x. 

tX  Compare  with  this  section  G.  T.  Whyburn  and  W.  L.  Ayres,  On  continuous  curves  in  n  dimen- 
sions, Bulletin  of  the  American  Mathematical  Society,  vol.  34  (1928),  pp.  349-360,  Theorems  1  and  2. 
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either  the  first  or  second  traversing  of  that  sequence.  Since  x+x'  c  C— ^^d, 
P*,  C"-X),"=,  Ff  is  not  connected.  But  F(  XF^  =0,  and  F,!  c  Comp,(rel. 
F{).  Since  C-Fi*  =  Comp.(rel.  FO,  F,*Fi  =0.  Then  Ff  c  Comp.(reI.  F^ 
and  F*XF*  =  0.  The  argument  holds  for  any  i  and  j,  1  ^  i <j ^ n.  We  shall 
show  that  the  sum  of  a  finite  number  of  disjoint  continua,  no  one  of  which 
disconnects  C,  cannot  disconnect  C. 

Let  L'  be  any  arc  of  C  joining  a  point  of  Ff  to  a  point  of  one  of  the  other 
continua,  and  L  the  subarc  from  the  last  point  /  on  F*  to  the  first  point  /' 
thereafter  on  any  of  the  other  continua,  say  F*.  Since  L  does  not  disconnect 
C,  and  LxF*=^f,  it  is  clear  that  the  continuum  F*+L  does  not  disconnect 
C.  Similarly,  F*+L  does  not  disconnect  C.  But  the  product  of  these 
continua  is  connected:  {Fi+L)x{F*+L)=^L.  Then  the  continuum 
Ft+L+F*  cannot  disconnect  C.  But  by  this  argument  we  have  estabhshed 
the  first  case  for  an  inductive  proof,  and  reduced  the  number  of  the  continua 
by  one.  Therefore  there  is  a  single  continuous  curve  of  ^;li  Fi  which  sep- 
rates  x  and  x'. 

6.3.  Since  a;  is  a  non-cut  point  of  C,  there  is  a  finite  set  of  arcs  X^"=i  Li 
in  C—x,  which  join  the  continuous  curves  F,  (/ =  1,  2,  •  •  •  ,  n)  to  each  other 
and  to  a:'.  Then  G  =  F"+X!"=i -^i+^j;' is  a  continuum,  and  r(a:,  G)  >0.  Since 
X  is  an  interior  point  of  Compj(rel.  G),  there  is  a  f/^jC  Compi(rel.  G).  Let 
F»  be  the  sum  of  a  finite  number  of  continuous  curves  which  6-separate  x. 
If  y  is  any  point  such  that  r{x,  y)  >  e,  any  arc  xy  of  C  has  at  least  one  point 
in  common  with  F"  cG.  Then  xy  has  a  first  point  g  after  y,  which  is  a  point  of 
G.  If  yg  has  any  point  on  F"  it  has  a  first  point/"  on  F"  such  that  yf"  con- 
tains no  point  of  G.  Since  F"  c  Compi.(rel.  G),yc  Compx(rel.  G)  c  Comp3,(rel. 
F");  but  F"  e-separates  x.  Then  ygXF''  =  0.  Then  y  belongs  to  the  same 
component  relative  to  F"  as  does  G,  and  consequently  as  does  x'. 

There  is,  by  the  preceding  section,  a  single  continuous  curve  F  of  F" 
which  separates  x  and  x'.  But  if  y  is  any  point  such  that  r{x,  y)  >  e, 
y  cCompi'(rel.  /^°)  c  Compx'(rel.  F),  and  F  separates  x  and  y.  Then 
F  e-separates  x.  ki*- ,  1^  C    o^*^ 

6.4.  Then  x  is  an  avoidable  point  :t  i.e.  for  any  e  there  is  a  5,  such  that 
if  y+z  c  Uzi„  there  is  an  arc  yz  of  C—x,  and  diyz)<i.  If  y  and  z  are  chosen 
to  separate  x  and  x'  on  K,  the  arc  yz  has  a  last  point  a  on  a;yx'  and  a  first 
point  b  thereafter  on  xzx',  and  the  subarc  ab  has  only  the  points  a  and  b  on  iiC. 
Then  [ab]  belongs  to  one  of  the  two  A'-domains.  We  can  construct  an  in- 
finite sequence  of  such  arcs  converging  to  x.  An  infinite  subsequence  of  the 
open  arcs  belong  to  the  same  one  of  the  JiC-domains,  say  Du  let  the  sequence 


t  A  "vermeidbarer  Punkt."  See  P.  Urysohn,  §3  loc.  cit.,  Theorem  S. 
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be  fli^i,  02^2,  •  •  ■  ,  Cnbn,  ■  ■  ■  ■  The  arc  a,&i  divides  Di  into  two  subdomains 
such  that  one  of  these,  Dn,  has  the  boundary  aibixai  {K  —  biXaiDx'),  while 
X  is  not  a  limit  point  of  the  other  domain.  Since  the  sequence  of  arcs  converge 
to  X,  and  are  contained  in  Di,  all  but  a  finite  number  of  them  belong  to  Dn. 
Say  02^2  is  the  first  which  is  contained  in  Dn-  Then  (I262  divides  Dn  into  two 
subdomains  such  that  one  of  these, Z)i2,  has  the  boundary  0262^:02  (b^xai  c  bixa^. 
Weconstruct  an  infinite  sequence  ofsuch  domains,  Z?!  3  Z>iidZ)i2  3  Z)i33  ■  •  •; 
the  boundary  of  Z?i„  is  an  arc  a„xbn  of  A'  and  an  arc  a„&„  of 
Di.  Let  y  be  a  point  of  Di  —  Du-  Then  y  is  not  contained  in  any 
£),„  (m  =  1,  2,  •  ■  ■  )•  Suppose  there  is  an  e"  such  that  </(Z),„)>e";  then 
Ilr=i  -^in  defines  a  closed  connected  set  of  diameter  at  least  e".  If  y'  is  any 
point  of  this  set,  every  arc  yy'  of  Di  has  at  least  one  point  in  common  with 
the  boundary  of  every  Din,  and  therefore  at  least  one  point  in  common  with 
the  arcs  a„b„{n  =  l,  2,  ■  ■  •  )  and  consequently  it  must  contain  the  point  x 
since  these  arcs  converge  to  .r.f  But  x  is  not  a  point  of  Di.  Therefore  no  such 
e"  exists,  and  for  any  preassigned  e  there  is  an  w<  such  that  d{Di„)  < « 
when  m^nt. 

6.5.  For  a  preassigned  «,  e  <d{K),  let  Z)i„  be  one  of  the  domains,  defined 
above,  of  diameter  less  than  €.  There  is  a  J,  such  that  UiaXD^cDu. 
Let  F  be  a  continuous  curve  which  dj-separates  x  in  C.  Then  on  each  arc  xx' 
of  K  (the  x'  of  the  preceding  sections),  from  x' ,  there  is  a  first  point/? and  k 
respectively  which  belongs  to  F.  Then  hxkztKxF.  Moreover,  F+hxk  is 
a  continuous  curve.  Also,  F—  [hxk]  is  not  connected,  since  there  are  points 
of  F  in  A  and  in  Din^D,.  Let  J  =  Jixk+FxD2.  Since  FxDo  is  an  open 
subset  of  F  it  consists  of  a  number  of  domains  relative  to  hxk  in  the  curve 
F+hxk;hy  the  Remark  to  the  Lemma,  it  follows  that  7  is  a  continuous  curve. 
The  closed  set  Du  does  not  disconnect  C.  Also  JXDin  =  hxkXa„xb„  and  is 
connected.  But  J +D,„^F.  Since  ;r  and  a;' do  not  belong  to  7^,  there  are  in  Z)2 
a  point  /)cCompx(rel.  F)  and  a  point  9  c  Compi'(rel.  F),  and  (/J+g) 
X(7-(-^j„)  =  0.  Then  the  complement  of  J+D\n  is  not  connected.  Therefore 
J  disconnects  C.  There  are  two  points  it'  and  A:'  of  KxF,  in  order  hh'xk'k, 
such  that  no  point  of  [h'xk']  belongs  to  F.  We  wish  to  show  that  /  —  [h'xk'\ 
is  connected.  Otherwise  it  is  the  sum  of  two  continuous  curves  7i  and  J^. 
We  form  /*  and  ^2*  as  previously,  adding  to  7i  and  to  /j  respectively  those 
respective  Ji-domains  and  72-domains  which  do  not  contain  x,  therefore 
not  A  and  not  x' .  It  follows  readily  (compare  §4.1  and  §6.2)  that  7i*X7*  =  0; 
that  Jt+h'xk' +J*  3  J ,  and  disconnects  C;  moreover,  that  this  is  impossible. 


t  It  is  understood  that  the  set  of  arcs  need  not  be  the  set  originally  defined,  but  a  suitable  sub- 
sequence deterniined  by  the  preceding  construction. 
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Therefore  J—[h'xk']  is  connected.  Then  it  is  a  continuous  curve. f 
There  is  an  arc  k'k'  of  J  —  [h'xk'],  and  this  cannot  be  a  subset  of  K  since  it 
contains  neither  x  nor  x'.  Then  this  has  a  last  point  a'  on  xh'x'  and  a  first 
point  b'  thereafter  on  xk'x',  and  [a'b']cJ  —  JxK  =  FxDtcD2.  Then, 
precisely  as  in  §6.4,  for  any  preassigned  e  we  can  find  a  domain  An,  such  that 
AnCA,  (f(An)<€,  and  D-.n-D2„  =  a^hu  +b^xa^ .  Also,  if  A  contains  any 
sequence  of  which  x  is  the  sequential  limit  point,  all  but  a  finite  number  of 
the  points  of  this  sequence  belong  to  An-J 

From  the  existence  of  the  domains  defined  above,  it  is  clear  that  x  +  Di 
(z  =  l,  2)  is  connected  im  kleinen.  Then  x  is  accessible§  from  Z>,  (/  =  1,  2). 
For  any  preassigned  e"  there  is  a  domain  (see  §6.4  and  the  preceding  para- 
graph) An  of  Di  and  a  domain  An  of  A  such  that  d{Di„)<^€"  (z  =  l,  2), 
KXDin  =  OnXbn  and  K  X  An  =  On  xbn  .  Since  every  point  of  K  (the  arguments 
are  not  peculiar  to  any  point  of  K)  is  accessible  from  each  of  the  domains 
of  K,  and  from  any  domain  of  which  it  is  the  boundary  point  (since  any 
simple  closed  curve  may  replace  K),  we  may  suppose  that  the  arcs  a„x6„ 
and  anxbn  coincide;  i.e.,  a„'  =an=a,  and  &„'  =^b„  =  b.  Let  aoib  be  that  arc  of 
A  which  is  on  the  boundary  of  An,  and  ao2b  the  arc  of  A  which  is  on  the 
boundary  of  An-  Then  K"  =  aoibo2a  divides  C  into  two  domains  Di'  and 
A";  let  Di'  ox.  It  is  readily  seen  that  Di'  contains  [axb]  and  the  two 
domains  An  and  An;  moreover,  that  Di'  =  An+  [aa;6]+An.  Then  d{Di') 
g(f(Z>i„)+rf(An)  <e".  Therefore  K"  €"-separates  x.  Since  every  point  z 
of  C  belongs  to  at  least  one  simple  closed  curve  of  C,  it  follows  that  every 
point  of  C  can  be  e-separated,  for  any  e,  by  a  simple  closed  curve.  This  is  our 
first  assurance  that  the  dimension  of  C  cannot  exceed  two. 

6.6.  Let  o'  be  any  point  of  C,  and  call  C  —  o'  the  space  S.  We  shall  show 
that  5  satisfies  all  the  axioms  of  R.  L.  Moore's  paper ||  and  is  homeomorphic 
with  the  euclidean  plane.1[  Every  simple  closed  curve  R'  of  5  belongs  to  C 
and  divides  C  into  two  domains,  one  of  which  contains  o' ,  the  other  not.  We 
call  the  second  domain,  free  of  o' ,  the  region  RoiS  for  the  simple  closed  curve 
R';  every  point  of  it  belongs  to  5.    The  domain  of  R'  in  C  which  contains 


t  Compare  Theorem  1  of  Gehman's  thesis,  Annals  of  Mathematics,  vol.  27  (1925),  pp.  29-46. 

J  For  the  case  that  C  is  bounded,  the  method  of  this  section,  replacing  Di„  by  D,,  is  applicable 
to  either  domain  of  A'.  The  arguments  are  constructed  to  eliminate  repetition  in  the  treatment  of  the 
unbounded  case;  see  the  first  sections  of  Theorem  6. 

§  See  G.  T.  Whyburn,  Concerning  accessibility  in  tlic  plane  and  regular  accessibility  in  n  dimen- 
sions, Bulletin  of  the  American  Mathematical  Society,  vol.  34  (1928),  p.  509.  The  regularity  of 
accessibility  is  implicit  in  our  method.  Compare  Whybum's  proof. 

II  See  §6.1  loc.  cit.,  p.  131. 

H  See  R.  L.  Moore,  Concerning  a  set  of  postulates  for  plane  analysis  situs,  these  Transactions,  vol. 
20  (1919),  pp.  169-178. 
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o'  is  called  the  exterior  of  the  region  R  in  5.  Every  point  a:  of  5  is  a  point 
;c  of  C  and  can  be  e-separated  in  C,  for  preassigned  e,  by  a  simple  closed 
curve  of  C.  If  r{x,  o')  =  5^,  and  Ri  P^-separates  x  in  C,  then  Ri  does  not 
contain  o'  and  belongs  to  S,  and  the  domain  of  Ri  in  C  which  contains  x 
cannot  contain  o';  therefore  it  is  the  region  Rx  of  5.  Then  every  point  of  S 
belongs  to  a  region  of  S  which  is  of  diameter  less  than  a  preassigned  t. 

6.7.  Let  [K^]  be  a  set  of  regions  of  5  of  diameter  less  than  a  preassigned 
€i,  such  that  every  point  x  of  5  belongs  to  at  least  one  region  of  the  set, 
and  such  that  if  r{x,  o')  =5i,  then  every  region  of  the  set  which  contains  x 
is  of  diameter  less  than  \hz.\  From  the  Lindelof  theorem  it  follows  that  there 
is  a  countable  subset  of  { A''  j  which  covers  5.  We  modify  this  subsequence 
as  follows:  If  A'u  is  the  first  region,  we  discard  from  the  sequence  every 
succeeding,  region  which  is  contained  in  Ku.  If  A' 12  is  the  first  remaining 
region,  we  discard  among  its  successors  (in  the  new  sequence)  all  regions 
which  are  contained  in  A'u  +  Ai;.  Continuing  indefinitely  we  arrive  at  a 
sequence  An,  A12,  •  •  •  ,  A'i„,  ■  •  •  ;  which  cannot  be  vacuous,  since  it  con- 
tains at  least  the  one  region  A'u;  which  covers  every  point  x  of  5,  or  it  is 
readily  seen  that  a  region  of  the  original  set  was  discarded  which  should 
not  have  been;  no  region  of  it  is  contained  in  the  sum  of  the  preceding  re- 
gions; no  region  covers  0'  nor  is  0'  on  the  boundary  of  any  region;  finally,  the 
sequence  cannot  be  finite.  We  construct  a  countable  sequence  of  such  se- 
quences: All,  A12,  ■  ■  •  ,  A21,  A22,  •  •  ■  ,  A„i,  A„2,  •  •  •  ;  where  d{K„i) 
<(l/2)"-i€i,  i  =  l,  2,  •  ■  •  .  We  order  this  countable  set  in  traditional 
fashion:  if  Aj,  and  A,,,  are  two  regions  of  this  set,  A„  precedes  Kp,  if  i+j 
<p+q  while  if  i+j  =  p+q  then  A,-,  precedes  Ap,  if  i  <j.  We  renumber  this, 
A'l,  A'2,  •  •  ■  ,  A„,  and  call  it  our  fundamental  sequence  of  regions. 

Consider  now  any  point  x  of  5.  In  the  set  of  regions X],"- 1  ^^<  every  region 
which  contains  x  is  of  diameter  less  than  J5i  (defined  as  above).  Let  M  be 
the  set  of  points  of  5  whose  distance  from  x  is  not  greater  than  f  5x.  Then 
M  does  not  include  0',  and  is  closed.  Then  in  the  sequence  X)r=i  ^^''  there  is 
a  finite  set  of  regions  which  covers  M.  If  among  the  second  indices  of  this 
finite  set  the  index  m  is  the  largest,  then  M  c^"^^  Ku-  If  now  A^u  {k>tn) 
contains  x,  it  is  clear  that  AucMc^^j"^,  Ai..  Since  this  contradicts  our 
construction  of  the  sequence,  it  is  clear  that  at  most  a  finite  number  of  re- 
gions of  the  first  sequence  can  contain  x.  The  argument  is  valid  for 
any  sequence  Xr=i  ^"i  ("=1>  2,  •  •  •  )•  Then  in  the  fundamental  sequence 
there  are  at  most  a  finite  number  of  regions  which  contain  a  given  point  x 
and  are  of  diameter  greater  than  a  preassigned  e.    From  this,  and  the  con- 


t  This  is  to  be  understood  as  true  for  CTcry  point  in  any  region  of  the  set. 
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struction  of  our  fundamental  sequence,  it  is  readily  shown  that  this  sequence 
satisfies,  for  S,  Axiom  1  of  Moore's  paper. 

The  regions  of  S  are  connected  point  sets;  this  is  Axiom  2.  If  A'  is  any 
simple  closed  curve  of  C  and  x  a  point  of  one  of  the  A-domains,  Di  say,  then 
K-\-D2  (the  other  domain)  does  not  disconnect  C;  therefore  K  +  D^+xf 
cannot  disconnect  C,  and  Di  —  x  must  be  connected.  But  the  exterior  of  a 
region  5  is  some  domain  of  C  minus  the  point  o'.  Then  the  exterior  of  a 
region  of  5  is  connected  (Axiom  3). J  A  region  and  its  boundary  is  a  closed 
and  bounded  subset  of  a  continuous  curve;  therefore  it  has  the  Heine-Borel 
property  (Axiom  4).  Any  sequence  of  points  of  S  such  that  the  same  sequence 
on  C  has  the  sequential  limit  point  o',  has  on  5  no  limit  point  (Axiom  5). 
The  Axioms  6  and  7  are  readily  derived  from  the  existence  of  the  domains 
defined  in  §6.4  and  §6.5.  By  our  definition,  every  simple  closed  curve  of  5 
determines  a  region  of  5  (Axiom  8). 

6.8.  Then  S  is  homeomorphic  with  the  euclidean  plane. §  But  this  is 
homeomorphic  with  the  complement  on  the  surface  of  a  sphere  S'  of  a  single 
point  0  of  S'.  Then  C  —  o'  is  homeomorphic  with  S'  —  o,  and  the  homeomor- 
phism  must  extend  to  C  and  to  S',  if  we  merely  add  to  it  that  it  transforms 
o'  into  0  and  reciprocally.  Therefore  C  is  a  simple  closed  surface,  and  the 
theorem  is  proved. 

7.  If  T  is  an  acyclic  continuous  curve,  bounded  or  unbounded,  there  is 
in  r  a  unique  arc  xy  for  any  two  given  points  x  and  y.  Then  if  /i  is  a  subcon- 
tinuum  of  T  which  separates  x  and  y  it  must  contain  at  least  one  point  of  this 
arc.  Therefore  if  /i  and  /o  are  two  continua  of  T  neither  of  which  separates 
X  and  y,  their  sum  cannot  separate  x  and  y.  It  follows  that  if  /i  and  h  are 
two  continua  of  T  neither  of  which  disconnects  T,  their  sum  cannot  dis- 
connect T.  On  the  other  hand,  the  product  of  two  continua  of  T  is  always 
connected  (or  vacuous).  Therefore  T  may  be  said  to  satisfy  the  Janiszewski- 
Mullikin  Theorem.  But  since  T  never  contains  two  continua  whose  product 
fails  to  be  connected,  we  shall  say  that  it  satisfies  this  theorem  vacuously. 
It  is  clear  that  no  continuous  curve  which  contains  at  least  one  simple  closed 
curve  can  satisfy  this  theorem  vacuously,  in  the  above  sense. 

8.  We  prove  the  following  theorem. 


t  See  Remark  to  Theorem  2.  A  similar  argument  obtains. 

J  In  a  later  connection  it  will  be  observed  that  this  argument  is  valid,  even  if  C  is  unbounded, 
provided  A  is  bounded.  Moreover,  this  is  the  only  case  that  need  concern  us,  since  regions  of  5  are 
bounded.  See  the  first  sections  of  Theorem  6. 

§  See  §6.6  second  note. 


762  LEO  ZIPPIN  [October 

Theorem  S.  C  is  a  continuous  curve  satisfying  non-vacuously  the  Janis- 
zewski-Mullikin  Theorem.  Then  the  maximal  cyclicly  connected  continuous 
curves  of  C  are  simple  closed  surfaces.] 

Since  C  cannot  be  an  acyclic  continuous  curve,  let  K  be  any  simple  closed 
subcurve  and  /  the  maximal  cyclicly  connected  continuous  curve  of  C 
which  contains  A'.  If  7  is  C  our  theorem  is  proved.  We  shall  show  that  / 
satisfies  the  Janiszewski-Mullikin  Theorem.  There  are  two  cases  to  consider. 

(1)  Suppose  that  7i  and  I-,  are  two  subcontinua  of  /  neither  of  which 
disconnects  /  and  such  that  /1  +  /2  disconnects  /  although  A  X/2  is  connected. 
We  form  /*,  as  previously,  adding  to  h  all  components  in  C  relative  to  it, 
excepting  that  one  which  contains  J  —  h;  also,  I*  by  adding  to  1 2  all  com- 
ponents of  C  —  I2  excepting  that  one  which  contains  J  —  I2.  Then  if  p  and  q 
are  points  of  7  — (/1  +  /2)  not  in  the  same  component  in  J  relative  to  (/1+/2), 
neither />  nor  g  belongs  to  (/i*+/2*),  and  therefore  C-{Ii+I*)  is  not  con- 
nected. Since  I*Xl*  3 /i X/2,  and  7i X/2  is  connected,  to  show  that  /,* X/2* 
is  connected  it  will  be  sufficient  to  show  that  if  m  is  any  point  of  I*Xl* 
there  is  a  connected  set  H,  such  that  mcH  c 7* X/2*  and  77  has  at  least  one 
limit  point  on  7i  X 72.  If  m  c  7i  X  72,  let  H  =  m.  Suppose  then  that  m  is  not  a 
point  of  7i.  Since  mcl*,  while  J  —  hcC  —  I*,  m  is  not  a  point  of /  — 7i 
and  therefore  not  a  point  of  /.  Then  m  belongs  to  a  component  H  relative 
toJinC.  Then  77  has  a  single  limit  point  w' on /.  llm'  cJ  —  h,  {J  —  Ii)+H 
belongs  to  one  component  of  C  — 7i,  and  H  and  therefore  m  cannot  belong  to 
7*,  since  this  component  is  not  added  to  7i.  Therefore  m'  c  7i.  Similarly 
m'  cIi.  Then  the  component  of  C  — 7i  containing  J  —  I\  cannot  also  contain 
B.  since  every  connected  set  which  has  a  point  on  J  —  I\  and  a  point  on  E 
must  contain  m'{ox  we  find  in  the  complement  of  7  a  connected  set  which 
has  two  limit  points  on  7;  this  is  not  possible). J  Then  U  must  have  been 
added  to  7i  and  77  c  7i*.  Similarly,  E  c  7:*,  and  77  c  I^xl*.  Then  we  have 
found  in  C  two  continua,  7*  and  72*,  neither  of  which  disconnects  C,  whose 
product  is  connected  and  whose  sum  disconnects  C.  But  C  satisfies  the 
Janiszewski-Mullikin  Theorem. 

(2)  Suppose  that  7i  and  72  are  subcontinua  of  /  such  that  J  —  Ii  and  /  — 12 
are  connected,  that  7iX72  is  not  connected,  but  that  /  —  (7i-|-72)  is  connected. 
We  form  7i*  and  7^*  as  above.  If  I*Xl*  is  connected,  it  contains  an  irre- 
ducible continuum  G  which  contains  p  and  q  of  hXh,  and  p  and  q  belong  to 


t  A  maximal  cyclicly  comiected  continuous  curve  7  of  C  is  a  cyclicly  connected  continuous  sub- 
curve  7  of  C  and  is  unique  for  a  given  simple  closed  curve  K  of  C.  The  components  in  C  relative  to  J 
have  a  single  limit  point  on  /.  See  G.  T.  Whyburn,  §1  loc.  cit. 

I  See  G.  T.  Whyburn,  above.  Theorem  2. 
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no  connected  subset  of  IiXh-  Then  G  cannot  belong  to  /i x/2-  Say  m  of  G 
is  not  a  point  of /i X/2-  As  in  the  iirst  case,  mcH cI*Xl*,  and  5  is  a  com- 
ponent of  C— /.  Then  G  —  (GxH)  is  not  vacuous  since  it  contains  p+q,  is  a 
proper  subset  of  G  since  it  fails  to  contain  m,  and  is  closed  because  GxH 
is  an  open  subset  of  G.  If  G-{GxH)=M+N,  MXN  =  MXN  =  0,  let  M 
contain  m',  where  m'  is  the  unique  limit  point  which  H  has  on  J;  this  is  a 
point  of  G,  since  every  continuum  joining  m  and  p  must  contain  m'.  Then 
G=^(AI+GxH)  +  N  and  is  not  connected .  Therefore  G  —  (G X /?)  is  a  proper 
subcontinuum  of  G  joining  p  and  q,  although  G  was  assumed  irreducible  bet- 
tween  p  and  q. 

If  now  mis  a.  point  of  C  — (/i*+/2*)  it  belongs  to  C  — (/1-I-/2),  and  there- 
fore either  to  J  —  ih  +  Ii)  or  to  a  component  H  oi  C  —  J  which  has  a  single 
limit  point  m'  on  /  — (/1+/2);  and  therefore  the  complement  of  {I*  +  I*) 
is  connected. t 

9.  We  prove  the  following  theorem: 

Theorem  6.  C  is  a  cyclicly  connected  unbounded  continuous  curve  satis- 
fying the  Janiszewski-Mullikin  Theorem.  Then  C  is  homeomorphic  with  the 
complement  on  a  simple  closed  surface  of  a  closed  and  totally  disconnected  point 
set. 

It  is  not  possible,  given  an  arbitrary  continuum  X  such  that  C  —  X  is  not 
connected,  to  form  the  continuum  X*  which  does  not  disconnect  C  and  to 
argue  a  contradiction  on  X*  as  we  did  in  the  preceding  theorems.  For  it 
may  happen  that  A^*  is  unbounded,  and  our  hypothesis  is  not  applicable. 
We  can  anticipate  our  use  of  this  process  so  that  it  is  available  when  we  have 
need  of  it. 

If  ab  is  an  arc  of  C  such  that  C  —  ab  is  not  connected  and  if  q  is  any  point 
of  [ab]  either  aq  or  qb  must  disconnect  C.  If  ab  is  expressed  as  the  sum  of  any 
finite  number  of  arcs,  two  of  which  have  at  most  an  end  point  in  common, 
at  least  one  of  these  arcs  disconnects  C.  But  for  any  preassigned  e,  ab  can 
be  expressed  as  the  sum  of  a  finite  number  of  arcs  no  one  of  which  is  of 
diameter  greater  than  e.  We  can  construct  a  sequence  (/)  of  such  arcs,  each 
a  subset  of  the  preceding,  which  converge  to  a  point  s  of  ab  (z  may  be  aor  b). 
Since  the  number  of  unbounded  a6-domains  is  finite,  there  is  a  finite  set  L" 
of  arcs  of  C  — s  which  join  all  of  these  domains.  There  is  an  arc  of  the  se- 
quence (0,  call  it  xy,  such  that  xyXL"  =  0.    Relative  to  xy  there  is  a  single 


t  Owing  to  the  length  of  this  paper  it  has  seemed  advisable  to  oniit  details  which  are  essentially 
repetitions  of  previous  argument,  or  too  readily  supplied  by  one  familiar  with  the  field  of  analysis 
situs. 


764 


LEO  ZIPPIN 


[October 


unbounded  domain;  call  this  iVi.  For  this  arc  xy^  the  argument  of  §6  is  valid 
for  C  unbounded.  Then  §6.1  is  also  valid  (see  §6.1  third  note). 

If,  now,  X  is  any  point  of  a  simple  closed  curve  K  of  C,  we  e-separate  x 
in  C  by  the  sum  of  a  finite  number  of  continuous  curves,  precisely  as  in  the 
first  paragraph  of  §6.2.  By  the  argument  of  §6.3,  omitting  the  last  paragraph, 
we  find  for  x  a  corresponding  e-separating  set  relative  to  which  there  is  a 
single  unbounded  domain,  and  this  contains  the  point  x'  of  that  argument. 
For  this  e-separating  set  the  arguments  of  §§6.2,  6.3,  6.4,  and  6.5  are  valid 
independently  of  the  boundedness  or  unboundedness  of  C.  We  define  a 
region  of  C,  for  the  simple  closed  curve  R'  of  C,  as  the  bounded  domain 
if  it  exists  of  R'.  Replacing  S  by  C,  and  omitting  all  reference  to  the  point  o', 
the  arguments  of  §§6.6  and  6.7  are  valid  to  show  that  C  satisfies  all  the  axioms 
of  Moore's  paper  except  the  eighth.  In  general,  there  will  be  simple  closed 
curves  of  C  both  of  whose  domains  on  C  are  unbounded;  these  determine  no 
region  in  the  sense  of  our  definition.  However,  if  i?  is  a  region  of  C  and  K'  is 
any  simple  closed  curve  oi  R,  K'  has  a  bounded  domain  and  determines  a 
region  which  is  a  subset  of  R.  It  is  seen  that  R  satisfies  all  the  axioms  of 
Moore's  paper,  and  is  homeomorphic  with  the  plane.  When,  therefore,  our 
arguments  are  confined  to  a  region  of  C  we  are  at  liberty  to  avail  ourselves  of 
any  plane  theorem. 

9.1.  We  shall  show  that  if  o'  is  a  point  and  F  a  continuum  (bounded) 
which  does  not  contain  o',  there  is  a  finite  set  of  simple  closed  curves  of  C 
which  separate  o'  and  F,  and  whose  upper  distance  from  F  does  not  exceed  a 
preassigned  «.  Cover  F  by  regions  {K]  oi  diameter  less  than  e,  such  that 
none  of  these  contains  o'  or  has  o'  on  its  boundary.  There  is  a  finite  covering 
set  A'l,  A'2,  ■  •  •  ,  A'„,  whose  boundaries  we  denote  by  K{ ,  Ki ,  ■  ■  •  ,  KJ . 
Let  i^"=Zr=i  ^M  and  K"  =Y.7^^  KI ;  then  F"z>F,  and  K"oF"-F". 
Let  £r  =  Comp„.(rel.  F"),  and  let  x  be  any  point  of  HXK".  Let  R^  be  a 
region  of  C  containing  x,  such  that  Rz  does  not  contain  0'  nor  all  points  of 
any  of  the  set  K"  of  simple  closed  curves,  and  let  i?  be  a  subregion  of  Rx 
containing  x,  such  that  RcR^.  We  shall  regard  Rx  as  a  eucHdean  plane  to 
the  extent  that  we  are  free  to  use  within  it  plane  theorems;  when  convenient, 
we  shall  think  of  it  as  a  region  of  C. 

Consider  J  =  R'+RxK";  it  is  a  continuous  curve. f  Since  every  point 
k  oi  RXK"  belongs  to  a  simple  closed  curve  of  K"  not  every  point  of  which 
is  contained  in  R,  k  is  interior  to  an  arc  hkm  of  K"  such  that  h  and  m  are 
distinct  points  on  R' ,  and  [hkm\  cRxK".    It  readily  follows  that  /  is  cy- 


t  See  the  argument  on  the  /  of 
our  definition  of  region. 


6.S;  R'  is  the  boundary  of  R  and  is  a  simple  closed  curve,  from 
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clicly  connected.  Let  r{x,  R')=px;x  is  a  sequential  limit  for  points  Xi,  Xi, 
^3,  •  ■  •  »  ^n;  ■  ■  •  I  of  SXRxUx(,i/2)f^.  Each  point  Xn  can  be  joined  to  o' 
by  an  arc  of  H,  and  this  has  a  subarc  XnX^  such  that  x„x^  —Xn  cR,  while 
Xn  c  R'.  Then  d{x„Xn  )  ^ 5px.  It  is  seen  that  every  point  oi  HxRX  11^/2)^^ 
belongs  to  a  complementary  domain  of  /  in  R^  consisting  of  points  oi  RxH, 
and  of  diameter  at  least  ^pz.  By  a  theorem  due  to  Schoenflies,  at  most  a 
finite  number  of  these  can  be  distinct.  Then  x  is  on  the  boundary  of  at  least 
one  complementar>-  domain  Dj,  of  /  (in  R^),  and  DxcHxR;  the  boundary 
of  Dx  is  a  simple  closed  curve. f  This  simple  closed  curve  being  a  subset  of  / 
contains  no  point  of  H  which  is  not  a  point  of  R' .  On  the  other  hand,  it  must 
contain  at  least  one  point  of  HxR',  since  HoDx+o'  and  is  connected. 
Then  there  is  an  arc  [pxq]  c  TlXRXK",  and  p+qcR',  this  arc  being  a  sub- 
set of  the  boundary  of  Dx.  li  x  is  on  the  boundary  of  another  comple- 
mentary domain  Bx  of  /  consisting  of  points  of  H  and  R,  choose  the  points 
d  in  Dx  and  b  in  Bx-  There  are  arcs  dx  and  bx  such  that  dx  —  x  c  Dx,  and  bx—x 
c  Bx.  There  is  an  arc  db  of  H,  which  may  be  supposed  to  have  only  the 
points  d  and  b  in  common  with  dx+xb.X  Then  Q'  =  db+bx+xd  is  a  simple 
closed  curve  oi  H+x.  Since  every  arc  of  R  joining  a  point  of  dx—x  to  a  point 
of  bx  —  x  must  contain  at  least  one  point  of  J  —  R'  cK",  it  follows  from  the 
existence  of  the  arcs  defined  in  §§6.3  and  6.4  that  there  are  points  of  K"  in 
each  of  the  ^'-domains  on  C.  Since  x  is  the  only  point  of  K"  on  Q',  it  follows 
that  there  is  at  least  one  simple  closed  curve  of  K"  in  each  Q'-domain  (except- 
ing perhaps  the  point  x);  therefore  at  least  one  region  of  F",  and  therefore 
at  least  one  point  of  F  in  each  Q'-domsdn.  But  Q'  contains  no  point  of  F, 
and  F  is  connected.  This  is  clearly  not  possible.  If,  now,  (x.)  is  a  set  of  points 
of  HXK"xRxUxii/2)f,^  of  which  x  is  the  sequential  limit  point,  each  of  these 
is  on  the  boundary  of  a  complementary  domain  of  /  consisting  of  points 
of  HxR.  But  in  a  sufficiently  small  neighborhood  of  x  there  are  points  of 
only  one  such  domain,  D^.  Then  all  but  a  finite  number  of  the  points  of 
(ar.)  belong  to  the  boundary  of  Dx,  and  in  consequence  to  pxq. 

Then  it  is  seen  that  a;  is  of  order  two  on  HXK".  But  x  belongs  to  a  max- 
imal connected  subset,  necessarily  closed,  of  HXK";  call  this  A'/.  It  is 
apparent  that  every  subcontinuum  of  K"  is  a  continuous  curve.  Therefore 
A'i  is  a  continuous  curve.  Since  every  point  of  it  is  of  order  two,  Kx  is  a 
simple  closed  curve.  Then  HXK"  is  a  set  of  simple  closed  curves.  If  the 
number  of  these  is  not  finite,  let  {x')  be  a  set  of  points  of  HXK"  not  more 


t  See  G.  T.  Whyburn,  §1  loc.  cit.,  p.  37,  Theorem  10. 

t  This  is  not  essential,  although  convenient.    Compare  R.  L.  Moore,  §6.1  first  note,  p.  147, 
Theorem  32. 
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than  a  finite  number  of  which  belong  to  any  single  simple  closed  subcurve. 
Then  iix'  is  any  limit  point  of  this  set,  x'  c  HXK",  and  therefore  to  a  simple 
closed  curve  Kzf  cHXK".  But  in  a  sufficiently  small  neighborhood  of  x' 
every  point  of  HxK"  belongs  to  an  arc  p'x'q'  of  KJ ,  and  therefore  in- 
finitely many  of  the  points  of  {x')  belong  to  this  arc.  This  contradicts  our 
choice  of  {x').  Therefore  TlXK"  is  a  finite  set  of  simple  closed  curves.  It 
is  readily  seen  that  HxK"  separates  o'  and  F.  | 

9.2.  We  form  the  inverse  C*  of  C  with  respect  to  a  center  of  inversion 
?  which  is  a  point  of  the  embedding  euclidean  space  but  not  of  C.  In  C* 
we  choose  a  ^e-separating  set  F*  =Yi,"i^i  F*  for  v,  such  that  2e<d(C*). 
Let  0*  be  a  point  of  C*  such  that  r{o*,  v)  >  e.  Then  F*  does  not  contain  o* 
and  separates  o*  and  v.  Consider  on  C  the  corresponding  point  o,  and  the 
corresponding  finite  set  of  continua  .P'=2Z;'=i  ^'-  ^Y  the  preceding  section 
there  is  a  finite  set  of  simple  closed  curves  which  separate  o  and  Fi,  and  are 
at  an  upper  distance  from  Fi  not  greater  than  5',  where  5'  is  chosen  (as  is 
possible  since  inversion  is  a  (1,  1)  reciprocal  bicontinuous  transformation  of 
C  into  C*  —  v)  so  that  the  corresponding  simple  closed  curves  on  C*  are  at  an 
upper  distance  from  F*  less  than  le.  It  is  clear  that  these  curves  are  contained 
in  U^*.  Inductively  there  is  a  finite  set  of  simple  closed  curves  Ku,  Kn,  ■  ■  ■ , 
Kin,  which  separate  o  and  F,  such  that  the  corresponding  set  A'i*=^"ii  ^u 
is  contained  in  f7„*.  Since  every  arc  o*v  contains  at  least  one  point  of  F*, 
it  has  (from  o*)  a  first  point/*  on  F*.  The  corresponding  arc/o  on  C  contains 
at  least  one  point  of  A'i=X)"Li  Ku,  and  therefore /*o*  contains  at  least  one 
point  of  A'*.  Therefore  A*  separates  o*  and  v.  Let  jl/*  =  Comp„(rel.  A*). 
We  define  a  sequence  of  sets,  A*,  K*,  K*,  ■  ■  ■  ,  K*,  •  ■  •  ,  of  simple  closed 
curves  (Am*=Xl"="'i  Am*)  such  that  the  sequence  converges  to  v,  each  set 
separates  o*  and  v,  and  M*  =  Comp„(rel.  A„*)3M* +i-|-A* +i.  If  11,7=1 
.1/ *  3  d'  distinct  from  v,  every  arc  o*v'  contains  v;  but  v  is  not  a  cut  point  of 
C*.  Thenn:=i^^n*='^. 

9.3.  We  may  suppose  that  no  «i  —  1  of  the  simple  closed  curves  of  K* 
separate  o*  and  v  (similarly  for  Am*).  Consider,  now,  on  C  a  region  Ra 
containing  o,  such  that  Ro  =  Ra+K<,  (a  simple  closed  curve)  has  no  point  in 
common  with  A'l  =S"Li  A'l,.  Then  Ai  lies  in  E,  the  exterior  of  Aq.  For  each 
curve  A'l,  (J  =  l,  2,  ■  ■  •  ,  Wi)  we  call  its  "region"  Rn  that  one  of  its  domains 
which  does  not  contain  0.  It  is  readily  seen  that  ^JL,  Ai,c£.  Let£— ^^"i, 
Ru  =  E-YZ,  {Ru+Ku)=Do.  Suppose Do  =  M+N,Sind MX N  =  MXN  =  0. 
Every  point  of  Ao  is  a  limit  point  of  E,  but  not  of  X"Li  Ru-  Then  every  point 
of  Ao  is  a  limit  point  of  Do-  Suppose  x  of  Ao  is  a  limit  point  of  M.  There  is  a 
subdomain  D^  of  E  which  has  no  point  in  common  with  ^Z^ii  ^H)  ^.nd  whose 
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boundary  has  in  common  with  A'o  an  arc  axb.j  Then  every  point  of  Z?i 
belongs  to  Do,  and  since  D^  is  connected  and  x  a  limit  point  of  it,  Dx^M. 
Then  every  point  of  [axb]  is  a  limit  point  of  M  and  not  of  A^.  From  the  con- 
nectedness of  A'o  this  is  seen  to  be  true  for  every  point  of  A'o.  If  Ai„_  has  any 
point  in  Aii,|  since  A'i„_xA'u  =  0,  it  is  seen  to  be  a  subset  of  Rn  and  An 
separates  o  and  A'i„,.  Then  every  arc  o^„,,  where  ^„_  is  any  point  of  Ai„,, 
has  at  least  one  point  on  An  and  the  corresponding  arc  o*k„f  on  C*  has  at 
least  one  point  on  An*;  then  2"'=i'  A'l*  separates  o*  and  v.  Then  it  follows 
that  A'i„,xAn  =  0.  Itisseenthat  Ai„,x(Z)"'r,'  ^i.)  =  0.  Then,  precisely  as  for 
Ao,  every  point  of  Ai„,  is  a  limit  point  of  M  and  not  of  N  or  vice  versa.  Simi- 
larly for  any  A'l,  (1  ^i^tii).  We  may  suppose  that  every  point  of  X]r=i  ^i' 
(w^Mi)  is  a  limit  point  of  M  and  not  N,  while  every  point  of  YlT=m+i  ^i' 
(this  is  vacuous  if  m  =  ni)  is  a  limit  point  of  A''  and  not  M.  Then 

C=     Ro+   T,Ru  +  M\  +  \      JIRu  +  n] 

1=1  J  L    i=m+l  J 

and  is  not  connected.  Therefore  Do  is  connected.  It  is  seen  that  Ci  =  Ao+Z)ois 
connected.  § 

Let  m*  be  any  point  of  Comp„*(rel.  A*), on  C*.  If  the  corresponding  point 
w  on  C  belongs  to  J^-lj  An,  every  arc  mo  has  at  least  one  point  on  A'l  and 
the  corresponding  arcs  on  C*  have  at  least  one  point  on  A*.  Therefore  m  c  Ci. 
It  is  seen  that  C*,  corresponding  on  C*  to  Ci,  is  the  Comp„*(rel.  Af).  Since 
S"L2  ^'i«*  does  not  separate  o*  and  v,  there  is  an  arc  o*v  in  C*  —^"'=2  ^^i'  ^^'^ 
this  arc  has  at  least  one  point  in  common  with  An*.  Then  there  is  a  point 
k*  on  o*v  such  that  {vk*-k?)  XAi*=0.  The  aVc  vk*  corresponds  on  C  to  a 
ray  with  the  single  point  ki  of  An  on  A'l.  Then  this  ray  has  no  point  in 
common  withX)"L2  ^u  2,nd  cannot  belong  to  Da  which  is  bounded  ;||  therefore 
it  belongs  to  An  which  is  therefore  unbounded.  Then  the  corresponding  set 
An*  on  C*  contains  v,  and  An*  c  A/,*  =  Comp„(rel.  A,*).  Similarly  Mf  sE":^ 
Aif,  and  it  is  seen  that  C*  =  C,*  + Ai*  +  Mi*.  Inductively,  if  C*  =  Comp„* 
(rel.  K*),  C*  =  C*+K*+M*.  Since  11,?=.  (A„*  +  M„*)  =v,  it  follows  that 
C*  =Zr=i  C*.  Then  C  =Zr=i  C„,  where  C„  is  the  set  on  C  corresponding  to 
C*,  and  is  the  Comp„(rel.  A'„). 

9.4.  Returning  to  C,  we  may  suppose,  purely  for  its  convenience,  that  tii 
of  the  preceding  sections  is  equal  to  two:  then  C  =  Ci  +  Ki+2li=i  ^'"  where 

t  Compare  the  domains  constructed  in  §§6.3  and  6.4. 
X  The  argument  is  general,  the  subscripts  merely  convenient. 

§  Combining  this  result  with  that  of  §9.1  it  is  readily  found  that  HXK"  oi  that  section  is  a 
single  simple  closed  curve. 
II  It  is  seen  that  D\  C  C*. 
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ivi=Xl;=i  ^i-'  ^^i^"^  Ci  =  Ro+Do+Ko.  We  construct  the  arc  ^i^u :  [^i^n]  cDo, 
kicKo,  kncKn.  If,  now,  Do-kikn  =  M  +  N,  MXN  =  MXN  =  0,  by  an 
argument  parallel  to  that  of  the  preceding  section,  it  follows  that  C  —  kikn 
=  M"  +  N",  where  M"  =  M,  N"  d  N,  and  either  {K^-h)  c  M  and  (Ka-ki) 
XiV  =  0,  or  vice  versa;  similar  relations  obtain  for  A'l  — ^u,  and  for  K2. 
Since  no  arc  disconnects  C,  it  follows  that  Do  —  kikn  is  connected.  We  con- 
struct an  arc  ^2^12:  [^2^12]  cDo  —  kikn,  kiCKo,  ki2  c  A'12.  As  above,  we  deduce 
that  -Do— Xli=i  ^i^ii  is  connected.  Let  bi  and  bi  be  points  of  A'o  separating 
^1  and  ^2  on  A'o,  and  6162  an  arc  of  Z^o— Si=i  kiku',  let  k"  be  any  point  of 
bib2.  The  simple  closed  curve  bik"b2kibi  separates  An +  (^11^1  —  ^1)  from 
Kii+knki  and  from  0.  Then  its  "region"  A"  (in  the  sense  of  that  domain 
which  does  not  contain  o)  contains  An.  Similarly  the  "region"  A'^  of 
bik"b2hbi  contains  A'12.  It  is  seen  that  A^dAh,  and  that  R^dRu.  Then 
R^'—{Ru+[kiku])  is  connected,  by  the  first  part  of  §9.3,  and  contains  an 
arc  bibu  where  bu  is  a  point  of  A'u  distinct  from  ku  (^'  =  1,  2). 

Consider  a  sphere  5  in  euclidean  three-space.  Let  Jo  be  any  great  circle 
on  S,  and  ^0  a  hemisphere  of  Jo  on  S.  On  the  other  hemisphere  of  5  choose 
two  circles  /n  and  Jn,  calling  Qn  and  ^12  those  respective  domains  which  do 
not  contain  ^0.  We  complete  on  S  the  configuration  above,  writing  /  for  K, 
j  for  k,  Q  for  A,  a  for  b,  and  5  for  C,  and  preserving  the  subscripts.  If,  on 
C,  Or  is  any  point  in  the  exterior  of  Ao,  there  is  a  sequence  of  simple  closed 
curves,  eachf  of  which  separates  Or  and  Ao,  which  converge  to  A'o-  It  is 
readily  found  that  the  domains  of  these  simple  closed  curves  converge  to  Ao, 
and  that  there  is  a  first,  therefore,  which  is  bounded.  Then  Aq  is  interior  to 
some  region  of  C  and,  this  being  homeomorphic  with  the  plane,  Ao  is  homeo- 
morphic  with  the  interior  and  boundary  of  a  plane  circle.  Then  there  is  a 
homeomorphism  To'.    To{Ro)  =Qo,  and  To{Ko)  =Jo- 

On  A'n  choose  two  points  ri  and  r^  separating  ^n  and  bu  (on  5  replace  r 
by  q),  and  let  ri  be  the  point  such  that  the  subdomain  Am  of  A"  corresponding 
to  the  simple  closed  curve  bikikufibnbi  does  not  contain  An.  By  the  method 
of  Moore's  paper, J  there  is  a  homeomorphism  Tn  which  transforms  Am  into 
Qui  (the  corresponding  domain  on  S),  and  preserves  the  correspondence  ^o 
on  the  arcs  61^1  of  Ao  and  a\j\  of  Jo-  Similarly,  there  is  a  homeomorphism 
T12  which  transforms  the  subdomain  A112  determined  by  the  simple  closed 
curve  bibxir^knkybibi  into  Qxa  (on  S),  and  determines  a  correspondence  of  their 
boundaries  which  reduces  to  To  along  k\b\  of  A'o  and  to  Tu  on  the  arcs  k\kn 
and  bibnoi R'ni.  Inductively,  we  define  a  transformation  2"i=^J^,  Tu  such 


t  See  §9.3  third  note. 
X  See  §6.6,  second  note. 


1929]  THE  JANISZEWSKI-MULLIKIN  THEOREM  769 

that    (ro+ri)(Ci)=5,,    mKo)  =  T,{Ko)=Jo,    and    Tr(Ku)=Ju,    ^  =  1,    2. 

9.5.  From  the  relation  on  C*,  XLi  Ru=M*^M^+Kt,  it  follows  that 
on  C  the  Ra  {i  =  l,2,  ■  ■  ■  ,  W2)  fall  into  groups  each  contained  within  a  single 
Ru  (i  =  1,  2).  Then  for  Ku  and  those  curves  of  A"2=X)rli  ^a  which  belong 
to  Ru  the  construction  of  the  corresponding  homeomorphism,  for  the  set  of 
simple  closed  curves  in  Qn  on  S,  does  not  differ  from  the  method  we  have  set 
forth.  We  construct  on  5  a  sequence  of  sets  of  simple  closed  curves  Jo, 
J\,  J2,  ■  ■  -  ,  corresponding  to  the  sequence  Ko,  Ki,  K2,  ■  ■  ■  on  C,  each  set  on 
5  having  that  relation  to  the  "regions"  on  5  determined  by  the  previous  set, 
which  obtains  for  the  sequence  on  C.  We  choose  the  curves  on  S  of  diameters 
converging  to  zero,  so  that  there  is  defined  on  5  a  closed  and  totally  dis- 
connected point  set  B.  We  define  S„  =  Comp„'(rel.  7„),  where  0'  is  a  point  of 
Qo',  it  is  seen  that  S  —  B=^'^y  S„.  Inductively,  as  above,  we  construct  a 
sequence  of  homeomorphisms,  To,  Ti,  ■  ■  ■  ,  T„,  r„_^,,  •  •  •  ,  such  that 
(Z:=o  Ti)iCn)  =Sn,  and  r„(A'„)  =  r„+,(A'„)  =/„.  It  is  seen  that  r=Er=o  Ti 
is  a  homeomorphism  of  C  into  S  —  B.  Therefore  C  is  homeomorphic  with  the 
complement  on  the  surface  of  a  sphere  of  a  closed  and  totally  disconnected 
point  set.  If  £  is  a  single  point,  it  is  apparent  that  C  is  a  plane;  if  B  consists 
of  two  points,  C  may  be  recognised  as  a  cylinder  unbounded  at  both  ends.  It 
can  be  seen  that  C  is  essentially  a  generalization  of  a  cylindrical  surface;  it 
resembles  a  tree,  moreover,  in  its  effect  of  branching.  For  this  reason  the 
name  cylinder-tree  has  seemed  appropriate. 

9.6.  The  analogy  with  the  tree  (acyclic  continuous  curve)  can  be  made 
more  precise.  For,  by  the  method  of  Moore's  paper,  there  is  constructed 
a  set  of  rulings  of  i?"  —  Rn  by  simple  closed  curves,  such  that  the  sum  of  these 
curves  is  the  set  R^^  —  Rn,  and  each  curve  has  in  common  with  bibn  a  single 
point;  and  the  set  of  these  simple  closed  curves  is  upper  semicontinuous,  so 
that  the  arc  bibn  is  equivalent  to  i?"  --Rn  in  the  sense  of  a  Zerlegungsraum. 
Correspondingly  for  the  arc  bibn  of  /?'2  — i?i2.  Also  there  is  an  arc  061  of  Ro, 
and  an  upper  semicontinuous  set  of  simple  closed  curves  ruling  Ro,  each 
having  a  single  point  on  obi.  Then  it  follows  that  the  tree  obi-\-bibu-{-hibi2 
is  equivalent  to  Ci  in  the  sense  of  a  Zerlegungsraum,  and  this  construction 
can  be  continued  inductively,  to  define  on  S  an  acyclic  continuous  curve 
with  end  points  B-\-o,  almost  all  of  whose  cut  points  correspond  to  simple 
closed  curves  of  S  —  B,  and  therefore  to  simple  closed  curves  of  C.  Such 
points  as  61  may  correspond  to  a  sum  of  three,  in  general  any  finite  number 
greater  than  two,  of  arcs  distinct  except  for  their  end  points.  This  tree  cor- 
responds, by  the  homeomorphism,  to  an  unbounded  acyclic  continuous  curve 
on  C  with  the  single  end  point  0,  and  it  is  equivalent  to  C  as  a  Zerlegungsraum. 

9.7.  Suppose,  now,  that  5  is  any  sphere  (surface)  and  B  a  closed  and  to- 
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tally  disconnected  subset.  If  /  is  a  continuum  oi  S  —  B  which  does  not  dis- 
connect S,  then  /+-B  is  an  upper  semi  continuous  collection  of  continua  no 
one  of  which  disconnects  S,  and  therefore  their  sum  does  not  disconnect  S.'\ 
It  is  seen  that  (S  —  B)  —/is  connected.  If /is  a  continuum  oi  S  —  B  which  dis- 
connects S,  there  are  two  points  p  and  q  which  belong  to  different  comple- 
mentary domains  of  /  in  S,  and  are  not  points  of  B  (since  B  is  nowhere  dense 
on  any  domain  of  5).  Then  /  disconnects  (5  — 5).  If,  now, /i  and /2  are  two 
continua  oi  S  —  B  neither  of  which  disconnects  S  —  B  and  their  product  is 
connected,  their  sum  is  a  continuum  which  cannot  disconnect  5,  and  there- 
fore not  S  —  B.  If  their  product  is  not  connected,  their  sum  disconnects  5, 
and  therefore  S  —  B.  Then  S  —  B  satisfies  the  Janiszewski-Mullikin  Theorem, 
and  our  theorem  has  given  a  necessary  as  well  as  sufiicient  condition. 

10.  The  corresponding  theorems  on  an  unbounded  continuous  curve  C 
which  is  not  cyclicly  connected,  and  satisfies  non-vacuously  the  Janiszewski- 
Mullikin  Theorem,  are  exceedingly  complicated  by  the  possibility  of  exist- 
ence on  a  given  maximal  cyclicly  connected  subcontinuous  curve  7  of  C 
of  a  set  of  points  such  that  the  complement  in  C  of  one  of  these  points  con- 
tains at  least  one  unbounded  component  distinct  from  J.  For  this  reason 
no  proof  as  in  Theorem  5  is  possible.  Using  the  method  of  Theorem  5  on  other 
points  of  J,  it  has  seemed  necessary  to  establish  the  arguments  of  Theorem  6 
on  them,  and  then  to  argue  exceptionally  on  these  "singular"  points.  These 
are  found  to  be  a  closed  and  isolated  set,  and  it  can  be  shown  that  /  is  a 
cylinder-tree.  In  default,  however,  of  a  sufficiently  direct  proof,  and  owing 
to  the  length  of  this  paper,  this  case  is  not  discussed. 


t  See  R.  L.  Moore,  Concerning  upper  semiconlinuous  cullertions  of  continua,  these  Transactions, 
vol.  27  (1925),  pp.  416-428. 
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THE  MOORE-KLINE  PROBLEM* 

BY 

LEO  ZIPPINf 

It  has  been  shown  by  Moore  and  KlineJ  that  in  order  that  a  closed  sub- 
set M  of  the  euclidean  plane  be  contained  in  an  arc  of  the  plane,  it  is  neces- 
sary and  sufficient  that  (1)  M  be  compact,  (2)  the  maximal  connected  sub- 
sets (components)  of  M  be  arcs  or  points,  (3)  no  inner  point  of  any  arc  of  M 
be  a  limit  point  of  the  complement  (in  M)  of  that  arc.  A  closed  point  set  with 
these  properties  we  shall  call  a  Moore-Kline  set  (or  M.  K.  set)  and  we  shall 
say  that  a  topologic  space  has  the  Moore-Kline  (M.  K.)  property  if  every 
M.  K.  subset  is  contained  in  an  arc  of  that  space.  Our  problem  is  the  charac- 
terisation of  spaces  which  have  this  property,  in  the  universe  of  generalised 
continuous  curves:  i.e.,  complete,  metric,  separable,  connected,  and  locally 
connected  spaces. §  The  characterisation  which  we  give  is,  in  an  equivalent 
form,  also  valid  for  certain  non-metric  spaces  developed  by  R.  L.  Moore,  and 
the  space  of  Aronszajn.||  The  paper  contains  an  extension  to  generalised  con- 
tinuous curves  of  a  recent  theorem  of  G.  T.  Whyburn,^  with  an  independent 
proof. 

1 .  We  shall  prove  for  generalised  continuous  curves  C  the  equivalence  of 
the  two  following  properties : 

A:  If  b  is  an  end  point  of  an  arc  m  of  C,  then  for  every  preassigned  e>0 
there  exists  a  6>0  such  that  if  y  and  z  are  points  of  {C  —  m)-S{b,  5),  the  set 
{C  —  m)  -Sib,  e)  contains  an  arc  yz. 

'R:  If  D  is  an  open  connected  subset  of  C  and  ab  is  an  arc  of  C  such  that 
{ab  —  a)cD  and  a  c  F{D) ,**  then  D—(ab  —  a)  is  connected.\\ 

*  Presented  to  the  Society,  June  13,  1931;  received  by  the  editors  November  27,  1931. 

t  National  Research  Fellow. 

X  R.  L.  Moore  and  J.  R.  Kline,  On  the  most  general  closed  point-set  through  which  it  is  possible  to 
pass  a  simple  continuous  arc,  Annals  of  Mathematics,  vol.  20,  p.  218. 

§  These,  as  is  now  well  known,  are  locally  arc-wise  connected.  See  R.  L.  Moore,  Bulletin  of  the 
American  Mathematical  Society,  vol.  33  (1927),  p.  141  (abstract)  and  Colloquium  Lectures;  K. 
Menger,  Monatshefte  fiir  Mathematik  und  Physik,  vol.  36  (1929),  p.  212;  N.  .\ronszajn,  Funda- 
menta  Mathematicae,  vol.  15  (1930),  p.  232;  C.  Kuratowski,  Fundamenta  Mathematicae,  vol.  15, 
p.  306. 

II  For  references  and  the  relation  between  these  spaces,  L.  Zippin,  On  a  problem  of  N.  Aronszajn 
and  an  axiom  of  R.  L.  Moore,  Bulletin  of  the  American  Mathematical  Society,  vol.  37  (1931),  p.  276. 

^  Abstract,  Bulletin  of  the  American  Mathematical  Society,  vol.  36,  p.  631,  No.  329. 

**  Throughout,  F{X)  =  X-X,  the  boundary  of  X. 

ft  This  will  be  recognized  as  an  early  plane  axiom  of  R.  L.  Moore. 
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For,  suppose  that  C  has  property  B.  Let  m  =  a'b  be  any  arc  of  C,  where  a' 
and  b  are  its  end  points,  and  let  e  be  preassigned.  There  is  a  subarc  ab  of 
(a'b)-S{b,  §e).  In  C  —  a'a  cover  every  point  of  ab  —  a  with  a  connected  neigh- 
borhood of  diameter  less  than  \e.  The  sum  D  of  these  covering  sets  belongs 
to  S{b,  e),  is  open  and  connected,  and  contains  ab  —  a  but  not  a.  Then,  by 
property  B,  D  —  (ab  —  a)  is  connected,  and  it  is  locally  connected  since  it  is 
open  in  C.  Therefore*  it  is  a  generalised  continuous  curve,  and  is  arcwise 
connected.  Let  6  <p{b,  F(Z))).t  Then  if  y  and  s  are  any  two  points  of  (C-a'b) 
■S{b,  5)  there  is  an  arc  yz  in  D  —  {ab  —  a),  therefore  in  (C  —  a'b)  -Sib,  e),  and 
C  has  property  A.  On  the  other  hand,  if  C  does  not  have  property  B  and, 
therefore,  D  —  {ab  —  a)  as  above  is  not  connected,  there  is  a  subarc  ab'  of  ab 
such  that  6 '  is  a  limit  point  of  at  least  two  distinct  components  oi  D  —  {ab'  —  a) . 
Let  e<p{b',  F{D)),  and  it  is  readily  seen  that  C  cannot  have  property  A. 

Theorem.  In  order  that  a  generalised  continuous  curve  C  have  the  Moore- 
Kline  property  it  is  necessary  and  sufficient  that  it  have  property  A  {or  its  equiva- 
lent,B). 

2.  The  condition  is  necessary.  For  if  C  does  not  have  property  A  it  must 
contain  an  arc  m  with  end  point  b,  say,  and  there  must  exist  an  €>0  such 
that,  for  every  integer  w>0,  {C  —  m)-S{b,  1/n)  contains  a  pair  of  points  y„  and 
z„  for  which  {C  —  m)  ■S{b,  e)  contains  no  arc  y„z„.  But  the  point  set  w+^y„ 
+Xl-»  is  obviously  an  M.  K.  subset  of  C,  and  by  the  M.  K.  property  of  C  be- 
longs to  an  arc  L.  Then  it  is  obvious  that  the  point  b  belongs  to  a  subarc  bx' 
of  L-S{b,  e)  which  contains  infinitely  many  of  the  point  pairs  (y„,  Sn),  so  that 
for  some  integer  k  there  is  an  arc  ykZk  in  {C  —  m)  ■S{b,  e). 

3.  The  condition  is  sufficient.  It  is  clear,  from  well  known  theorems,  that 
an  M.  K.  subset  M  oi  C  has  this  simple  character  that  the  set  N  of  maximal 
arcs  of  M  is  countable  and  is  a  null-family.  J  We  may  therefore  write  N  =^w„, 
where  m,,  is  a  maximal  arc  of  M,  and  we  shall  call  N  the  arc  set  of  M.  It  will 
be  advisable  to  indicate  the  main  thread  of  our  argument.  For  an  arbitrary 
M.  K.  subset  M  of  C  we  find  that  there  exists  in  C  a  tree  (acyclic  contin- 
uous curve)  T  which  contains  M.  We  add  to  2"  a  properly  chosen  (inductively) 
countable  set  of  arcs  of  C  and  show  that  in  this  sum  there  exists  a  tree  T' 
containing  M  and  such  that  no  point  of  aibi=mi  is  a  branch  point§  of  T'. 

*  We  are  using,  as  we  shall  in  the  sequel  without  explicit  mention,  a  theorem  of  P.  AlexandrofE, 
Sur  les  ensembles  de  la  premiere  classe  el  les  ensembles  abstraits,  Comptes  Rendus,  vol.  178  (1924), 
p.  185. 

t  The  distance  of  b  from  F{D). 

%  A  point  set  is  a  null-family  if  not  more  than  a  finite  number  of  its  components  are  of  diameter 
greater  than  a  preassigned  e>0. 

§  .\  point  of  order  at  least  three. 
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Then,  inductively,  we  establish  the  existence  of  a  tree  T*  containing  M  such 
that  no  point  whatever  of  the  arc  set  A'^  of  M  is  a  branch  point  of  T*.  Fixing 
now  on  two  arbitrary  end  points  p  and  q  of  T*  we  construct  a  monotonia 
decreasing  sequence  of  perfect  continuous  curvesf  K\,  Ki,  ■  ■  ■  ,  such  that 
each  contains  M  and  further  such  that  for  every  integer  j  every  point  of 
N,=^{m„  is  a  cut  point  between  p  and  q  of  K,.  We  are  able  to  conclude  that 
in  their  infinite  product,  U"  K„,  every  point  of  A'^  is  a  cut  point  between  p 
and  q  and  in  consequence  that  N  is  contained  in  an  arc  pq  of  JJ"  iv„4  Then 
we  are  finished  if  N  =  M.  While  this  is  not  generally  the  case,  this  final  ob- 
stacle is  obviated  by  a  very  simple  device  to  which  we  at  once  proceed. 

3.1.  Suppose  that  M*  is  an  arbitrary  M.  K.  subset  of  C.  It  is  clear  that 
the  set  of  points  H  which  are  end  points  of  maximal  arcs  or  are  point  com- 
ponents of  M*  is  a  self-compact  totally  disconnected  point  set.  Suppose 
that  N*,  where  N*  is  the  arc  set  of  M*,  is  not  M*.  Then  the  set  of  points 
M*  —  N*  is  totally  disconnected  and  locally  self-compact,  and  contains  a 
countable  dense  set  (//„).  Let  h  be  any  arc  with  end  point  hi  which  has  no 
point  in  common  with  N*,  and  is  of  diameter  less  than  1.  On  ii  there  is  a 
countable  set  of  mutually  exclusive  arcs  of  C  —  M*,  converging  to  Ih:  let  these 
be  (/i,)  and  write  //  =X];'ij-  If  '"'-i  has  been  defined,  let  //„-  be  the  first  point 
of  {h„)  which  does  not  belong  to  X^,  /,' .  There  is  an  arc  t„  with  end  point 
A„.  which  is  of  diameter  less  than  1/n  and  has  no  point  in  common  with 
]V*-f^J  /,',  and  on  this  there  is  a  countable  set  of  mutually  exclusive  arcs 
(/„,)  of  C  —  M*  converging  to  h„':  then  t^  =X)Aj-  It  is  readily  seen  that 
M  =  M*+  ^"in  is  an  M.  K.  set  which  contains  M*  and  is  such  that  N  =  M, 
where  N  is  the  arc  set  of  M. 

4.  We  deduce  a  simple  consequence  of  property  A.  Suppose  that  ab  is  an 
arc  of  C  such  that  i  is  a  limit  point  of  C  —  ab.  Then  there  exists  a  sequence  of 
points  (bn)  of  C  —  ab  converging  to  b.  Then  this  contains  a  subsequence  (&„) 
such  that  there  is  an  arc  bnbn+i  cC  —  ab  of  diameter  less  than  1/w.  It  follows 
readily  that  b  is  accessible  from  C  —  ab,  and  is  an  inner  point  of  an  arc  abb'. 

4.1.  It  will  be  apparent  that  the  simple  continuous  curves§  have  the 
Moore-Kline  property,  and  it  will  be  suspected  that  they  are  in  some  way 
specially  related  to  this  property.  We  devote  this  and  the  next  section  to 
showing  that  if  C  has  any  local  cut  poinl\  it  is  a  simple  continuous  curve.  In 

t  A  perfect  continuous  curve  (hereditary  continuous  curve)  is  one  whose  every  subcontinuum  is 
a  continuous  curve. 

t  We  have  chosen  perfect  continuous  curves  K„  to  insure  that  nK„  is  a  continuous  curve. 

§  The  arc,  the  simple  closed  curve,  the  open  curve,  or  the  ray.  See  R.  L.  Moore,  Concerning 
simple  continuous  cunies,  these  Transactions,  vol.  21  (1920),  pp.  313-320. 

II  The  point  x  is  a  local  cut  point  if  there  exists  an  open  connected  set  D,  and  D  —  x  is  not  con- 
nected. 
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the  main  body  of  our  argument  we  shall  be  able  to  suppose  that  C  has  no 
local  cut  point.  For,  let  y  denote  any  local  cut  point  of  C,  and  D  an  open  con- 
nected set  such  that  D  —  y\s  not  connected.  There  is  an  arc  xyz  such  that 
xy  —  y  and  zy  —  y  belong  to  distinct  components  oiD  —  y.  If,  now,  y  c  D  —  xyz, 
there  is  a  sequence  of  points  (?„)  of  D  —  xyz  converging  to  y  and  such  that 
either  xy—y  or  zy  —  y  (we  shall  suppose  the  first,  the  cases  being  entirely 
similar)  belongs  to  a  component  of  D  —  y  which  contains  no  point  of  ^'o^. 
Then  if  (.t„)  is  an  arbitrary  sequence  of  points  of  xy  —  y  converging  to  y,  for 
no  n  can  i\  and  .t„  be  arc-joined  in  D—yz.  The  contradiction  with  property  A 
is  immediate.  Therefore  there  exists  a  subarc  x'yz'  of  xyz  =  xx'yz'z  such  that 
every  point  of  this  arc  is  a  local  cut  point.  We  have  shown  then  that  all  local 
cut  points  are  points  of  Menger-Urysohn  order  two,  and  that  the  set  of  these 
is  open. 

4.2.  Suppose,  in  addition,  that  C  has  at  least  one  point  g  which  is  not  a 
local  cut  point.  There  is  an  arc  gy.  Let  g'  be  the  first  point  of  gy  in  order  gg'y 
which  is  a  point  of  x'yz' .  It  is  obvious  that  g'  is  the  point  x'  or  it  is  the  point 
2':  the  cases  are  similar,  and  we  shall  say  that  g'  is  x' .  Then  we  have  the  arc 
gx'yz' .  There  is  a  point  g"  on  gx'  such  that  g"  is  not  a  local  cut  point  and 
every  point  of  g"x'  is  a  local  cut  point.  If  g"  is  not  g  it  is  an  inner  point  of 
gx' ,  and  we  readily  conclude  that  there  exists  an  arc  hh' ,  hh' ■gg"x'  =  h  +  h' , 
he  <gg">t  and  h'  c  <g"x'>,  so  that  the  point  //'  is  not  of  Menger  order 
two,  and  therefore  not  a  local  cut  point.  Then  g  =  g".  In  view  of  §4  and  using 
the  argument  above,  it  readily  follows  that  g  is  not  a  point  of  C  — gx'yz'. 
Therefore  g  is  of  Menger  order  one  and  is  an  end  point  of  C.  Then  if  C  con- 
tains another  local  non-cut  point/  it  is  the  arc fg,  and  if  not  it  is  a  ray. 

Now  if  every  point  of  C  is  a  local  cut  point  and  also  a  cut  point,  C  is  an 
open  curve.  But  if  C  contains  one  non-cut  point,  it  contains  a  simple  closed  * 

curve  J  and  C  is  /.  Then  in  every  case  C  is  a  simple  continuous  curve. 

4.3.  We  signalise  an  immediate  consequence  of  the  arguments  above.  If 
C  contains  no  local  cut  points  and  ab  is  any  arc  of  C,  then  b  cC  —  ab  and,  by 
§4,  there  exists  an  arc  abb'  =ab  +  bb',  where  b'b  —  bcC  —  ab. 

5.  We  shall  have  frequent  recourse  to  the  following  general  lemma:  in 
any  complete  metric  space  C,  if  P  is  a  perfect  continuous  curve%  and  Pn,  n  =  l, 
2,  ■  ■  ■  ,  is  a  null-family  of  perfect  continuous  curves  whose  sequential  limiting 
set  H  is  totally  disconnected  and  such  that  P  .P„?^0,  then  P+  ^"P„  is  a  perfect 
continuous  ctirve. 


i  I 


t  If  3  is  an  arc,  <  j>  denotes  the  arc  minus  its  end  points. 
X  It  is  understood  that  these  are  self -compact. 
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It  is  fairly  obvious  that  //  is  a  self-compact,  totally  disconnected  subset 
of  P,  and  that  P+  '^\Pr,  is  connected  and  closed.  If  we  let  (/>„)  be  any  set 
of  points  such  that  p„cPP„,  then  23/'„  is  compact  as  subset  of  P,  and 
Pnipn,  Prdt  convergcs  to  zero  as  ti  becomes  infinite,  because  (P„)  is  a  null- 
family.  Since  C  is  a  complete  metric  space,  we  readily  conclude  that  ^Pn 
is  also  compact,  and  P+  ^"Pn  is  a  compact  continuum.  If  this  contains 
any  subcontinuum  not  a  continuous  curve,  the  latter  has  a  subcontinuum  of 
condensation  W.  Since  H  is  closed  and  totally  disconnected,  W  contains  a 
continuum  of  condensation  W'  such  that  W  11=0,  and  there  is  an  integer 
n'  such  that  W  cP*  =P+'^l'P„.  Then  P*  is  not  a  perfect  continuous 
curve.  But  this  contradicts  the  easily  established  fact  that  the  connected 
sum  of  a  finite  set  of  perfect  continuous  curves  is  necessarily  a  perfect  con- 
tinuous curve. t 

5.1.  Every  M.  K.  subset  M  of  a  generalised  continuous  curve  C  belongs  to 
a  tree  of  C.§  Since  the  set  of  points  which  are  end  points  of  maximal  arcs  or 
are  point  components  of  M  is  a  self-compact  totally  disconnected  point  set 
H,  and  the  arc  set  A''  of  M  is  a  null-family,  it  is  sufficient  to  know  that  there 
exists  in  C  a  tree  which  contains  H.  This  is  a  simple  theorem  which  we  have 
had  occasion  to  prove  for  locally  compact  continuous  curves,  ||  and  this 
proof  may  be  followed  with  inessential  modiiication.  In  fact,  using  connected 
neighborhoods  to  replace  the  more  specialised  compact  continuous  curves  of 
that  argument,  one  quickly  establishes  the  existence  of  a  perfect  continuous 
curve  on  H,  and  this  contains  a  subcontinuum^l  irreducible  about  H.  But  it 
is  obvious  that  a  continuous  curve  irreducible  about  H,  or  more  generally 
about  any  M.  K.  set,  is  necessarily  acyclic,  that  is,  a  tree. 

5.2.  If  r  is  a  tree  irreducible  about  M,  the  end  points  of  T  must  be 
points  of  M  and  every  limit  point  of  end  points  belongs  to  M.  Now  no  inner 
point  of  an  arc  ab  of  M  belongs  to  M  —  ab,  and  therefore  every  limit  point  of 
end  points  of  T  belongs  to  H.  Then  every  limit  point  of  branch  points  of  T 
must  also  belong  to  H,  and  it  follows  that  the  set  of  branch  points  of  T  cannot 


t  The  least  upper  bound  to  the  set  of  distances  p(pn,  pn  )  where  />„'  C  P„. 

X  It  is  believed  that  this  is  contained  somewhere  in  the  literature,  but  the  author  cannot  place 
it.  The  proof,  with  the  use  of  the  Moore- Wilder  lemma,  for  example,  follows  traditional  lines. 

§  For  locally  compact  continuous  curves,  compare  Theorem  2,  L.  Zippin,  On  continuous  curves 
and  the  Jordan  curve  theorem,  American  Journal  of  Mathematics,  vol.  52  (1930),  p.  332. 

II  .'1  study  of  continuous  curves  and  their  relation  to  the  Janiszeu'ski-M ullikin  theorem,  these  Trans- 
actions, vol.  31  (1929),  p.  745,  Theorem  1. 

II  By  a  theorem  of  Wilson,  used  in  the  references  above:  if  X  is  a  closed  subset  of  a  compact 
continuum  A',  then  A'  contains  a  continuum  A'*  irreducible  about  X;  i.e.,  no  proper  subcontinuum  of 
A'*  contains  all  of  X. 
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be  dense  on  any  arc  of  T.  In  particular,  if  ah  is  any  maximal  arc  of  M  there 
must  exist  two  inner  points  /  and  g,  in  order  afgb  such  that  no  point  of  fg  is 
a  branch  point  of  T.  Also,  the  branch  points  of  T  on  af,  if  they  are  not  a  vac- 
uous or  finite  set,  must  form  a  sequence  converging  to  a;  correspondingly, 
the  branch  points  on  gh  if  not  in  finite  number  converge  to  b.  Further,  no  one 
of  these  branch  points  is  of  higher  than  finite  order,  or  it  is  a  limit  point  of 
end  points  (which  is  not  possible).  Moreover,  if  an  inner  point  x  of  ah  is  a 
branch  point,  and  ex  is  an  arc  in  any  of  the  branches  of  T  at  x  (distinct  from 
the  two  containing  ax  and  hx  respectively)  there  is  a  point  c'  on  cx  —  x  such 
that  c'x  —  x  contains  no  point  of  M  and  no  branch  point  of  T. 

5.3.  This  suggests  the  following  "construction."  Let  yp  he  &  curve  of  C 
consisting  of  the  three  arcs  ax,  hx,  ex,  where  ax-hx  =  hx-ex  =  exax  =  x.  We 
wish  to  show  that  there  is  an  arc  c'h  such  that  \j/-c'h=e'  +  h  and  c'  cxe,  and 
such  that  no  point  of  e'h  is  at  a  distance  from  xb  greater  than  a  preassigned 
e>0.  By  §4.3  there  is  an  arc  bb'  such  that  \pbb'  =  b  (compare  §4.3).  By 
property  A  there  is  an  arc  yz,  no  point  of  which  is  at  a  distance  greater  than  e 
from  xb  such  that  yc.xe,  zcxh',  and  \l/-yz  =  y+z.  We  shall  say  that  yz 
"covers"  points  of  <xz>.  If  the  point  b  cannot  be  "covered"  in  this  way, 
there  is  a  point  b"  on  xb  such  that  b"  cannot  be  covered  but  every  point  of 
<xb">  can  be  so  covered.  There  is  a  6>0  such  that  any  two  points  of 
(C-axb")S{h",  5)  are  arc-joined  in  {C-axh") -Sib",  e).  There  is  an  arc 
y'z'  which  covers  the  subarc  xz'  of  xb",  such  that  no  point  of  y'z'  is  a  distance 
greater  than  e  from  xb  and  such  that  z'  c  S{b",  H).  It  is  immediate  that  the 
point  b"  can  also  be  covered,  and  the  arc  e'b,  above,  exists. 

6.  Let  M*  be  an  arbitrary  M.  K.  subset  of  C.  By  §3.1  there  is  an  M.  K. 
set  MziM*,  such  that  M  =  N  where  N  is  the  arc  set  of  M:  N  ='^mn  in 
maximal  arcs  of  M.  By  §5.1  there  is  a  tree  T  irreducible  about  M.  By  §5.2 
there  exists  on  ah  =  mi  two  inner  points  /  and  g,  in  order  afgb,  such  that  no 
point  of /g  is  a  branch  point  of  T.  Then  T—  <fg>  =  T/  +  Tg,  where  Tf  and 
Tg  are  trees  containing  a  and  h  respectively  and  p{T/,  T,)  =p' >Q;  and 
M  =  M-Tf+fg-\-MT,.  By  §5.2  the  branch  points  of  T,  on  <gb>  form  a 
sequencet  of  points  (g„)  converging  to  b,  and  each  q„  is  of  finite  order:  say 
in+2.  With  g„  is  associated  a  finite  set  of  branches  {Qni),  ^  =  1>  •  •  ■  > /«:  here 
a  branch  is  to  be  understood  as  the  closure  of  a  component  oi  T  —  q„  contain- 
ing neither  g  nor  b.  Further,  there  is  in  Q„i  an  arc  c„:"g„  such  that  no  point  of 
Cni'qn  —  qn  IS  2.  polut  of  M  or  branch  point  of  Tg  (§5.2).  Let  0<ei<min  (1, 
spO-J  Then  by  §5.3,  and  an  induction,  there  exists  a  set  of  arcs  {e„' h),  n  =  1, 


t  We  assume  explicitly  that  there  are  infinitely  many  branch  points. 
t  Read  "the  smaller  (smallest)  of  the  two  (several)  numbers  .  .  .  ." 
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2,  •  •  •  ,  and  i^l,  2,  ■  ■  ■  ,  j„;  cjbab^b,  cj  ccnl'qn,  and  c„'bcSiqnb, 
£1/2"). t  Since  the  arcs  (q^b)  converge  to  b,  the  arcs  (cn'b)  form  a  null-family 
converging  to  b  and  Pb=  ^  X)^'"'^  is  a  perfect  continuous  curve. J  We  note 
that  abPb  =  b  and  that  PbT/=0.  There  is,  on  the  arc  c„/g„  of  C,u'q„,  a 
point  c„i  such  that  c„,g„P6=0;  and  <c„iqn>  as  subset  of  <Cn'i'q„>  contains 
no  point  of  M  or  branch  point  of  Tg.  It  is  readily  seen  that  (Tg—  ^  ^ 
<Cniq„>)+Pb  is  closed  and  connected  and  contains  MTg.  As  subset  of 
Tg+Pb,  which  is  "perfect,"  this  contains  a  tree  Tb  irreducible  about  MTg, 
and  it  is  seen  that  no  point  oi  gb  —  b  is  a,  branch  point  of  Tb-  By  a  precisely 
similar  argument  there  is  a  perfect  curve  Pa<^S{af,  ei),  Pa-iab  +  Tb)  =a, 
such  that  in  Ty+Pa  there  is  a  tree  Ta  irreducible  about  MT/,  and  no  point 
oifa  —  a  is  a  branch  point  of  T^.  Let  To  designate  T,  let  Ti  =  Ta+mi-\-Tb,% 
and  let  Pi  =  Pa-\-mi+Pb-  Then  we  have  shown  that  there  exists  a  perfect 
curve  Pi  c  S{mi,  €1)  such  that  T^+Pi  contains  a  tree  Ti  irreducible  about  M 
and  such  that  no  point  of  <mx>  is  a  branch  point  of  Ti. 

Let  Nk=  SiWy,  and  suppose  Tn^i  constructed  so  that  no  point  of 
<A7'„>||  is  a  branch  point  of  r„_i.  Let  0<€„<min[(5)",  ^pitrin,  A^„_i)>0]. 
By  the  argument  above  there  exists  a  perfect  curve  P„  cS(m„,  e„)  such  that 
in  r„_i+Pr.  there  exists  a  tree  r„  irreducible  about  M  on  which  no  point  of 
<m„>  is  a  branch  point.  From  our  choice  of  e„  it  is  clear  that  no  point  of 
<N„>  is  a  branch  point  of  r„.  Now  since  (m,,)  is  a  null-family  with  H  (see 
§5.2)  as  its  sequential  limiting  set,  it  follows  that  (P„)  is  a  null-family  with 
H  as  sequential  limiting  set,  and  T„+  ^'Pi  (w  =  0,  1,  •  •  •  ,  and  the  prime 
indicates  that  the  summation  is  over  values  of  i>n)  is  a  perfect  continuous 
curve  A'„.  It  is  seen  that  K„  o  K„+i  d  M.  Then  11°° A"™  contains  a  tree  irre- 
ducible about  M :  let  this  be  P'.  Now  we  know  that  {<Nic>)  H  =  0,  and  from 
our  construction  (<Nk>)-Pj  is  0  U  j>k.  Then  it  follows  that  no  point  of 
<N)c>  can  be  a  branch  point  of  Kj,  j>k.  Then  no  point  of  <N>  is  a  branch 
point  of  T'. 

7.  We  interrupt  the  course  of  argument  to  establish  a  needed  consequence 
of  both  property  A  and  the  assumption  that  C  is  without  local  cut  point.  We 
prove  A':  if  X  is  an  end  point  of  an  arc  m  of  M,  then  for  every  preassigned  «  >0 
there  exists  a  5  >  0  such  that  if  y  and  2  are  points  of  (C  —  N)-  S{x,  6)  they  may 
be  arc-joined  in  (C  —  N)  -Six,  t). 


t  For  S(X,  t)  read  the  set  of  points  whose  distance  from  X  is  less  than  e. 
t  We  shall  sometimes  call  these  perfect  curves,  and  sometimes  "perfect." 
§  It  is  remembered  that  mi  =  ab. 

II  By  an  extension  of  terminology,  whenever  AT  is  a  point  set  whose  components  are  arcs,  <  A''> 
will  denote  the  set  of  open  arcs. 
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Let  X  denote  an  end  point  of  an  arbitrary  arc  m  =  x"x  of  M.  There  is  an 
open  connected  subset  Z)*  of  C  containing  x,  of  diameter  less  than  a  preas- 
signed  «,  and  such  that  x"x-F(I)*)  =x' ,  where  x'  is  some  inner  point  of  x"x. 
Let  H*  denote  the  set  of  points  of  M  which  belong  to  F{D*)  or  which  are 
contained  in  D*  and  belong  to  an  arc  of  M  having  at  least  one  point  in  com- 
mon with  F{D*).  Let  H"  =  E*  —  x'x.  Now  x'  is  not  a  limit  point  of  U"  since 
H"  c  M-x"x'x.  If  t  is  any  point  of  Tl"-H",  tcMD*  and  we  readily  con- 
clude that  infinitely  many  of  the  arcs  of  M  are  of  diameter  greater  than 
lp{t,  F{D*) }.  Since  this  is  impossible,  we  have  that  H"  is  closed.  It  follows 
that  D*  —  D*H"  is  open,  and  contains  an  open  component  Dz>xx'—x'; 
then  DH"  =  0.  Suppose  that  m'  is  any  maximal  arc  of  M  distinct  from 
x"x'x  which  has  a  point  z  in  D.  If  m'  does  not  belong  to  D  it  has  a  point  z' 
on  FiD)  such  that  zz'-zcDcD*.  Now  if  s'  is  a  point  of  F{D*)  it  follows 
from  definition  that  zz'cH",  which  is  impossible  since  H"D  =  0.  Then 
z'  is  in  D*  and  since  D  is  a  component  of  D*  —  D*H"  we  conclude  that 
z'  c  H".  But  it  is  clear  that  in  this  case  also  22'  c  H".  Then  our  contradiction 
shows  that  if  m'D^O,  m'  cD.  Now  let  B"  =ND,  where  N  is  the  arc  set 
of  M.  We  have  shown  that  if  5"  w  VO,  B"  d  m' .  It  is  clear  that  B"  d  xx'-x'. 

We  have  to  show  that  D  —  B"  is  connected.!  Otherwise  B"  contains  a 
subset  B  which  is  closed  relative  to  D  and  is  such  that  every  point  of  iJ  is  a 
limit  point  of  at  least  two  distinct  components  of  D  —  B.  Suppose  that 
wi'  =  yy'y"  is  an  arc  oi  B"  such  that  the  inner  point  y'  vsz.  point  of  B.  Then 
if  some  point  w,  in  order  yy'ii'y"  say,  is  not  a  point  of  B  there  is  a  first  point 
■w'  in  order  ii'w'y'  such  that  iv'  is  a  point  of  B.  It  follows  at  once  that  the  arc 
yy'w'  does  not  have  property  A  at  the  point  w' .  We  may  conclude  that  if  B 
contains  an  inner  point  of  an  arc  m"  of  M  it  contains  the  entire  arc.  Analo- 
gously, if  B  contains  an  inner  point  of  x'x  it  contains  xx'  —x' . 

Now  let  N"  be  the  set  of  those  end  points  of  the  arc  set  N  which  are  at 
the  same  time  points  of  B :  we  have  shown  that  this  is  not  vacuous  if  B  is  not 
vacuous.  Let  t  be  a  point  of  N" .  Since  t  is  a  point  of  D,  there  is  a  neighborhood 
U  of  t  such  that  U  cD.  Now  although  B  is  closed  only  relative  to  D,  U  D 
is  closed  absolutely  (that  is,  in  C).  Since  BcN,  it  follows  that  U-N"\s 
closed  absolutely  and  U -N"  is  self-compact  and  countable.  Therefore  it  con- 
tains an  isolated  point  i*.  Finally,  if  /*  is  an  end  point  of  an  arc  of  B  this  arc 
will  not  have  property  A  at  the  point  /*,  and  if  /*  is  an  isolated  point  in  B  it 
is  necessarily  a  local  cut  point  of  C.  This  establishes  A'. 

8.  We  shall  come  at  once  to  the  principal  argument  of  this  paper  and  as- 


t  This  establishes  the  local  connectedness  if  we  tlien  regard  D  as  an  arbitrary  neighborhood  of 
any  point  of  it. 
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sume,  reserving  §9  for  its  proof,  that  there  exists  in  C  a  tree  T*  irreducible 
about  M  and  such  that  no  point  whatever  of  N  is  a  branch  point  of  T*.]  Then 
let  p  and  q  be  arbitrary  end  points  of  T*.  We  shall  proceed  to  construct  an 
arc,  which  we  designate  by  p{N)q,  which  has  the  end  points  p  and  q  and  which 
contains  N. 

Suppose  that  T*  contains  a  ^-curve,  \l/  =  px+cx+qx,  and  that  c  is  an  end 
point  of  a  maximal  arc  of  N  which  is  contained  in  ex.  If  c  is  an  end  point  of  T*, 
there  is  a  point  c'  and  an  arc  cc'  such  that  cc'  ■T*  =  c.  If  c  is  not  an  end  point, 
let  cc'  designate  an  arc  of  T*,  cc'  ■cx  =  c.  Let  an  €>0  be  preassigned.  We  wish 
to  show  that  there  exists  an  arc  st,  stcS{cx,  e)  •  {C  —  {N+cx)},  sc  <cc'>, 
andic  <pq>.  If,  for  any  w,  ntn-cx^O,  w„  c  ca;  or  some  point  of  w„  is  a  branch 
point  of  T*.  If  w„  •  c?^0,  m„  c  ca:  or  c  is  not  an  end  point  of  a  maximal  arc  of  N 
belonging  to  ex.  Since  x  is  a  branch  point  it  is  surely  not  a  point  of  N.  There- 
fore, for  any  n,  if  m„-cx^O,  w„  cex.  Then  there  exists  an  e'  such  that  if,  for 
some  J,  Wj-Siex,  t')^0,  and  also  ?h,cx  =  0,  then  S{m,)  <\e. 

Now  by  §5.3  there  is  an  arc  s't'  in  {C  —  cx)-S(cx,  t'),  s'  c  <ec' >  and 
t'  c  <pq>.Iis'  or  t'  is  a  point  of  N,  it  is  clear  that  there  exists  an  arc  ss'  and 
an  arc  <^',  where  5  is  a  point  of  <s'e>  -(C  —  N),  Hs  a  point  of  <xt'>  -(C  —  N), 
such  that  the  arc  5/  in  ss'  +  s't'  +  t't  belongs  to  S{ex,  e').  Suppose  that  ni  is 
any  arc  of  A^  such  that  slm^^O.  Then  certainly  m  does  not  belong  to  ex, 
and  mex  =  Q.  Also,  m-S{ex,  e')?^-^.  Then  mc.S{ex,  t).  Now  if  (w*)  denotes 
the  set  of  arcs  of  (w„),  where  k  ranges  over  some  particularised  subset  of  the 
positive  integers,  which  have  points  in  common  with  st,  then  st-\-  y^Xnik) 
c  S{cx,  e).  Since  (tw*)  is  a  null-family,  and  each  arc  of  it  has  a  point  on  st,  the 
sequential  limiting  set  also  belongs  to  5/.  Then  there  exists  an  open  connected 
set  D*,  and  st-\-'^mk  =  st-]r^mucD*  cS{cx,  t)-{C  —  ex).  We  must  show, 
finally,  that  there  is  an  arc  st  in  D*  {C  —  N). 

But  this  is  the  proof  of  §7,  with  slightest  modification.  One  begins  at  the 
third  line  of  the  second  paragraph  of  that  section,  reading  "Let  H*  ■  ■  ■  ." 
Then  let  H"  =  H*,  and  omit  the  next  line  which  relates  to  a  set  which  does 
not,  in  our  new  argument,  exist.  Now  (st+'^nik)  H"  =0.  Let  D  be  the  com- 
ponent containing  s/-|-  ^ntk,  and  D  H"  =0.  In  the  next  line  omit  distinct 
from  x"x'x,  and  omit  the  last  line  of  this  and  the  last  line  of  the  next  para- 
graph (these  relating  to  x"x'x). 

8.1.  Now  if  pq  is  the  arc  pq  of  T*  it  is  clear  at  once  that  either  nii  c  pq  or 
mipq  =  0.  If  Ni^nixcpq,  let  p{Ni)q  =  pq  and  Ti*  =  T^*=T*.  If  t>hpq  =  0 
there  is  in  T*  the  i^-'Curve  4/].  =  pxi+dxi+qxi  where  Ci  is  the  point  ai  or  the 
point  bi  so  that  ciXi  d  mi;  clearly  xi  is  not  a  point  of  N  (being  branch  point  of 

t  Compare  §6,  where  this  is  shown  for  <N>, 
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T*).  If  Ci  is  an  end  point  of  T*,  there  is  a  point  c  and  an  arc  cci  such  that 
cciT*  =  Ci  and  5{cci)  <1  (compare  §4.3).t  If  Ci  is  not  an  end  point  of  T*,  let 
cci  designate  an  arc  of  T*  such  that  cci  ■  CiXi  =  Ci.  From  §8  we  may  conclude 
that  for  any  preassigned  e  >0,  there  is  an  arc  Sih  such  that  (1)  Sih  c  5(cia;i,  e) 
•(C—  {iV+Ci:i:i}).  We  may  suppose,  further,  that  (2)  Si  is  the  only  point 
which  Siti  has  in  common  with  that  component  of  {T*+Cic)—Ci  which  con- 
tains c;  then  the  arc  SiCi  of  T*+CiC  has  Ci  only  in  common  with  CiXi  and  Si 
only  in  common  with  5i/i;  and  (3)  /i  is  the  only  point  of  5i/i  which  belongs  to 
the  sum  of  the  two  components  of  T*  —  Xi  which  contain  p  or  q  respectively; 
for  deiiniteness  we  suppose  that  this  is  the  component  containing  q,  and  there 
is  in  T*  an  arc  hxi ,  where  x{  (which  may  be  h)  is  a  point  of  <xiq>. 

8.2.  It  is  fairly  intuitive  that  if  yiSi  is  any  arc  of  pq  with  Xi  as  inner  point, 
then  it  is  possible  to  choose  the  €  above  so  that  x(  c  <yiXi>  +  <XiZi>. 
Rigorously:  there  is  an  «' such  that  pXiqS{xi,  e')  c  <yi2i>  and  a  5  such  that 
if  t  is  any  point  of  T*-S(xi,  5)  then  the  arc  txi  of  T*  belongs  to  S{x,  «')•  Let 
y'  and  z'  be  points  in  order  y^y'  cxiz'  =  Zi  such  that  y'xiz'  cS{xi,  S).  Now 
T*  —  {<y'xi>  +  <Xiz'>)  contains  an  at  most  finite  number  of  components, 
Xo,  Xi,  ■  ■  ■  ,  x„,  which  have  any  point  in  T*-  {C—S{xi,  5) } ;  one  of  these,  say 
Xo,  is  a  tree  containing  ri.ri,  and  .YoA'',=0,  i  =  l,  ■  ■  •  ,  n.  Let  t<p(Xo, 
^"X,).  Then  we  shall  suppose  the  e  of  the  previous  paragraph  to  have  been 
so  chosen  that  0<€<1,  and  5{xix()  <1,  and  we  shall  designate  it  by  €i. 

8.3.  Since  SitiCiXi  =  0,  it  is  clear  that  at  most  a  finite  number  of  the  com- 
ponents of  T*  —  CiXi  have  points  in  common  with  sJi.  Then  it  is  not  difficult  to 
define  an  arc,  which  we  designate  by  Si{*)ti,  and  which  has  the  following  de- 
tailed structure:  Si(*)ti  =  Sit! s{  t('  ■  ■  ■  Si'^Hi,  where  SitI ,  s{  t(' ,  •  •  •  ,  s/'/i 
are  non-degenerate  arcs  of  ^i^i  with  end  points  only  on  Ta*,X  while  t{ s{ , 
t{'  sC ,  ■  ■  ■  ,  /I'-'ii'^'  are  subarcs  (or  points)  of  To*  corresponding  to  different 
components  of  To*  —  CiXi.^  Let  p(Ni)q  denote  the  arc  pXiCiSi{*)hx! q,  where 
pxi+x{  qcpiNo)q-  Let  T*  be  a  continuum  of  Tii*+Si{*)ti  irreducible  about 
M+p{Ni)q.  Then  T*  is  necessarily  a  tree  because  the  components  of 
M+p{Ni)q  are  arcs  or  points. ||  It  is  readily  seen  that  Ti*  is  irreducible 
about  M,  that  it  has  no  point  of  N  as  branch  point,  and  that  every  point  of 
Ni  =  mi  separates  p  and  q. 

8.4.  We  suppose,  for  induction,  that  CkXk,  Sktk,  Sk{*)tk,  p{Xk)q,  and  Tk* 
have  been  defined  for  all  k^n  —  l  so  that  (U)  CkXkcT*;  (2*)  SktkcS{ckXk, 


t  It  will  be  appreciated  that,  in  this  case,  T*  and  nti  are  locally  identical  at  Ci. 

t  To  prepare  for  an  induction  we  write  To*  for  J*  and  p{No)q  for  the  arc  pq  of  jT*. 

§  This  will  be  recognised  as  traditional  "procedure"  from  "first  point  on  ...  to  last  point,"  etc. 

II  One  recalls  that  Nsih=0. 
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\/k) ;  (3t)  T*  is  irreducible  about  M  and  has  no  point  of  N  for  branch  point; 
(4i.)  Nk=  J^itniCp{Nk}q  which  is  the  arc  pq  of  T,,*;  {5k)  for  i<k,  dXiCkXk 
=  0,  or  =Xk,  or  there  is  a  j,  i<j<k,  such  that  c,XiCAa;iCa;,a;/  (of  r/!L,);t 
(6,)  (a)  SixkXi!)  <  l/k,  (b)  a;*:*;*'  •  Tk*  c  r*;t  (7^  if  x  is  any  point  of  p{Nk)q 
which  is  a  branch  point  of  Tk*,  then  x  is  an  inner  point  of  an  arc  yixy^  of 
p{Nk)q  such  that  if  (C-T*) -yiXs^O,  f  =  l,  2,  then  (y,a;-x)  •M  =  0,  and 
yiX  —  x  contains  no  branch  point  of  Tk*.  The  proof  of  (7i)  is  an  easy  conse- 
quence of  the  structure  of  5i(*)/i:  we  shall  give  the  details  in  their  proper 
place  (see  §8.8). 

8.5.  Let  t  be  any  point  of  r*_,  which  does  not  belong  to  (pN„-i)q.  There 
is  an  arc  //'  of  r*_i  such  that  tt'  ■  p{Nn~i)q  =  t'.  Now  suppose  that  t  does  not 
belong  to  T*.  Then  //'  contains  an  arc  a  such  that  aT*  =  0.  Now  if  a  does 
not  belong  to  T*_2  it  has  a  subarc  /3  and  0T*_2=O.  Since /S  ca  c  r*_,,  it 
follows  that  l3cpiN„-i)q.  But  tt' ■  p{Nn-i)q  =  t'.  Then  there  must  exist  an 
integer;,  l^j^n-2,  such  that  a  c  T,*,  i^j,  but  not  in  T*_„  where  To*  =  T*. 
Then  a  has  a  subarc  7  such  that  7  •  r*_,  =0,  and  7  c  p(Nj)q.  Since  7  does  not 
belong  to  piNr,-i)q  there  is  an  integer  ^,y<^^M-l,  such  that  y  c  p(Nk-i)q 
but  not  in  p(Nk)q.  Since  pXk+xlq  of  p(Nk-\)q  =  pXkXkq  is  contained  in 
p{Nk)q,  it  follows  that  7  c  x^arAf  of  rf_,.  But  7  ca  c  Tt*,  and  it  follows  from 
(6b)  of  §8.4  that  7  c  T*.  The  contradiction  shows  that  //'  c  T*.  It  shows  also 
that  every  branch  point  of  r*_i  which  belongs  to  p{Nn-\)q  is  a  point  of  T*, 
for  if  t'  be  such  a  point  we  can  obviously  find  for  it  an  arc  corresponding  to 
tt'  above. 

8.6.  Now,  either  w,  belongs  to  p{N„-i)q  or  m„-p{Nn-\)q  =  0.  In  the  first 
case,  let  p{N„)q  =  p{N„-i)q  and  T„*  =  T*_i;  the  sets  c„x„,  etc.,  are  vacuous. 
In  the  second  case,  there  is  in  r*_,  the  i/'-curve,  ^n  =  Px„+c„x„  +  qx„,  where 
c„  is  the  end  point  a„  or  6„  of  ot„  so  that  c„x„  d  wi„.  We  have  seen  above  that 
c„x„  c  T*  and  this  is  (1„)  (of  §8.4).  It  is  obvious  that  c„x„  •  c„_ia;„_i  is  vacuous 
or  it  is  the  point  Xn-  Let  r  be  a  subarc  of  CiXi-c„Xn,  i<n  —  l.  Then  t  does  not 
belong  to  p(N„_i)q,  but  TCp(N,)q.  Then  there  is  a  k,  i<k<n-l,  such  that 
T  c  p{Nk~\)q  but  is  not  contained  in  p{N k)q.  Then  r  c  XiX*  of  T^*-!,  and  we 
see  that  (5„)  holds. 

8.7.  Let  G(x„)  be  the  component  of  r*_,  — A^„_i  which  contains  x„,  and 
Pn  =p(r*_,  — G(x„),  c„x„)  >0.  Let  €„  be  a  number  greater  than  zero  such  that 
(1')  e„<l/«,  (2')  €„<jp„,  and  (3')en<  Itn-i.  We  have  a  fourth  restriction 
(4')  to  impose  upon  e„,  but  it  will  be  convenient  to  suppose  this  made  and 
postpone  for  a  moment  its  consideration.  Now  if  the  point  c„  of  c„x„  is  an 
end  point  of  T*_^,  let  Cc^  be  an  arc,  b{c''c^  <  l/n,  such  that  c"c„-  T*_i  =c„.| 

t  It  is  to  be  borne  in  mind  that  XiXi'  denotes  always  the  arc  of  T*. 
t  For  this,  and  the  next  line,  one  follows  §8.1  replacing  1  by  n. 
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Otherwise,  let  c"c„  designate  an  arc  of  T*_^  such  that  c"c„c„a;„  =  c„.  Let  sjn 
be  an  arc,  defined  in  complete  analogy  with  s-^ti,  such  that  (1)  5„/„  c  5(c„a;„, 
e„)(C-  {A^+c„x„j),and  (2)  and  (3)  are  parallel  to  (2)  and  (3)  of  §8.1.  Then 
we  may  suppose  that  5„(*)<„  =  5„i„'5„"/„"  •  •  ■  Sr^'-t^;  p{N„)q  =  px„c„s„{*)t„Xn  g, 
where  pXn+x^ g  c p{N„-i)q;  and  T„*  irreducible  about  M  +  p{N„)q,  have  all 
been  defined.  Then  it  is  clear  at  once  that  (2„),  (3„),  and  (4„)  all  hold.  We 
have  established  (1„)  and  (5„)  in  §8.6,  so  that  there  remain  (6„)  and  (7„)  to 
complete  our  induction. 

8.8.  Let  yiXnVi  be  the  arc  of  (7„_i).t  Clearly  we  may  suppose  that 
5iy\Xnyi)  <l/w.  Then,  as  we  have  seen  in  §8.2,  we  may  choose  e„  such  that 
(4')  x,[  c  <yix„y2>,  where  the  argument  of  that  section  permits  us  to  ex- 
press this  choice  quite  formally.  Then  (6„a)  is  immediately  verified.  Since 
X,!  is  not  x„  we  shall  say  for  definiteness  that  Xn  c  <x„y2>.  Now  if  x„Xn 
■  (C  —  T*)  =0,  (6„b)  is  verified  at  once.  But  if  x„x„'  •  {C  —  T*)9^0,  then  no  point 
of  <x„Xn  >  is  a  branch  point  of  T*_^  or  a  point  of  M.  In  this  event,  since 
Tn*  D  p{Nn)g  and  is  irreducible  about  M  it  follows  that  T„*  contains  no 
point  of  <XnX^  >.  Then  (6„b)  holds. 

To  verify  (7„)  one  bears  in  mind  §8.5,  that  T*_^—p(N„-i)gcT*,  and 
writes  for  p{Nn)g  its  detailed  structure:  p{Nn)g  =  pXnCnSj^ s^ t^' s,['  ■  ■  ■ 
ti"S^„"t„x,I q.  From  the  analogy  with  Siti,  no  point  oi<sJ^  >  +  <s^ In'  > 
+  •  •  •  +<5*''/„>  is  a  branch  point  of  T„*.  On  the  other  hand,  x„c„ 
+C5„'+C'5„"+/„*''5„*"cr*.  Again,  px„+x^gcP(N„-i)g.  It  will  be  clear 
that  we  need  only  discuss  points  of  c„5„  +  ^,x„',  because  these  arcs  are,  in  a 
sense,  ambiguous.  Thus,  if  c„  was  an  end  point  of  T*_i  the  point  5„  cc"Cn  of 
C— (r*_,— c„),  and  no  point  of  c„s„  can  be  a  branch  point  of  T„*.  If  c„  was 
not  an  end  point  of  r*_,,  the  arc  c„5„  is  an  arc  of  r*_i  and  belongs  to  T*.  If 
tn  is  not  the  point  x,[ ,  the  arc  t„x,[  is  a  non-degenerate  arc  of  points  of  7'*. 
But  if  t„  is  X,! ,  no  point  of  5*"x„'  =5*"f„a:„'  is  a  branch  point  of  T„*.  Then 
our  induction  is  complete.  9 

8.9.  Accordingly,  we  suppose  r„*,  sJn,  s„{*)tn,  c„x„,  to  have  been  defined 
for  all  values  of  »  =  0,   1,  2,  •  •  •  .  It  may  have  happened,  but  is  immaterial 
to  the  argument,  that  for  some  values  of  n,  sJn,  etc.,  are  vacuous:   r„*  is 
always  defined.  We  have  seen  that  CnXn  c  T*.  Now  if  more  than  a  finite  num-  ' 
ber  of  these  are  of  diameter  greater  than  a  preassigned  €>0,  it  follows  from 

well  known  theorems  of  Wilder  on  trees  that  there  must  exist  an  arc  X  of  T* 
of  diameter  at  least  ^e  which  belongs  to  infinitely  many  of  these.  But  if 
A'  c  CjXi ■  CkXk,  i<k,  then,  for  some  j > i,  X  c x,x' .  But  d(x,x' )  <  l/j,  and  it  is 
immediate  that  there  is  an  n  such  that  A'  does  not  belong  to  CiXi,  i>n.  Then 
(c„x„)  is  a  null-family,  and  it  has  the  sequential  limiting  set  H  of  (w„).  Then  * 

t§  8.4,  for  i  =  «  —  1 :  .r„  is  a  branch  point  of  Tt^i  and  .v„  C  p(X„_i)q.  ^: 
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(sj„)  is  a  null-family  with  sequential  limiting  set  H.  To  apply  our  lemma 
quite  rigorously  we  let  (5,/,)  denote  those  arcs  of  (sJn)  which  have  a  point  in 
common  with  T*  and  (5,/,)  the  set  which  do  not.  For  the  latter  it  is  clear  from 
the  preceding  section  that  5{cjSj)  <\/j,  so  that  the  set  (cjSjt,)  is  a  null-family 
with  limiting  set  H.  Then  T„  =  T„*+  '^'Siti+ "^"ciSji,  is  a  perfect  con- 
tinuous curve,  «  =  0,  1,  2,  •  •  •  ,  and  T„o  T„-i^M.  Then]^"  r„  contains  a 
continuous  curve  T  irreducible  about  M.  Now  m„  separates  r„*  between  p 
and  q.  Since  no  point  of  m„  is  a  branch  point  of  T„*,  T„*  —  m„  is  the  sum  of 
two  components  P  and  ()  containing />  and  g  respectively,  and  p(P,  ())  =p">0. 
Then  for  every  k,  k>n,  pk  of  §8.7  will  be  less  than  p",  and  from  restrictions 
2'  and  3'  on  e*  it  follows  by  customary  arguments  that  every  point  of  m„ 
separates  p  and  g  in  r„:  therefore  in  F.  Now  F  contains  an  arc  pq  which  we 
designate  by  p{N)q,  and  p{N)q  3  m„  for  every  n.  Then  p{N)q  z>  N,  and  con- 
sequently p{N)q  z>N  =  Mo  M*,  and  M*  is  our  original  and  arbitrary  Moore- 
Kline  subset  of  C. 

9.  Then  our  principal  theorem  is  completely  proved  when  we  have  justi- 
fied the  assumption  of  §8  that  there  exists  in  C  a  tree  T*  irreducible  about 
M  and  such  that  no  point  of  N  is  a  branch  point  of  T*.  We  have  seen  in  §6 
that  there  is  a  tree  T'  irreducible  about  M  which  has  no  point  of  <N> 
=  ^<m„>  for  a  branch  point.  If  no  point  of  (a„)  or  {b„)  is  a  branch  point 
of  T',  then  T'  is  the  tree  T*.  We  may  suppose,  possibly  by  a  reordering  of 
the  arcs  and  a  relettering  of  the  end  points  of  one  of  them,  that  the  point  bi 
of  nil  is  a  branch  point  of  T';  it  will  be  convenient  to  let  b  designate  the 
point  bi.  Now  T'  —  <mi>  =T+T°,  where  T  and  T"  are  trees,  b  is  at  least  an 
ordinary  point  of  T  and  T°oai  (or,  possibly  T°  is  ai).  It  will  be  convenient 
to  let  the  term  a  branch  of  T  designate  the  closure  of  a  component  of  T  —  b.f 
Let  (Bn),  n  =  \,  2,  •  •  •  ,  denote  these  branches. f  It  is  well  to  have  in  mind 
the  discussion  of  §5.2:  we  shall  conclude  from  it  that  if  bx  is  any  arc  of  T 
with  end  point  b,  since  bx{C  —  M)9^Q,  bx  contains  a  sequence  of  arcs  con- 
verging to  b  which  have  on  them  no  point  of  M  and  no  branch  point  of  T. 

Choose  an  e,  0<e<min  {l,  5(5,),  8(50),  §p(r,  T")}.  Let  ^  denote  an  end 
point,  distinct  from  b,  of  Bi,  and  let  t'  be  a  point  of  the  arc  bt  such  that 
bt'  c  S{b,  e).  Now  at  most  a  finite  number  of  the  branches  of  T  are  of  diameter 
greater  than  e/3.  Then  there  exists  a  set  Zi  which  is  the  sum  of  a  finite  set 
of  arcs  such  that  (1)  LicS(b,  €)(C-iV),§  (2)  each  arc  of  Li  has  an  end  point 

t  Strictly,  b  may  not  be  a  branch  point,  and  generally  there  are  other  branches;  for  the  moment 
only  these  sets  will  concern  us. 

i  Although  we  have  assumed  explicitly  that  these  are  in  infinite  number,  we  make  the  conven- 
tion that  when  a  set  B*  does  not  exist,  then  it  is  the  point  b. 

§By§7. 
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on  W  and  an  end  point  on  some  branch  5,,  i>\,  whose  diameter  exceeds 
e/3,  (3)  each  branch  Bi  of  diameter  greater  than  e/3  has  at  least  one  point 
in  common  with  L\.  Let  Bi,  Bn,,  •  ■  •  ,  B„^  denote  the  branches  which  have 
a  point  in  common  with  Li:  they  are  necessarily  finite  in  number  since 
Lib  =  0.  Then  we  may  express  T  as  the  sum  of  two  trees,  T  =  J+J',  where 
J  =  ^Bj,  j  =  l,  tii,  ■  ■  •  ,  fik,  so  that  b  is  of  order  k  on  /,  and  J'  =  ^'Bi 
summed  over  all  values  of  i  not  equal  to  7  above.  Then  J'Li  =  0,  J'J  =  b, 
and  5(J')  <2e/3  since  5{B,)  <  e/3  if  B,  is  a  branch  of  /'.  It  will  be  seen  that 
there  exists  in  7  a  set  of  k  arcs,  Z^,  which  contain  no  point  of  AI  and  no 
branch  point  of  /  and  no  point  of  Li,  ZucU,  ZiiCB,{j  ==1,  no,  ■  ■  ■  ,  rik), 
such  that  (/—  ^<Zij>)+Li  =  J"+Ki  where  the  tree  /"  contains  b  and 
is  of  diameter  less  than  e/3  while  the  perfect  curve  KioLi+t.  Then  Ji  =  J' 
+J"  is  a  tree,  and  5(/i)  <e.  Let  xi  and  yi  be  the  end  points  of  Zn  in  order 
bxiyit.  We  have  the  following  relations:  (1)  MT  o  M  J^+M-Ki,  (2)  /lA'i 
=  0,  (3)  Ji-Xiyi  =  Xi,  (4)  xiyi-Ki  =  yi.  There  exists  an  open  connected  set  Ui 
such  that  Ui{xiyi+Ki)  =0,  and  S{b,  e)  ^  UioJi  —  Xi. 
9.1.  Suppose  we  have  defined 

/„  =  A'l  +  yiXi  +  K2  +  yz-vj  +    •  ■  •  +  3'„_i.t„_i  +  A'„  +  t„.t„  +  Jn 

where  two  sets  on  the  right  are  without  common  point  unless  they  are  ad- 
jacent, and  in  this  case  one  of  them  is  an  arc  and  the  only  common  point  is 
the  juxtaposed  end  point;  and  the  open  connected  set  U„,  7„  — a-„  c  £/„  c  U„ 
cS{b,  €„),  where  €„<(!/«).  Further:  A',  is  "perfect,"  /„  is  a  tree  containing 
b,  y.o;,  is  an  arc  of  6/'  containing  no  point  of  Af  or  branch  point  of  T', and]  there 
is  the  order  bx„y„Xn-i  ■  ■  ■  Xiyit'i.  Finally,  MT  =  MI„.  Let  0<€„+i<(l/w 
+  1),  and  Sib,  e„+i)  c  [/„.  Then  we  can  define  in  S{b,  e„+i)  a  set  L„  which  is 
the  sum  of  a  finite  set  of  arcs  each  with  an  end  point  on  bXn,  and  an  arc 
Xn+\y„+i  of  bx„  (in  order:  bx„+iyn+\X„),  and  a  tree  J„+\,  and  an  open  connected 
set  U„+i,  and  we  can  define  in  f/„  a  perfect  curve  A„+i,  such  that  replacing 
/„  by  A„+i+/„+i  and  f/„  by  U„+i,  the  resulting  sets  /„+i  and  Un-^i  complete 
the  induction. t 

Now  bt+  Xir^n  is  "perfect,"  so  that  b+  2^x„y„+  J^Kn  is  "perfect"  and 
this  contains  a  tree  Y  irreducible  about  MT.  It  is  clear  that  b  is  an  end  point 
of  Y.  It  should  be  clear  also  that  Y+mi  +  T"  is  a  tree  irreducible  about  M 
with  no  point  of  <N>  as  branch  point,  and  on  which  the  point  b  =  bi  is  not  a 
branch  point.  Now  P  =  bt'+  XlT^^  is  "perfect,"  FcS{b,  e),  and  YcT'  +  P. 
Let  X  denote  Xx„y„. 

If  fli  is  an  end  point  of  T',  T^  =  ai.  Then  let  T[  =  Y  +  nii.  If  ai  is  an  ordinary 

t  The  step  by  step  details  should  be  obvious  from  the  preceding  paragraphs,  and  we  pretend 
merely  to  have  given  these  a  precise  form. 
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point  of  T',  it  is  an  end  point  of  T''  and  there  exists  a  set  of  arcs  of  T"  which 
we  designate  by  X' ,  such  that  these  contain  no  point  of  M  or  branch  point 
of  T",  and  such  that  ai  is  a  point  component  of  r°— <A">.  Then  let 
Tl  =r''  +  Wi  +  F,  Pi=P,  and  Xi  =  Z'  +  »ii+X.  If  ai  is  a  branch  point  of  T' , 
therefore  at  least  an  ordinary  point  of  T",  there  exists,  by  precisely  the  argu- 
ment above,  a  perfect  curve  P'  cS{ai,  e),  and  a  set  of  arcs  X'  such  that  in 
T''+P'  there  is  a  tree  Y'  irreducible  about  M-  T"  and  (1)  ai  is  an  end  point 
of  Y',  (2)  X'  contains  no  point  of  M  or  branch  point  of  Y'  and  ai  is  a  point 
component  of  Y'—  <X'>,  (3)  no  point  of  Y'-  <N>  is  a  branch  point  of 
F'.  Let  Pi  =  P+P',  X,=X  +  m,  +  X',  and  T{  =Y  +  m,+  Y' cT'+P,: 
PiCSinii-  e).  Then  T{  is  irreducible  about  M,  has  no  point  of  <A'^>  and 
no  point  of  mi  as  branch  point,  and  ai  and  bi  are  point  components  of 
T{-<Xi>. 

9.2.  Suppose  r„'_i  defined.  Then  let  G{m„)  denote  the  component  of 
Tn-i—  ^1~^  <X,>  which  contains  m„.  Let  p„=p(r„'_i  — G(w„),  m„)>0. 
Choose  e„,  0<«„<min  (jp„,  t/n).  By  precisely  the  arguments  above  there 
exists  a  perfect  curve  P„  c  5(m„,  €„)  and  a  set  of  arcs  X„  such  that  in  r„'_i+P„ 
there  is  a  tree  T,!  irreducible  about  M  which  has  no  point  of  <  A^  >  and  no 
point  of  Nn=  ^"fHi  as  branch  point,  and  the  points  of  £„  where  £„  denotes 
^"(ai+b,)  are  point  components  of  r„'  —  ^''i<Xi>,  the  latter  set  con- 
taining no  point  of  M  or  branch  point  of  r„' .  It  is  not  difficult  to  see  that 
Tn  =  Tn  +  ^nPi  ^  Tn+i  3  Af  Is  "pcrfcct"  and  contains  no  point  of  N„  as 
branch  point.  Then  by  familiar  arguments  (§§6,  8.9)  there  is  in  IIrr„  a 
tree  T*  irreducible  about  M  with  no  point  whatever  of  N  as  branch  point. 

We  have  justified  our  assumption  in  §8,  and  completed  the  proof  of  the 
Moore-Kline  Theorem.  It  is  not  a  difficult  consequence  of  the  self-compact- 
ness of  a  Moore-Kline  set  that  the  equivalence  of  the  Moore-Kline  property 
and  property  B  can  be  extended  to  the  non-metric  spaces  of  Moore  (see  his 
Colloquium  Lectures). 

10.  If  C  is  an  arbitrary  generalised  continuous  curve  having  the  Moore- 
Kline  property,  and  is  not  a  simple  continuous  curve,  and  if  M  is  an  arbitrary 
Moore-Kline  subset  of  C,  then  in  order  that  two  points  x  and  y  of  C  shall  be 
end  points  of  an  arc  xy  of  C  containing  M,  it  is  necessary  and  sufficient  that 
(1)  X  and  y  are  not  end  points  of  the  same  arc  of  M  (unless,  trivially,  M  is  an 
arc  xy),  (2)  neither  x  nor  y  is  an  inner  point  of  any  arc  of  M,  (3)  neither  x  nor 
y  is  an  end  point  of  a  maximal  arc  of  M  and  at  the  same  time  a  limit  point  of 
the  complement  in  M  of  that  arc.  Whether  x  and  y  belong  to  M  or  not, 
M+x+y  is  an  M.  K.  set.  Let  us  see,  first,  that  if  z  is  a  point  of  an  M.  K. 
set  M'  of  C  and  is  not  a  point  of  any  arc  of  M',  then  there  exists  an  arc  zq, 
where  g  is  not  determined,  and  zqztM'.  For,  there  is  some  arc  aboM'.  If  2 
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is  an  inner  point  of  this  arc,  then  by  precisely  the  argument  of  the  first  para- 
graphs of  §9,  there  exists  a  tree  r*t  containing  M'  which  has  z  as  end  point. 
Then,  calling  p  the  point  z,  it  follows  from  §8  that  there  is  an  arc  zq  d  M'. 

To  return  to  x  and  y.  There  is  some  arc  vw  o  M.  Since  x  and  y  are  not  end 
points  of  the  same  arc  of  M,  there  exist  open  connected  sets  D^  and  Dy  con- 
taining X  and  y  respectively,  DiDy  =  0,  and  M  cD^  +  Dy.  If  either  x  or  y  is 
an  end  point  of  an  arc  of  M  one  of  them  is,  and  let  us  assume  that  x  is  such 
a  point  and  is  end  point  of  a  maximal  arc  xz  of  M.  Now  D^—{xz  —  z)  is  an 
M.  K.  space,  and  from  (3)  above  M ■D,:—{xz—z)  is  an  M.  K.  set,  and  z is  not 
an  end  point  of  an  arc  of  this  set.  There  is  in  Dx  —  {xz—z)  an  arc  zq  which 
contains  D^-M  —  {xz  —  z),  and  gz+zx  is  an  arc  qx^MD^.  Similarly  there  is 
an  arc  q'y  in  Dy,  q'y^MDy.  Now  C—  { (xq  —  q)  +  (yq' —  q') }  is  a  generalised 
continuous  curve  (one  recalls  §7,  for  example)  and  contains  an  arc  qq'.  Then 
xq+qq'+q'y  is  the  desired  arc  xy. 

It  can  be  proved  that  if  M  is  any  M.  K.  set  of  C  and  is  homeomorphic 
with  a  given  set  M*  of  a  line  segment  a*b*,  there  exists  in  C  an  arc  ab  con- 
taining M  and  preserving  that  ordering  of  the  points  of  M  which  is  induced 
upon  them  by  the  homeomorphism.J  We  shall  not  give  this  proof,  for  which 
the  methods  of  the  paper  and  the  following  additional  property  of  C  suffice: 
if  xyz  is  any  arc  of  C,  every  inner  point  y  is  accessible  from  C  —  xyz  (we  have 
seen  this  for  the  end  points).  With  a  proof  of  this  last,  which  seems  curious 
and  of  interest  in  itself,  we  shall  conclude  the  problem. 

On  the  hypothesis  of  this  section,  it  is  clear  that  y  is  a  limit  point  of  C 
—<cyz.  There  exists  an  open  connected  set  Dy,  of  arbitrarily  small  diameter,  such 
that  D^xyz=  <x'yz'>,  where  x'  and  y'  are  inner  points  of  xyz,  and  Dyxyz 
=  x'yz'.  It  may  happen  that  <x'yz'>  separates  Dy,  but  in  this  case  every 
point  of  <x'yz'  >  and  in  particular  the  point  y,  is  a  limit  point  of  every  com- 
ponent of  Dy—  <x'yz'>:  otherwise  property  A  cannot  hold  (compare  §7). 
But  then  {Dy—  <x'yz'>)+y  is  connected.  Therefore  y  +  {C  —  xyz)  is  con- 
nected and  locally  connected,  and  arcwise  connected.  Then  some  arc  y*y 
exists,  y*y-xyz  =  y. 

11.  With  modifications  which  we  shall  give,  the  methods  of  this  paper 
yield  the  following  theorem  due,  for  locally  compact  continuous  curves,  to 
G.  T.  Whyburn :  In  order  that  every  self-compact  totally  disconnected  subset  H 
of  a  generalised  continuous  curve  C  belong  to  an  arc  L  of  C,  it  is  sufficient  that 
no  point  of  C  be  a  local  cut  point. 


t  For  the  properties  of  T*,  see  §9. 

J  For  euclidean  spaces  E„,  as  special  case  of  C,  compare  the  argument  given  by  the  author  in  a 
paper  to  appear  in  the  ."Vmerican  Journal  of  Mathematics,  Generalisation  of  a  theorem  due  to  C.  M. 
Cleveland. 
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We  shall  give  the  form  of  the  proof,  and  dwell  only  on  that  part  of  it 
which  differs  a  little  from  the  arguments  we  have  already  met  with. 

If  R  is  any  countable  point  set  of  C,  and  D  an  open  connected  subset,  then 
D  —  DR  is  arcwise  connected  (this  is  a  simple  form  of  the  argument  in  §7). 
There  is  a  tree  T  irreducible  about  H,  and  a  countable  set  Q  of  points  (g„) 
of  E  which  is  dense  in  H.  Let  a  and  b  be  arbitrary  end  points  of  T.  If  qi  c  ab 
c  r,  let  Ti-T  and  a('[)b=ab.  Otherwise  there  is  the  i/'-curve,  \pi=axi+qiXi 
+bxi.  Let  an  e  be  preassigned.  There  is  in  S{qiXi)  ■  {C  —  {Q+Xi)]  an  arc  si 
with  J  c  <xiqi>  and  t  the  only  point  on  A'l,  by  which  we  designate  the  sum 
of  those  two  components  of  T  —  xi  which  contain  a  or  /;  respectively.  There  is 
in  T  an  arc  tx{ ,  where  x!  is  on  <ax\  >  or  <Xib  >  ;  we  shall  suppose  it  on  Xib 
for  definiteness.  If  p  is  any  point  of  sqi  —  qi,  we  shall  say  that  it  is  covered  by 
an  arc  Splp  iiSpC  <pxi>  and  tpC  <pqi>,  Sptp- Xi=0,  and  Sptp-{Q+Xi)  =0. 

It  is  clear  that  for  every  point  p  such  a  covering  arc  exists,  of  arbitrarily 
small  diameter.  The  arc  qis  is  homeomorphic  with  the  linear  interval 
O^r^l,  and  we  let  qi  correspond  to  r  =  0.  The  subset  of  q\S  corresponding 
to  the  points  l/2"~'  ^r  ^  1/2"  we  cover  by  a  finite  set  P„  of  arcs  of  diameter 
less  than  (l/2")e.  Then  in  T+^Pr,  there  is  an  arc  axxq^xlb,  and  this  is 
a{\)b.'\  There  is  in  T+  S-P„  a  tree  Ti  irreducible  about  H-\-a{\)b. 

It  will  be  observed  that  a{\)b  has  been  constructed  to  contain  Xi.  And 
this  has  been  done  so  that  it  may  be  clear  how,  when  a{n)b  has  been  con- 
structed to  contain  Qn=^"qi,  a{n  +  \)b  can  be  constructed  to  contain 
Q„+i.  Suppose  a{n)b  and  Tn  defined.  If  g„+ic  «(«)&,  let  a{n+\)b  =  a{n)b.  If 
not,  consider  9„+i:i:„+i.  If  x„+iQ„=0,  let  G{q„+^X  be  the  component  of  T„—Q„ 
containing x„+ig„+i;  if  a;„+i  cQ„,§let  thisbe  the  component  of  T„  —  {Q„—x„+i). 
The  inevitable  induction  follows  closely  §9.2,  and  the  proof  that  the  cus- 
tomary sets  r„  are  perfect  continuous  curves  follows  the  arguments  of  §8.9. 
It  seems  to  us  that  the  remainder  of  this  proof  should  be  clear. 

Untversity  or  Texas, 
Austin,  Texas 


t  It  is  clear  that  gi.vi+Ji.vi'  +.xit+ts+ZP„  is  a  cyclicly  connected  compact  continuous  curve 
containing  ji;  if  gi  is  not  an  end  point  there  is  a  simpler  construction  available,  but  in  general  we 
should  need  the  one  above  also. 

i  It  is  well,  here,  to  recall  §9.2. 

§  In  this  proof  there  is  no  "reduction"  of  the  order  of  branch  points,  of  §9. 


f 


i 


I 


f 


ON  CERTAIN  TYPES  OF  PLANE  CONTINUA 


BY 

N.  E.  RUTT 


Reprinted  from  the 

Transactions  of  the  American  Mathematicai,  Society 

Vol.  33,  No.  3,  pp.  806-816 


ON  CERTAIN  TYPES  OF  PLANE  CONTINUA* 

BY 

N.  E.  RUTTf 

Continua  which  are  the  sum  of  a  set  of  continua  mutually  exclusive  except 
for  a  point  which  all  have  in  common  play  a  role  of  importance  in  analysis 
situs.  In  particular  they  are  likely  to  obtrude  upon  any  study  of  unbounded 
point  sets,  since  in  connection  with  these  it  is  so  often  of  value  to  perform  an 
inversion  of  space.  An  investigation  of  some  properties  of  such  continua  is 
the  task  of  this  paper.  In  it  will  be  derived  some  interrelations  of  the  almost 
mutually  exclusive  continua  out  of  which  they  are  built. 

1.  In«:roduction.  A  propertj'  of  upper  semicontinuous  collections  of  con- 
tinuaj  presently  to  be  found  useful  in  several  connections  will  be  derived  first. 

Lemm.a.  I.  If  S  is  a  eiiclidean  plane,  G  is  an  upper  semicontinuous  collection 
of  mutually  exclusive  bounded  continua  filling  up  S  and  none  dividing  S,  K  is  a 
bounded  continuous  curve  contained  in  S,  and  Gk  is  that  maximal^  subcollection 
of  G  each  of  whose  elements  contains  a  point  of  K,  then  Gk  is  a  bounded  continu- 
ous curve  of  elements  ofG.^ 

Lemma  II.  If  S  is  a  cuclidcan  plane,  G  and  H  are  upper  semicontinuous  col- 
lections of  mutually  exclusive  bounded  continua  filling  up  S  and  none  dividing  it, 
and  every  element  of  H  is  a  subset  of  some  element  of  G,  then  in  the  space  W  whose 
points  are  the  elements  of  H  the  point  sets  corresponding  to  the  elements  of  G  are 
an  upper  semicontinuous  collection  of  mutually  exclusive  bounded  continua  fill- 
ing up  W  and  none  dividing  W. 

Theorem  I.I  I  //  S  is  a  euclidean  plane,  G  is  an  upper  semicontinuous  collec- 
tion of  mutually  exclusive  bounded  continua  filling  up  S  and  none  dividing  it, 
Ma  and  N,  are  two  simple  closed  curves  of  S  whose  points  are  elements  of  G,  and 

*  Presented  to  the  Society,  June  21,  1929;  received  by  the  editors  July  28,  1930. 

t  National  Research  Fellow,  University  of  Texas,  Austin,  Texas. 

J  For  definitions  and  development  of  fundamental  properties  of  such  collections,  see  R.  L.  Moore, 
Concerning  upper  semi-conliiinoiis  coUcclions  of  continua,  these  Transactions,  vol.  27  (1925),  pp.  416- 
428.  Moore  proves  if  the  elements  of  an  upper  semicontinuous  collection  of  mutually  exclusive 
bounded  continua  tilling  a  euclidean  plane  and  none  dividing  it  be  considered  the  points  of  a  space, 
that  this  space  is  itself  topologically  equivalent  to  a  euclidean  plane. 

§  Maximal  in  the  sense  that  it  is  a  proper  subset  of  no  similarly  defmed  subcollection  of  0. 

T[  For  proof  of  this  see  H.  M.  Gehman,  .1  special  type  of  upper  semicontinuous  collection,  Pro- 
ceedings of  the  National  Academy  of  Sciences,  vol.  16,  No.  9,  pp.  009-613,  Theorem  III. 

II  The  writer  is  indebted  to  Professor  H.  M.  Gehman  for  a  suggestion  which  has  given  this 
theorem  a  more  general  form  than  that  which  the  writer  obtained  originally. 
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ar,  bl",  and  cr  are  distinct  points  of  M,  while  a? ,  b^ ,  and  c?  are  distinct  points  of 
N^;  then  a,",  br,  and  cr  have  the  same  sense  on  M,  as  af ,  bi ,  and  c?  have  on  iV» 
if  and  onlv  if  the  corresponding  points  af,  bp,  and  cl"  on  the  corresponding  curve 
Mt  in  the  space  T  whose  points  are  the  elements  oj  G  have  the  same  sense  as  a? , 
b?,  and  c?  upon  Nt* 

An  outline  of  the  proof  of  this  theorem  will  be  sufficient. 

Suppose  first  that  there  exists  a  simple  closed  curve  L^  which  together 
with  its  interior  is  contained  in  the  common  exterior  of  Ms  and  .Vj  and  which 
also  is  composed  of  points  that  are  themselves  elements  of  G. 

Let  a',  b[,  and  4  a.nd  a',,  b'„  and  c',  be  corresponding  sets  of  distinct  points 
upon  the  corresponding  curves  Ls  and  Lt  respectively.  It  will  be  considered 
that  the  assertion  is  established  for  the  special  case  now  being  considered 
when  it  has  been  shown  that  if  aj",  br,  and  cr  may  be  simply  joined  to  a,,  b,, 
and  c',  then  al",  bf,  and  d"  may  be  simply  joined  to  a[,  b,,  and  c',,  and  con- 
versely. 

Suppose  that  af,  br,  and  cp  may  be  simply  joined  to  a',  b[,  and  c[.  Let  .4, 
be  an  arc  joining  ar  and  a'  in  the  common  exterior  of  L^  and  .l/»,  and  let  G„ 
be  the  maximal  subaggregate  of  G  each  element  of  which  contains  a  point  of 
As-  Owing  to  Lemma  I,  Ga  contains  as  a  subset  an  arc  of  elements  //„  from 
aj"  to  a'  which  as  a  subset  of  5  is  a  continuum  A'„  not  dividing  the  plane  and 
contained  except  for  the  points  ar  and  a{  in  the  common  exterior  of  L,,  and 
M,.  Clearly  there  may  now  be  constructed  in  the  common  exterior  of  L^  and 
M,  and  the  complement  of  A"„  an  arc  B,  with  end  points  hp  and  b,.  The  arc 
B„  like  As  above,  identifies  a  subcollection  Gj,  of  G  including  an  arc  of  ele- 
ments lib  of  G  whose  one  end  element  is  b'"  and  the  other  b„  and  whose  sum 
is  a  continuum  A'^  contained  except  for  the  points  b^  and  i,  in  the  common 
exterior  of  L,  and  M,  and  the  complement  of  Ka,  and  not  dividing  space. 
Let  M  and  L  be  arcs  with  end  points  respectively  aj,",  bp  and  a',  b[  contained 
except  for  their  ends  in  the  interiors  of  the  simple  closed  curves  M,  and  L,. 
Then  L  +  M  +Aa+Bs  is  a  simple  closed  curve  A'  and  L  +  M  +  K„  +  Kb  is  a 
continuum  Y  which  divides  5into  precisely  two  mutually  separated  connected 
sets.  If  V  were  to  separate  r.'"  from  c[  it  would  follow  that  A^  must  do  this  also, 
a  contradiction  of  hypothesis,  so  there  exists  in  the  common  exterior  of  /,,  and 
.1/,  and  in  the  complement  of  Y  an  arc  C,  with  end  points  C  and  c,.  This  arc 
identifies  a  subcollection  G,  of  G  including  an  arc  of  elements  He  of  G  whose 


*  For  proofs  and  discussion  of  the  fundamenUil  proljlcms  of  sense  underlying  this  and  similar 
statements,  see  J.  R.  Kline,  .1  dejinition  of  sense  on  closed  curves  in  non-metrical  plane  analysis  situs, 
.■\nnals  of  Mathematics,  (2),  vol.  19  (1917-1918),  pp.  18.S-200;  also  by  the  same  author,  Concerning 
sense  on  closed  curves  in  non-melrical  analysis  situs,  Annals  of  Mathematics,  (2),  vol.  21  (1919-1920), 
pp.  113-119. 
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one  end  element  is  cT  and  the  other  c'„  and  whose  sum  is  a  continuum  A'c  con- 
tained except  for  the  points  cr  and  c'  in  the  common  exterior  of  L,  and  M, 
and  the  complement  of  Y.  Thus  Ha,  Hb,  and  He  correspond  in  T  to  the  three 
arcs  A  <,  £,,  and  Ct  simply  joining  aT,  hi",  and  C,"  to  a',,  b',.  and  c|. 

Suppose  conversely  that  ^(,  B,,  and  C,  are  three  arcs  simply  joining  af, 
ir,  and  cr  to  aj,  ij,  and  c',.  In  5  and  corresponding  to  these  are  three  continua 
Ka,  Kb,  and  A'^  mutually  exclusive  and  contained,  except  for  the  respective 
pairs  of  points  af  and  a',  br  and  b[,  c™  and  4.  in  the  common  exterior  of  M, 
and  Z,.  Neighborhoods  of  A'„,  A^i,,  and  A'c  exist  in  which  it  may  readily  be  seen 
that  three  arcs  As,  Bs,  and  C,  may  be  drawn  simply  joining  a,*",  hp,  and  c," 
to  a^,  b[,  and  c'- 

Suppose  now  that  there  exists  no  simple  closed  curve  A,  satisfying  the  con- 
ditions mentioned  above.  Let  a,  be  a  bounded  connected  and  simply  con- 
nected subdomain  of  elements  of  G  containing  Ms-|-A's.  Let  Ps  be  a  bounded 
connected  and  simply  connected  subdomain  of  elements  of  G  —  (t,.  Let  H  be 
the  collection  whose  elements  are  the  elements  of  G  in  p,  and  all  points  of  5 
not  contained  in  any  element  of  G  belonging  to  p,..  In  IF,  the  space  whose 
points  are  the  elements  of  H,  let  A„  be  a  simple  closed  curve  contained  in 
p„..  Now  a;",  bp,  and  cr  can  be  simply  joined  to  af ,  b^ ,  and  c?  if  and  only  if 
o,f ,  6„r',  and  cj"  can  be  simply  joined  to  ad',  b£,  andcu?,  for  5  and  W  within 
<T,  and  (7u-  are  in  continuous  one  to  one  reciprocal  correspondence;  and  a  J", 
bj!',  and  cj!"  can  be  simply  joined  to  al,  bl,  and  cl  if  and  only  if  a',",  b',",  and 
c,'"  can  be  simply  joined  to  a,,  b',,  and  c'„  by  the  first  part  of  the  argument. 
These  two  facts  together  with  Lemma  II  permit  the  desired  conclusion  to  be 
deduced  easily. 

Corollary  I.  //  5  is  a  endidean  plane,  G  is  an  upper  semicontinuous  col- 
lection of  mutually  exclusive  bounded  continua  filling  up  S  and  none  dividing  it, 
M,  and  N,  are  two  simple  closed  curves  of  S  and  all  elements  of  G  containing 
points  of  ,1/,  or  N,  are  respectively  subsets  of  M,  or  N^,  and  Ar,  Br,  and  Cr  are 
distinct  elements  of  G  contained  by  }[,  while  Ai ,  B^ ,  and  C,"  are  distinct  ele- 
ments of  G  contained  by  X,;  then  Ar,  Br,  and  Cp  have  the  same  sense  on  M, 
as  A^ ,  B^ ,  and  C"  have  on  \,  if  and  only  if  the  corresponding  points  a'",  br,  • 
and  Cr  on  the  corresponding  curve  Mi  in  the  space  T  whose  points  are  the 
elements  ofG  have  the  same  sense  as  a" ,  b^  and  c"  upon  A',.* 

The  corollary  follows  readily  from  Lemma  II  and  Theorem  I. 


*  Let  a"',  li"',  cr  and  a,",  b,",  c,"  be  points  contained  respectively  by  the  continua  A^,  Bi",  CT  and 
.1 ,",  B,»,  C/'.  Then  the  sense  of  AT,  BT,  CT  is  said  to  be  the  same  as  that  of  A,",  B,",  C."  on  M,  and 
A',  respectively,  or  different  from  it,  if  the  sense  of  u"',  6.!",  C  is  the  same  as  that  of  a^",  b,",  c,"  or 
different  from  it. 
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2.  Notation.  The  letter  Z  will  be  used  to  designate  a  plane  bounded  point 
set  composed  of  the  continuum  X  and  the  set  of  continua  [Xa],  where  each 
element  of  [A'„]  contains  a  point  of  A',  no  two  have  any  point  in  common 
which  is  not  a  point  of  A',  no  one  is  disconnected  by  the  omission  from  it  of 
its  subset  in  A',  and  no  one  when  added  to  X  forms  a  point  set  any  bounded 
component  of  whose  complement  contains  any  point  whatever  of  an  element 
of  [A'J. 

If  C  is  a  simple  closed  curve  in  5,  let  i{C)  represent  its  bounded  comple- 
mentary domain  or  interior,  and  e{C)  its  unbounded  complementary  domain 
or  exterior.  If  A'  is  a  point  set  in  5  let  c(A')  be  the  subset  of  5  complementary 
to  A'.  Thus,  in  5,  ci{C)  represents  the  complement  of  the  interior  of  the  simple 
closed  curve  C,  that  is,  C  +  e{C),  and  ce{C)  the  complement  of  its  exterior, 
that  is,  C  +  /(C). 

Remarks.  Order  may  be  assigned  among  the  elements  of  [A',,  ].  A  descrip- 
tion of  one  method  for  doing  this  is  already  in  print.*  Another  may  be  out- 
lined as  follows.  If  C  is  any  simple  closed  curve  enclosing  A',  and  X„  is  any 
element  of  [X„],  let  X'„  be  the  sum  of  the  components  of  Xa-i{C)  each  of 
which  contains  a  point  of  A'.  Associated  with  each  element  XI  of  [A"„  ]  is  a 
subarc  C'„  of  C  containing  all  the  points  of  Xl-C  and  containing  no  point 
whatever  in  common  with  the  subarc  of  C  similarly  associated  with  any  other 
element  of  [A'„].  Suppose  that  both  C  and  D  are  simple  closed  curves  which 
enclose  A'  and  which  intersect  each  of  the  three  different  elements  A';,  A'„,, 
and  A'„  of  [A'„].  Then  the  sense  of  Ci,  C„„  and  C„  upon  C  is  the  same  as  the 
sense  of  Di,  D„,  and  D„  upon  D.  Accordingly  no  confusion  can  arise  if  the 
sense  of  those  elements  [A'„],.  of  [A'„]  having  non-vacuous  intersections  with 
the  simple  closed  curve  C  be  defined  as  the  same  as  the  sense  of  the  non-va- 
cuous elements  of  [C„].  Of  course  the  set  [A'„],  may  be  not  identical  with 
[A'„];  however,  it  is  clear  that  by  selecting  a  simple  closed  curve  properly 
the  order  relations  of  any  particular  element  of  [A'„]  not  included  in  [A'„], 
with  the  elements  of  [X„],  may  be  determined.  It  is  evident  now  what  will 
be  meant  by  the  separation  of  two  elements  of  [X„]  by  some  other  pair  of 
them.  With  reference  to  some  particular  element  A'r  of  [A'„]  the  expressions 
XaprccedesXi,  [Z.]  (i  =1,2,3,  •  •  •  )  is  a. dockii>ise series a.nd  [Xt]  is  a. counter- 
clockwise series,  all  of  course  referring  to  the  elements  of  [Xa],  may  be  de- 
fined. When,  for  instance.  A',  precedes  Xi+i  (i  =1,  2,  3,  ■  •  ■  )  in  the  series 
[A',],  the  series  will  be  called  clockwise.  In  what  follows  it  is  immaterial 
which  sense  about  the  simple  closed  curve  C  is  referred  to  as  clockwise,  but  a 


*  R.  L.  Moore,  Conrerning  the  sum  of  a  coioilable  number  of  coitliitm  in  the  plane,  KundamenU 
Mathematicae,  vol.  6,  pp.  189-202. 
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definite  one  of  the  two  is  of  course  assumed  to  be  such  at  the  outset.  It  will  be 
convenient  to  assume  that  Xr  —  X  contains  a  point  which  is  the  end  of  a  ray 
R,  all  points  of  which  except  its  end  point  belong  to  the  complement  of  Z.  It 
proves  unnecessary  to  specify  whether  Xr  precedes  or  follows  other  elements 
of  [X„].  If  ab  is  an  arc  with  its  ends,  a  and  b  respectively,  in  Xa  —  XaX  and 
Xb  —  XhX  and  no  other  points  whatever  in  Xa-\-Xh-\-Xr-\-X-{-R,  then  there 
exists  a  bounded  complementary  domain  6  of  Xa-\-Xb  +  X-\-ab  such  that  if  T 
represents  the  sum  of  the  components  of  Xc-c{ab+X)  with  limit  points  in 
X,  then  5  contains  T  or  contains  no  points  of  T  according  as  the  element  A% 
of  [A'„  ]  is  or  is  not  between  X„  and  Xb. 

Lemma  III.  Given  {\)  Z  is  the  set  defined  above  and  X  is  a  point;  (2)  a  is  a 
point  of  Z  —  X  and  Xa  is  the  element  of  [X„]  containing  a;  (3)  Xi,  X2,  ■  ■  ■  is  a 
clockivisc  series  of  elements  of  \Xa\  all  following  Xa.  and  such  that  a  is  a  limit 
point  of^Xi]  (4)  V  is  a  ray  in  c{X„)  containing  a  point  of  Xi.  Then  V  contains 
a  point  of  at  least  one  other  element  of  the  series. 

Let  V  be  the  end  of  V  and  v*  be  the  last  point  of  V  belonging  to  A'l.  The 
lemma  will  be  proved  about  F*,  that  subray  of  V  whose  end  is  v*.  Suppose 
that  the  lemma  is  false  and  that  for  every  subscript  n,n>\,  F*X„  =0.  Let 
[C'i]  be  a  set  of  circles  having  common  center  a,  satisfying  for  i  =\,2,  i,  ■  ■  ■ 
the  condition  /(Ci)  3ce(C,+i),  and  having  radii  converging  to  zero.  Let  the 
radius  of  C\  be  less  than  d{a.  X  +  Xi  +  Xr  +  R).  As  a  is  a  limit  point  of  ^Xi 
there  is  a  first  element  A^*  of  [A',]  following  Xy  containing  a  point  of  ce{Ci), 
and  a  first  circle  C*  of  [C]  containing  no  point  of  A'"*.  As  a  is  a  limit  point  of 
^A'i  there  is  a  first  element  A'2*  of  [A',]  containing  a  point  of  ce{C*),  and  a 
first  circle  C*  of  [C]  containing  no  point  of  X*.  In  general  as  a  is  a  limit  point 
of  "^Xi  there  is  a  first  element  A'*  of  [Xi]  containing  a  point  of  ceiCf),  and 
a  first  circle  Cf+i  of  [d]  containing  no  point  of  A'*.  The  infinite  sequences 
[A,*]  and  [C*]  satisfy  all  the  hypotheses  imposed  by  supposition  upon 
[A',]  and  [C,].  Obviously  V*  has  no  point  in  any  element  of  [A*].  For 
i  =1,  2,  3,  •  •  •  let  5i  be  a  straight  line  segment  contained  in  ce{C*)  with  one 
end  in  A„,  the  other  in  A'*,  and  no  additional  point  whatever  in  Xa+Xi. 
As  Si-  (Xr  +  R)  =0,  by  reason  of  a  remark  made  above,  Si  +  Xa  +  X*  for  each 
value  of  i  bounds  a  bounded  complementary  domain  5i  which  must  contain 
all  but  the  point  A'  of  Xi.  The  domain  di  contains  points  of  V*  as  it  contains 
v*,  but  can  not  contain  V*  as  i'*  is  unbounded.  Thus  for  each  value  of  i  the 
boundary  At  of  5;  contains  a  point  of  V*.  Since  AicSi  +  Xa+X*  and  by 
assumption  F*-  (X*+A„)  =0,  V*Si7^0  for  each  value  of  i.  The  set  of  points 
X^*-'S'i  being  contained  in  V*  has  all  its  limit  points  in  V*.  As  it  has  a  point 
within  any  circle  whose  center  is  a,  it  contains  a  or  has  a  as  limit  point.  In 
either  case  V*  contains  a,  a  contradiction.  The  lemma  is  thus  established. 
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Theorem  II.  Suppose  thai  X  is  a  point  and  Z  a  continuum.  If  a  is  any  point 
of  Z  —  X  and  Xn  is  the  element  of  [X„]  containing  a,  and  [Xi]  {i  =1,  2,  3,  •  •  •  ) 
is  a  clockwise  series  of  elements  of  [X,,]  all  following  Xa,  then  a  is  not  a  limit 
point  of^Xi. 

Let  C  be  a  circle  whose  interior  contains  Z.  Let  [F^]  be  the  subset  of  con- 
tinua  of  [A',,]  consisting  of  those  each  of  which  contains  a  point  different  from 
X  which  may  be  joined  to  a  point  of  C  by  an  arc  contained  except  for  one  end 
in  the  complement  of  Z.  Let  .4p  be  any  such  arc  associated  with  Yp. 

Let  the  elements  of  [Xa]  be  well  ordered. t  This  having  been  done  the 
elements  of  [F„]  are  also  well  ordered.  Let  Y\,  Y\,  F],  and  FJ  be  the  first 
four  elements  of  [F„],  and  let  no  two  of  the  arcs  Ai,  A2,  A3,  and  Ax  have  a 
common  point  and  no  one  have  more  than  one  point  in  C.  Let  the  four  sets 
Y\,  Y\,  Y\,  and  Y\  be  grouped  in  pairs  each  of  which  separates  the  other 
in  [Xa]-  Suppose  that  Y}  and  F/  separate  Y^  and  F,' ,  i,j,  p,  and  q  being  1, 
2,  3,  and  4  in  some  order.  Then  i{C)  ■  (Fi^  +Ai^  +Fj+y4/)  separates  i(C)  into 
two  domains  each  containing  a  subset  of  Z,  these  being  respectively  z,}  and 
z.} .  Let  Zl  =Spi  +  Fi>  +  F/  and  Z,'  =z}  +  Fi»  +  F/ .  Both  Zp'  and  Z}  are  con- 
tinua  similar  in  structure  to  the  continuum  Z. 

Now  suppose  that  the  theorem  is  not  true.  Then  [A'„  ]  contains  an  element 
Xa  containing  a  point  a  different  from  X,  and  a  series  [X,]  clockwise  and 
including  only  elements  of  [A'„]  which  follow  Xa,  such  that  the  point  set 
X^A'i  has  a  among  its  limits.  From  Lemma  III  it  follows  that  the  pair  of 
elements  Y\  and  F)  can  not  separate  two  elements  of  [Xi],  for  if  they  could, 
a  proper  selection  of  one  of  them  as  A'r  and  the  other  as  Xi  would  contradict 
the  lemma,  as  both,  owing  to  the  existence  of  A  }  and  A} ,  contain  points  dif- 
ferent from  X  which  are  ends  of  rays  contained  except  for  their  ends  in  the 
complement  of  Z.  Accordingly  the  elements  of  [A';  ]  can  not  be  distributed  be- 
tween Z,}  and  Z^  but  must  occur  all  in  one  of  the  two,  say  in  Z,} .  Since  Z^ 
is  a  continuum  and  a  is  a  limit  of  the  set  ^Xi,  Z^  contains  points  of  Xa  and 
must  therefore  contain  A'^.  It  thus  appears  that  Z^  like  Z  is  a  continuum 
about  which  the  theorem  is  not  true.  Let  Z^  be  Z' ,  [XJ  ]  be  the  subset  of 
elements  of  [A^„]  each  of  which  contains  a  point  different  from  X  in  Z^ 
and  so  is  entirely  contained  in  Z',  and  [YJ  ]  be  the  subset  of  the  elements  of 
[A'„'  ]  each  of  which  contains  a  point  different  from  X  arcwise  accessible  from 
C"  in  the  complement  of  Z\  It  is  readily  seen  that  both  [X}  ]  and  [Fi  ]  are 
well  ordered  and  that  [YJ  ]  c  [F^]. 

With  w  =2,  3, 4,  •  •  •  ,  let  Yi" ,  Fa  ,  Y-? ,  and  Fi'  be  the  first  four  elements  of 
[F<."-i].  At  least  one  of  these  follows  all  four  of  [Fa.""'  ]  (^  =1,  2,  3,  4)  in  the 


t  It  is  well  known  Ihat  this  may  be  accomplished  by  means  of  the  Zermelo  postulate. 
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well  ordered  sequence  [F<j'->  ].  The  arcs  Ai  ,  A".  A" ,  and  At  exist  as  in  the 
first  case.  Suppose  that  F;"  and  Ff  separate  I'/,'  and  }',;'  in  [A',,""'  ].  Then 
i{C)-(Y"i  +  A"i+Y'j+A")  separates  i{C)  into  two  domains  each  containing 
a  subset  of  Z,  z^  and  z,"  respectively.  Let  Z;'  =2;'  +F,"  +  Ff ,  and  Z,"  =2J 
+  F,"  +  FJ.  As  in  the  case  for  n  =1,  these  are  continua  like  Z.  One  of  them, 
say  Z,'! ,  contains  A'„  and  [A'J,  and  consists  of  a  well  ordered  subset  [A',,"  ]  of 
the  elements  of  [A'„].  Evidently  the  subset  [F„"  ]  may  be  defined  as  [I''„^  ] 
was  defined,  is  then  well  ordered,  and  is  a  subset  of  [F<."~^  ]. 

For  each  value  of  /  (j  =  1,  2,  3,  •  •  •  )  there  is  thus  determined  a  continuum 
Z',  no  two  identical,  which  is  of  the  same  type  as  Z,  and  contains  both  Xa  and 
the  series  [A',].  Each  of  [Z']  is  composed  of  a  certain  subset  of  the  elements 
of  [A'„].  Taken  together  they  form  a  well  ordered  sequence.  Let 

Z"  =   fjZ'. 

Then  Z"  s  A',  and  if  Z"  3  />  where  />  is  a  point  not  A"  of  Xp,  an  element  of  [A'a  ], 
then  Z"  3  Xp.  Therefore  Z-"  is  a  continuum  of  the  same  kind  as  Z.  Let  it  be 
made  up  of  the  elements  [A'^]  of  [A'„]  and  let  [F^]  be  the  subset  of  these 
whose  relation  to  C  and  the  complement  of  Z"  is  like  the  relation  of  the  ele- 
ments of  [F„]  to  C  and  the  complement  of  Z.  Clearly  [F^]  is  a  well  ordered 
aggregate.  It  is  not  true  in  general  that  [F„]c  [F^],  but  it  is  true  that 

\y:]^II[v:.\ 
1=1 

Evidently  Z-  d  (X.+'ZXi). 

It  is  now  clear  how  to  extend  the  well  ordered  sequence  [Z"].  If  at  any 
stage  this  sequence  has  a  last  element  Z'~\  the  next  may  be  defined  by  select- 
ing F'l,  Y{,  Fj,  and  F4,  the  first  four  elements  of  [F/"^],  choosing  two  that 
separate  the  other  two,  and  thus  obtaining  a  proper  subcontinuum  Z'  of 
Z^~^  composed  of  elements  of  [X„]  and  including  A'„  and  [A',].  If  at  any 
stage  the  sequence  has  no  last  element,  then  the  next  element  consists  of  the 
set  of  points  common  to  all  the  elements  of  the  sequence  already  defined,  a 
continuum  which  clearly  exists  as  it  contains  A'„  and  [A',]  and  just  as  clearly 
consists  of  a  subset  of  the  elements  of  [A'„]. 

Under  what  conditions  will  it  be  impossible  to  extend  the  sequence  [Z"]? 
If  this  does  become  impossible  clearly  that  must  be  in  some  case  where  the 
sequence  up  to  that  point  defined  has  a  last  element,  as  when  it  has  no  last 
element  the  process  being  employed  immediately  determines  another,  namely 
the  set  of  points  common  to  all  the  elements  already  determined.  Suppose 
then  that  Z*"  is  the  last  element  of  [Z"].  Can  Z''  contain  four  or  more  ele- 
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merits  of  [A'a]?  Supposing  that  it  can,  various  simple  methods  for  proving 
that  the  subset  [F^'*'']  of  [X„]  consists  of  at  least  four  elements  will  soon 
present  themselves.  Such  being  the  case  it  would  be  possible  immediately 
to  obtain  an  element  following  Z^,  and  so  Z**,  the  last  element  of  [Z"],  is  com- 
posed of  fewer  than  four  of  the  elements  of  [A'"]. 

But  the  assumption  that  the  theorem  was  not  true  of  the  continuum  Z  in 
the  particular  instance  of  A'„  and  [A',]  has  been  seen  to  imply  that  each 
element  of  [Z"]  contains  A'.+XA',.  Thus  Z*"  must  contain  more  than  four 
elements  of  [A',,].  The  contradiction  between  these  two  inferences  concern- 
ing Z^  establishes  the  theorem. 

Corollary  II.  Suppose  Z  is  a  continuum.  If  a  is  a  point  of  Z  —  X  and  Xa 
is  the  element  of  [A'„]  containing  a,  and  [A',]  {i  =1,  2,  3,  ■  ■  ■  )  is  a  clockwise 
series  of  the  elements  of  [A'„  ]  all  following  X„,  then  a  is  not  a  limit  of^Xi. 

Let  D  be  the  sum  of  the  bounded  components  of  c{X).  X  +  D  is  a  con- 
tinuum A".  Let  G  be  the  upper  semicontinuous  collection  of  mutually  exclu- 
sive bounded  continua  whose  elements  are  respectively  A'  and  the  points  of 
c{K).  The  elements  of  G  are  points  of  a  space  T  which  is  topologically  equiva- 
lent to  5.t  In  T  there  corresponds  to  the  continuum  Z  of  5  a  continuum  Z( 
of  the  same  type  as  Z  except  that  the  set  .Y(  corresponding  to  X  is  a  single 
point.  Concerning  Z,,  accordingly,  Corollary  II  is  identical  with  Theorem  II 
and  is  therefore  true.  But  if  it  were  to  be  supposed  that  Corollary  II  is  not 
true  of  Z,  then  owing  to  Corollary  I  and  the  nature  of  Zi  it  would  follow  that 
Corollary  II  could  not  be  true  for  Z,  either;  a  contradiction. 

3.  Notation.  In  the  following  paragraphs  capital  letters  in  script,  as  'P, 
will  represent  prime  ends.J 

Remarks.  It  will  be  assumed  in  this  paper  that  the  prime  ends  discussed 
are  delined  by  chains  of  cuts  whose  members  are  simple  continuous  arcs. 
Some  facts  which  may  easily  be  deduced  from  published  researches  upon 
prime  ends  and  which  will  be  used  presently  are  as  follows.  Any  connected  and 
simply  connected  domain  whose  boundary  is  bounded,  although  the  domain 
may  itself  be  unbounded,  may  have  its  prime  ends  defined  in  the  usual  way, 
and  these  may  then  be  shown  to  have  cyclic  arrangement.! 

Suppose  that  X  is  a  single  point.  If  A'„  is  any  element  of  [A'„],  then  A'  is 
arcwise  accessible  from  one  and  hut  one  prime  end  of  the  boundarj'  of  the 


]  K.  L.  Moorc,  Coiuernhi^  upper  si-iiiii  :iiil'niiioi(s  lullectioiis  oj continua,  loc.  cil.,  p.  424,  Theorem 

n. 

X  I'or  (k-linitions  and  funclamenl;!!  research  upon  prime  ends,  sec  C.  Carath£odory,  Vber  die 
liegren-.unf,  einfach  r.usammenhangender  Gebiele,  Mathematische  .\nnalen,  vol.  73  (1912),  pp.  .S2.V37(1. 
§  In  the  paper  just  referred  to,  Carathfiodory  considers  only  bounded  domains. 
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unbounded  component  of  c(X„).  If  A'„  and  A'l  are  distinct  elements  of  [A'„] 
then  X  is  arcwise  accessible  from  two  and  only  two  prime  ends  of  the 
boundary  of  the  unbounded  component  of  c{Xa+Xh).  Suppose  that  the 
two  prime  ends  just  identified  are  ^  and  %.  If  x,  is  a  subset  of  A'r  — A' 
with  X  as  limit  point,  one  and  only  one  prime  end  of  the  unbounded 
component  of  c{Xa-\-Xi)  is  limit  of  Xr-  Suppose  that  it  is  'R,;  'K.  must 
contain  X,  must  be  limit  of  any  subset  of  A'r  — A'  with  X  as  limit  point, 
and  must  be  arcwise  accessible  from  the  unbounded  connected  complemen- 
tary domain  of  A'a+A'^.  It  will  be  convenient  to  say  that  '2^  is  limil  of  Xr. 
It  may  then  be  proved  that  SI  and  only  ^  is  limit  of  each  element  of  [X„] 
which  is  between  A'a  and  A't,  while  'K.  and  only  'R.  is  limit  of  each  element  of 
[A'„]  which  is  not  between  Xa  and  Xh,  prime  ends  of  course  of  the  unbounded 
component  of  c{Xa+X^  alone  being  considered  and  between  being  understood 
with  reference  to  Xr- 

If  A'  is  a  true  continuum,  not  a  point,  conditions  are  somewhat  more  in- 
volved. A'a  and  Xb  being  any  two  different  elements  of  [A"„],  and  Q  being  the 
simple  closed  curve  of  prime  ends  of  the  unbounded  component  of  c{Xa-\-X 
+  Xi,),  then  all  the  elements  of  Q  except  possibly  exactly  four,  or  exactly 
three,  or  exactly  two  are  themselves  prime  ends  of  Xa,  or  of  X,  or  of  Xb.  The 
prime  ends  of  Q  not  belonging  to  Xa  or  Xi  form  two  components  ^  and  %,  and 
the  three  possibilities  just  enumerated  respectively  characterize  the  following 
cases,  both  ^  and  'R.  are  true  arcs  of  prime  ends  of  Q,  either  ^  or  %  is  an  arc 
but  the  other  is  a  single  prime  end,  and  both  S.  and  'R.  are  single  prime  ends.  M 

Irrespective  of  the  case  considered  it  can  be  proved  that  no  element  of  [A'„] 
different  from  A',,  and  X^  can  have  both  an  end  of  ^  and  an  end  of  'R.  among 
its  limits.  Supposing  that  'R,  contains  the  limits  of  A'r,  it  can  then  be  shown 
that  'R.  contains  all  the  limits  of  those  elements  of  [A'„  ]  which  are  not  between 
Xa  and  Xh  while  ^  contains  all  the  limits  of  those  elements  of  [A"a]  which  are 
between  Xa  and  A'';,. 


Lemm.a.  IV.  Given  (1)  Z  is  the  set  defined  above  and  X  is  a  point;  (2)  ^  is  the 
prime  end  identified  above  of  the  unbounded  component  of  c{Xa-\-Xb);  (3)  Xi, 
Xi,  ■  ■  ■  is  a  clockwise  series  of  elements  of  [Xa]  all  following  both  Xa  and  Xh 
and  having  the  prime  end  ^  as  limit;  (4)  V  is  a  ray  in  c(A'„-|-A'r-|-X6)  contain- 
ing a  point  of  A'l.  Then  V  contains  a  point  of  at  least  one  other  clement  of  the 
series. 

Let  T'*  be  determined  as  it  was  in  ihe  proof  of  Lemma  III.  Suppose  that, 
for  every  subscript  n  greater  than  1,  A'„-  V*  =0,  that  is,  suppose  the  lemma 
to  be  false.  Let  [(),]  be  a  chain  of  cuts  defining  ^  and  [5,]  be  the  correspond- 
ing chain  of  domains.  Suppose  that  A'  is  the  only  limit  point  oi'^Qi,  and  that 
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()i  +  5i  contains  no  point  of  A'i  +  A'r  +  /?.  Let  Qi  be  ()f.  As  ^  is  a  limit  of 
^Xi,  there  is  a  first  element  A'*  of  [A';]  following  Xi,  containing  a  point  of 
Q*,  and  as  ^  is  not  a  limit  of  A'*  there  is  a  first  one  Q*oi  [Qi]  following  ()* 
containing  no  point  of  A'*.  As  ^  is  a  limit  of  2^A',,  there  is  a  first  clement  A'2* 
of  [A',  ]  following  X*  containing  a  point  of  Q*,  and  as  ^  is  not  a  limit  of  A'-*, 
also  a  tirst  one  Q*  of  [Q,]  following  Q*  and  containing  no  point  of  A' 2*.  In 
general  for  n  =3,  4,  5,  ■  ■  ■  there  is  a  lirst  element  A'„*  of  [A',]  following 
A'„''Li  containing  a  point  of  Q*,  and  a  first  one  Q*+i  of  [Qi]  following  Q* and 
containing  no  point  of  A'„*.  The  two  infinite  series  [X*]  and  [Q*]  satisfy  all 
the  conditions  imposed  by  supposition  upon  the  series  [A';]  and  [Qi].  For 
J  =  1,  2,  3,  •  •  •  ,  let  Si  be  an  arc  of  Q*  whose  non-end  points  include  no  points 
of  Xa+X*  and  whose  ends  belong  to  A',,  and  A'*  respectively.  Si  together 
with  the  two  elements  of  [Xa]  in  which  its  ends  lie,  for  each  value  of  i,  deter- 
mines a  domain  containing  v*,  a  point  of  V*,  but  not  containing  V*.  Thus 
V*-Si7^0.  By  the  method  used  in  the  proof  of  Lemma  III  a  contradiction 
similar  to  the  one  deduced  in  it  can  now  be  obtained. 

Theorem  III.  Suppose  that  Z  is  a  continuum  and  X  a  point.  If  Xa  and  Xh 
are  distinct  elements  of  [X^  ]  and  Si  is  the  prime  end  of  the  unbounded  connected 
complementary  domain  of  their  sum  ichich  contains  X  and  is  arcwise  accessible 
from  this  domain  and  is  not  a  limit  of  Xr,  and  if  [Xi]  is  a  clockwise  series  of  ele- 
ments of  [Xa]  all  following  both  Xa  and  Xb,  then  ilis  not  a  limit  of^Xi. 

Suppose  the  theorem  is  not  true;  suppose  in  short  that  the  prime  end  ^ 
is  limit  of  [Xi].  It  is  clear  that  all  the  hypotheses  of  Lemma  IV  are  now 
fulfilled  or  may  easily  be  fulfilled.  The  process  used  in  obtaining  a  contradic- 
tion to  establish  Theorem  II  is  now  available  in  this  case  also. 

Corollary  III.  Suppose  Z  is  a  continuum.  If  Xa  and  Xt  are  distinct  ele- 
ments of  [Xa  ]  and  ^  is  that  maximal  arc  of  prime  ends  of  the  unbounded  com- 
ponent of  c{Xa  +  X-\-Xb)  none  of  which  is  already  a  prime  end  of  Xa  or  Xb  and 
none  of  which  contains  a  limit  point  of  A^r  — A^r- A',  and  if  [Xi]  is  a  clockwise 
series  of  elements  of  [Xa]  all  following  both  Xa  and  Xb,  then  no  prime  end  in 
S^contains  a  limit  point  o/^.Y,-. 

Corollary  III  may  be  inferred  from  Theorem  III  in  the  way  that 
Corollary  II  was  inferred  from  Theorem  II. 

Theorem  IV.  //  W  is  a  plane  bounded  continuum  composed  of  the  point  X 
and  a  set  of  conlinua  [A'„]  no  two  of  which  have  any  point  in  common  except  the 
point  X  which  is  common  to  all,  then  W  separates  the  point  p  from  the  point  q 
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only  if  some  element  of  [X„]  separates  p  from  (/.f 

Corollary  IV.  //  W  is  a  plane  bounded  coiilinnnm  composed  of  the  con- 
tinuum X  and  a  set  of  continua  {Xa\  each  having  a  point  in  common  with  X 
and  710  tivo  having  in  common  any  point  which  is  not  a  point  of  X,  and,  p  and  q 
being  two  distinct  points  of  the  complement  of  W  and  X„  being  any  element  at  all 
of  [X„],  if  -Y  +  A'o  does  not  separate  p  from  q,  then  W  does  not  separate  p  from  q. 

As  X  +  Xa  does  not  separate  p  from  (/,  X  does  not  separate  p  from  q  and 
so  owing  to  the  availability  of  inversion  it  may  as  well  be  assumed  that  both 
p  and  q  belongs  to  7,  the  unbounded  component  of  c(X).  In  place  of  IF  and 
A',  regard  now  the  continuum  A'*  which  is  the  sum  of  X  and  all  its  bounded 
connected  complementary  domains,  and  the  continuum  IF*  which  is  the  sum 
of  A'*  and  the  continua  [A'„*  ],  that  subset  of  [A'„  ]  comprising  all  those  elements 
of  \Xa\  with  points  in  7.  Upper  semicontinuity  now  provides  a  means  of 
reducing  the  question  to  the  one  solved  by  Theorem  IV. 


t  Since  the  submission  of  this  paper  to  the  editors  a  proof  of  Theorem  I\'  lias  appeared  in  print. 
AccordinRly,  although  the  published  demonstration  is  quite  different  from  the  one  formerly  con- 
tained in  this  paper,  it  having  resembled  in  its  principal  details  the  argument  for  Theorem  II,  the 
proof  of  the  theorem  has  been  omitted.  Yox  the  proof  see  J.  H.  Roberts,  Concerning  collections  of 
continua  not  all  hounded,  .\mcrican  Journal  of  Mathematics,  vol.  52  (I'WO),  pp.  551-562,  Theorem  I 
on  p.  553. 
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